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PREFACE. 



The application of algebra to the theory of curves and sur- 
faces may be regarded as the fundamental branch of modern 
analytical science, and as the principal instrument, in con- 
junction with the differential and integral calculus, with 
which the continental mathematicians have worked such 
wonders in almost every department of the mathematics. 
The remarkable contrivance, first introduced by Descartes, of 
representing lines and surfaces by algebraical equations, 
enables us to embody in such an equation every property 
and peculiarity belonging to any curve or surface, when we 
know the law of its description, or any of its distinguishing 
characteristics; and then, to develope these several properties 
of the curve or surface, we have only to perform so many 
easy, and generally obvious, transformations on the equation 
which represents it. The superiority of this method over 
the geometrical, both in ease and fertility, immediately led 
to its general adoption among the French mathematicians ; 
and the method of co-ordinates, which the Cartesian geo- 
metry involved, was afterwards applied to mechanics, and, 
indeed, to every other part of mathematical physics, each of 
which, has been improved and extended by its introduction.* 

* Maclaurin, in his "Treatise on Fluxions," first suggested this happy 
idea, which thVew a new light on the entire theory of mechanics. But, 
iinibrtQoate)/, this simple principle has been neg\ecled \>^ VaXfet "^xv^v^ 



TU PREFACE. 



English mathematicians have, however, been sing^arly 
slow ID appreciating these decided advantages ; so slow, 
indeed, that, till the year 1823, when Dr. Lardner pablished 
the first part of his Algebraic Geometry, the English language 
possessed not a single book on this subject. Besides this 
work, a treatise on analytical geometry has also emanated 
from the University of Cambridge, which, althoog^h a work of 
much orig^'nality and ability, the ingenuous author has since 
publicly acknowledged to be unsuited to the purposes of 
elementary instmction. Dr. Lardner's book will, no doaht, 
when completed, present a valuable body of analjrtical 
science, accessible, however, to those only who have a know- 
ledge of the differential and integral calculus. 

The present little volume is then an attempt to fill up a 
chasm which seems still to exist in our mathematical coorses 
of instruction, and to supply the connecting link between 
elementary geometry and trigonometry, and some of the 
most interesting applications of the transcendental analysis. 
For such an undertaking, the French language oflTers copious 
materials; and I have, accordingly, carefully examined and 
freely used the performances of Biot, Lacroix, Boucharlat, 
Bourdon, &c. ; and I shall consider myself particularly for- 
tunate, if it be found that I have in any degree imbibed the 
spirit of these elegant writers. 

As regards arrangement, however, I have differed from 
most other authors, adopting that which appeared to me 
most likely to facilitate the progress of the student, without 
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waiting to consider whether a more strictly methodical dis- 
position of parts might not be devised. Conformably, too, 
to this determination, I hare, in one or two cases, not 
hesitated to introduce a geometrical property to supply the 
place of analysis, where such introduction appeared of un- 
questionable advantage in shortening the process; instances 
of this occur at pages 128 and 129 The totaWejection of all 
geometrical aid in most of the French books is perhaps carried 
to an injudicious extent, and seems to be, in some cases, 
the result of caprice or affectation, for such aid is obviously 
allowable, and even advisable, where simplicity may be 
attained by it. As to the arrangement here adopted, it may 
be briefly stated as follows : The volume consists of two 
principal parts. Analytical Geometry of Two Dimensions, 
and Analytical Geometry of Three Dimensions. The first 
part contains an introductory section on the algebraical 
solution of geometrical problems, and on the geometrical 
construction of algebraical equations ; then follows, in three 
sections, an examination of the various properties of the 
lines of the second order, deduced from the most simple 
forms of their several equations ; these three sections are, 
therefore, complete in themselves, comprehending, in the 
compass of one hundred and thirty-eight pages, a pretty 
copious treatise on the Conic Sections. 

The fourth section enters more at large into the theory of 
these curves, by discussing very fully the most general forms 
of their equations, their positions in reference to any assumed 
axes, the determination of their varieties, &c. and the use of 
these researches is illustrated in Chapter iii. by their appli- 
cation to a variety of interesting problems on geometric loci. 
This first part terminates with a supplementary chapter con- 
taining some very useful theorems, such, for instance, are ' 
those at pages 201 and 206, the former of which is necessary 
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in one very elegant mode of establishing the fundamental 
problem of physical astronomy, viz. that the planets move 
in elliptic orbits, having the sun in one of their foci ; and 
the other problem is the foundation of the method of inter- 
polations, so useful in the construction of tables, and in 
practical astronomy. 

The second part is devoted to the consideration of lines 
and surfaces in space, the developement of their properties, 
and the general discussion of their equations. As to the 
first part, so here, a supplementary chapter is appended, 
containing many curious and interesting applications of the 
preceding theory. Most of the problems in this chapter 
have appeared before, some in the Annales Mathematiques, 
others in Leybourn's Repository, &c. but the solutions here 
given are for the most part new, and I think improved. 

By way of index to the various topics embraced in the 
work> I have prefixed to the volume a very copious table of 
contents, which indeed precludes the necessity of extending 
further these prefatory remarks. I therefore conclude with 
the hope that the little volume now submitted to notice, though 
its pretensions be as humble as the form which it has assumed, 
may yet prove of some service to the mathematical student, 
in the earlier stages of his progress, 

J. R. YOUNG. 

JunCf 1830. 
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SECTION I. 



INTRODUCTION. 



APPLICATION OF ALGEBRA TO GEOMETRY. 

Article (1.) Algebba has been properly defined as that branch of 
mathematics in -which calculations are performed by symbols. The 
signification given to these symbols is quite arbitrary, so that, in the 
practical application of this science to our inquiries about real quantity, 
it matters not whether the subject relate to time or space, number or 
motion. Whatever in nature can be submitted to calculation may 
always, and generally most commodiously, be treated algebraically ; 
and hence Sir Isaac Newton and others have, with great propriety, 
called algebra universal arithmetic. 

In the present introductory chapter we propose to show how 
algebra may be applied to the solution of a geometrical problem ; in 
the next chapter will be explained how Geometry may be applied to 
^ the construction of an algebraical expression. 

PROBLEM I. 

(2.) Knowing the base and altitude of a plane triangle, to find the 
side of the square inscribed in it. 



▲VALTTICAL GCOMETftT. 



iM ADC be the tnang^ and pat ike 
Aiz^a, ilmbut BC^b, wodihtmdtaf ihe m- 
iCfibed §quMn DO = jr. 

Theoi becanie in •imilar triaog^ ike beeei are » 
thM»iiiUtdm,(tu Young* t Geometry^ p. 9\^)w€\ai^^ B 

BC:DE::AI:AH 
thelM b I J :: a : m—jr 

/. oj = ab^bx /. fljr + fcr = a^ 

a6 




/. jr = 



a-k-b 
IUtmm the tide oi the inicribed iqaaie will be mfom^ propn 



PAOBLEM fl. 



i%,) To divide a given itraight line in extreme and mean p 
iitm, (OMm,pAi\,) 

iMhU \m^ given straight line, and call F' A 1 

it «/ Hui^pofe F to be the point of division, ' ' 

m^ put k¥ ^-^ 9f then j if to be determined, ao that 

es jr :: jt; a — jr . . • (1) 

iminiH ¥f$ nMiet have 

jr* » <<• — wr /. jr» 4- or = fl» . . . . (2), 

-^ = —-2 * V <* +-4 ....(3). 
Of the«e two ralnef of jr, one we perceive is negatire, viz* 

'^^T-V^' + T 

and i« Mi alHiolnte magnitude greater than a, the whole line ; thii 
rhereiore, although it does fulftl.the algebraical condition, (l,) 
aniwer the geometrical conditions of the question, for the 'p 
division, F, must necessarily fttll between the extremities, A B 
proposed line, that iB, AF, or g, must be less than AB, or a 
other value of x, vix. 

is lew than a, and therefore properly determines die point, F, re 



JlNALTTICilL GEOMETRY. 3 

by the question. The reason why we have been furnished with two 
▼aloes of X instead of one, is that, having had to determine x, so that 
the condition (1) might exist, the algebraical process very properly led 
us to not only the one value sought by the question, but to every value 
that could fulfil that condition ; and it afterwards remained for us to 
select that value as a solution to the question which involved no geo- 
metrical absurdity. However, although the negative value of x does 
tot come within the geometrical restrictions of the question, yet it 
admits of a geometrical representation. In order to explain this, we 
nay remark that a negative quantity in algebra may always be con- 
sidered as resulting from the subtraction of a greater quantity from a 
less, thns the negative quantity — q maybe conceived to result from 
lobtracting the greater quantity (p + q) from the less, p, for it may 
always be supplied by the expression p — 0> + gO whatever quan- 
tities the s3rmbols p and g represent. Applying these remarks to the 
case in which the symbols denote lines, and taking the present problem 
as an example, we have AF the positive value of x equal to BA — BF, 
and for the negative value, BF must exceed BA, that is, F must be on 
the other side of A, as at F', hence making AF' equal to the absolute 
value of the negative root of the equation (2) ; the two roots of that 
equation will be geometrically represented by AF and AF'. By taking 
&e negative value of', the condition (1) becomes 

AB:AF'::AF':BF 
80 that the equation (3) is the complete solution to the question thus 
modified, viz. : Given two points A, B, to find on the line AB, or on 
its prolongation, a point such that its distance firom the point A may 
be a mean proportional between its distance from B and the distance 
b^ween A and B. The one point F answering these conditions is 
givm by the positive value of x, and the other point F', on the oppo- 
site ride of A, is given by the negative value ; and in like manner, 
whenever it is required to determine the distance of a sought point 
bom a given point, measured along a fixed straight line, and the 
solution furnishes both positive and negative values, if the positive 
values be taken in one direction from the fixed point, and the nega- 
tive values in the opporite direction, every point so determined will 
solve the problem, and every positive solution will be obtained. 

H B 2 
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PROBLEM Iir. 



(4.) From a given point without a circle, to draw a secant such that 
the intercepted chord may have a given length. 

Let ACDB be the given circle, and P jj 

the given point. Draw PAB through the /\^^^^*^\ 

centre, and let PCD represent the re- Sr^^ \ 

quired line. Put PB = fl, PA = 6,p -^^"J ]b 

CD = c, and PC = x, then (Geom. \ / 

p. 105 J \^^^^^ 

PD-PC = PB-PA, that is (r 4- ^ = flfc (1) 

and, solving this quadratic, we get 






The positive value expresses the length of PC, the negative value gives 
no geometrical solution, although it fulfils the algebraical condition (1). 

PROBLEM IV. 

(5.) To divide a given straight line so that the rectangle of the two 
parts may be equivalent to a given square. 

Let AB be the given line, which call a, put x for one A B 

of the required parts, and c for the side of the given Jv J 
square, then we have 

(a — j) X = c* 



2 \ 4 



Both these values being positive, the line may be divided in two 
points, F, F', as the problem requires. These points are obviously 

equidistant from the extremities of the line. If c exceeds ~, the value 
of X is impossible. 

PROBLEM V. 

(6.) Given the perimeter of a right-angled triangle, and the radius 
of the inscribed circle, to determine the triangle. 
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Let ABC be the triangle^ and D, E, F, the points 
where the inscribed circle touch its sides, then 
(Geom. p. 105,; AF = AE, BF = BD, CD = 
£C = radius OD of the circle ; hence, putting the 
perimeter = p, OE = r, AF = x, FB = y, we 
have 2 jp + 2y + 2r = p, hence 

y^r=z ^p — x (1.) 

Now {Geom. p. 11 6. J pr is twice the area of the b 
triangle, but (x -{- r)(y + r) is also equal to twice 
the area, therefore 

(* + r)(y + r)=rpr (2) 

that is, by substituting for y + r its value in equation (1.) 

(j^ + '-XiP — «)=r* 
• /. «» — (4p — r)x = — Jpr 

.•.ir = J(Jp-r)±v^{i(ip-r)«-.4;>r} 

Adding r to each of these expressions, we get 

AC = J (i p + r) ± V { i « P - r)» ~ 4 pr } 
BC = i(ip + r)± V {i«P-r)«-Jpr} 

The double sign showing merely that if AC be made equal to any one 

of these values, 6C will be equal to the other. 



r 



1 tv 
ous^ 

valc: 






rad: 



PROBLEM Vf. 

(7.) Given the chords of two arcs to find the chord of their sura. 

Let AB, BC, be the given chords, then it is 
required to determine the chord AC. 

Draw the diameter BD and join AD, CD, 
then (Geom. p. 202,) ABCD + ADBC = 
AC'BD, that is, putting BC = a, AB =6, AC 
= f , BD = 2r, and recollecting that AD = 
• BD» — AB», and CD = ^ BD^ — BC«, we 
ha?e 




b ^4r« — a» +a y/4r^^b» = 2cr 
/. KZ t/ 4H — a« + ^ V 4r» — 6* = c . . 



2r 



(1.) 
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the expivssioci sought If the given chords are equal, dientfaecf> 
prKsion R>r the chord of the sum is 



r ^ 

From equitkm (1> we may detennine a when b and c are given; il 
)«, when the chords of two arcs are known, we may find the expRssioi 
for the chord of their difference. 

PROBLEM VII. 

^8.^ Oix-en the three sides of a triangle to detennine the xadioscf 
\\\t circumscribing: circle. 

Let us rt'pre^nt the three sides by a, 6, c, and call the radius soogK 
r, then we shall hare to determine r from equation (1,) last prolM 
\\y iran*|>osins, we have 

h « , 

w\\\\ l»y »()uanng and transposing 

r ' 

.\ r («« + f» — t*; = tff • 4»* — 6« 
Squnrinn again 

r» (a» -I- c« — 6») " = 4a« c^ f*— «» 6» c» 

lltiUCd 

_^ fl6c 

t!)e expression sought. 

PROBLEM VIII. 

(0.) Having given the three sides of a triangle to determine the e 
prossion for its surface. 

Put nC = fl, AC = 6, AB = e, ^ ^ 

perp. AD = y. BD = J, then DC A A 

-. rt — J, or o -h J, according as / j \ y/^ 

the perpendicular falls within or / ' \ / 

without the triangle. Z : — \ /__ | 
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^ Jff g^nietry we have 

y* + 4r« = c« . . . . (1.) 

y 4- (a — x) • = 6 . . . . (a.) 

Che second equation is not altered by substituting (.r— a) for (a— jr.) 

Subtracting equation (2) from equation (1), we have 

ftt-fc* — 6* 

*: — o* + 2fljr = c* — M /. * =: — r 

2o 

Putting this value of dr in equation (1) we get 

. Now, calling the surface of the triangle S, we have 

BC'AD _ ay 

8 = — 2 T 

* 

therefore^ substituting for y the value juit foundi we have 

S = J v^4o«c» — (o«c-Hc« — 6")* .... (3.) 
for the expression required. 

(10.) Since the quantity under the radical is the difference of two 
•quares, we may substitute for it the product of the sum^ and diffe- 
xence of their roots. This sum and.difference is 

(2<ic -Ha* •fc' — fc^ and (2flc — a^-^c^ + 6^ 
which is the same as 

, (a + c)« — *• and 6«- (a— c)« 
and since each of these is also the difference of two squares, they may, 
in like manner, be replaced by the products. 

(fl + c + 6) (a + c — 6) and (6 + a— c) (6 — (I -h 
Hence the expression (3) is the same as 

S = J V (d 4- 6 4- c) (a -f c — 6) (6 -f CI — c) (6 -f c — u) 
Of putting! for shortnessi 2p for the perimeter 

(1 1 .) Cor, The expression for the radius of a circle circumscribing 
the triangle has been found {Prob, 7) to be 

abc 
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therefore, putting for the denominator of this fraction its value 4S, as 
given by equation (3,) we have • 

abc 



r = 



4S 



PROBLEM VIII. 



(12.) Given the base, 6, of a right-angled triangle, and the sum, 5, of 
the hypothenuse and perpendicular,, to find the perpendicular, p. 

Ant. p = 



2s 

PROBLEM IX. 



The diameter, d, of a circle being given to determine the sides of 

the inscribed and circumscribed equilateral triangle. 

, ^t/3 
Aru. —- — and d ^ 3. 



PROBLEM X. 

Given two sides, a, 6, and the line, /, bisecting the included angle, 
to determine the third side, c, of the triangle. 

iln*. € = (0 + 6)1/(1—^) 

PROBLEM XI. 

From any point vnthin an equilateral triangle perpendiculars are 
drawn to the three sides to find the sum, 5, of these perpendiculars. 

Ant, t = alt. of the triangle^ 

PROBLEM XII. 

Given the diagonal of a rectangle, 10, and its perimeter, 28, to find 
the sides. Ant. 6 and 8. 

PROBLEM XIII. 

Given the adjacent sides, a, b, and the diagonal, 4f of a parallelogram, 
to find the other diagonal, x. Ant. x— y/ 2a* -f- 26* — o*. 
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PROBLEM XIV. 



Within a given triangle, S, is inscribed another, by joining the 
middle of itf sides, and within this second triangle is inscribed 
another, by similar means. Supposing this process to be continued 
to infinity, what will be the sum of the surfaces of the series of triangles ? 



Am. - S. 



PROBLEM XV. 



Within a circle is inscribed an equilateral triangle, whose side is ten 
feet, and within this triangle a circle, and so on to infinity ; it is re- 
quired to find the sum of the areas of all these infinite number of 
triangles. Ant, 57-734 feet. 



CONSTRUCTION OF ALGEBRAICAL EXPRESSIONS. 

(13.) Having, in the preceding chapter, given several examples of 
the algebraical method of solving problems of geometry, it will be 
proper now to show how the algebraical may be converted into geo- 
metrical solutions. We shall commence with the construction of 
rational expressions. The simplest of these are such as denote lines; 
they are necessarily of one dimension, and are called linear expressions; 
they may always be reduced to one or other of the fbrms 

d?=:a — 6 + c — »-f-»o. * = — , x = — , 

c c 

in which a, (, c, &c. represent lines of known length, or rather they 

express the number of linear usits, contmed in these known lengths. 

b3 
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Ilie construction of the first of these ezpressions, when prt 
under Uie form 

jr = fl + c+,&c. — (6 + <l+,&c.) 
is obvious. All that is necessary is to draw a line equal to tfaesHS tf 
the lines, a, c, &c« and to take from it another, equal to die sun of die 
lines, b, d. Ice. the remainder being the line lepiesented by x. 

ab 

The construction of x = - is redoced to the fiodii^, geoaKtD' 

c 

rally, a fourth proportional to three given lines, c, a, 6, lor die aboie 

expression reduces to the proportion 

e : a :: b : X 

The exprenion j:* = — requires us to find a third ptopoitiaii 

to two given lines, r, a, since 

c : a :: a : X 
(14.) Jjci us now proceed to more complicated expreaskms. 

1 . Suppose we had to construct the expression x = ; tfieo, de- 
composing it into factors, in order to apply the foregoing elementary coi' 

structioni, we have x = — — x - The first factor represents a fimiA 

3a e 

proportional to the three lines Zd, 2a, and b ; hence, constnictiiigdiis line 
andcallingitm,theproposed expression becomes x=—, which lepR- 

sents a fourth proportional to the three known lines, e, m, and e. 

%c? b* c 

2. Let X = ^ - be the expression proposed, then^ putting it 

under the form 

2a* a b b c 

3^ d / f g 

2a» 
we shall have first to construct the fourth proportional ^ to the tfaiee 

lines, 3d, 2a, and a. Calling the line thus found m^ the proposed 
expression becomes 

_ wia b b c 

<^ y ^ ^ 
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and we have now to construct the fourth proportional, -T,tothethi«e 

lines d, m, and a. Calling it m', we have 
^; m'b b c 

■: f J g 

' Constructing in like manner the fourth proportional,— ^^ and calling 
_ •/ 

^ it m", * becomes 

/ «r 

and this is constructed, as in the last example, so that the line x will 
be constructed after finding five fourth proportionals. And it is 
^ obvious that in every such expression the construction will require the 
aid of as many fourth proportionals as are equal to the sum of the 
exponents of the letters in the denominator. 

After these examples the construction of such compound expres- 
sions as 

can present no difficulty. 

(15.) Before proceeding further, it should be remarked, that every 
algebraical expression, admitting of geometrical construction, must 
have its terms all of the same dimension, that is, each term must be 
either of one dimension, and thus represent a line ; or, secondly, each 
must be of two dimensions, and so represent a surface; or, lastly, each 
must have three dimensions, and denote a solid. It is plain that if 
, thii uniformity of dimension does not belong to all the component terms 
of an algebraical expression, that such an expression involves a geometri- 
cal absurdity, for we can in nowise combine a line with a surface, or a 
surface with a solid. Nevertheless, it often happens that an expression 
really admitting of construction does appear under this unsuitable form, 
but luch a result can arise only from the linear unit having been repre- 
sented in the calculation by the numeral unit, 1, thus causing every 
tenn into which it entered as a factor to appear of lower dimensions 
than the other terms. Whenever, therefore, for convenience of cal- 
culation, the linear unit is so represented, the result should be made 
homogeneous, by introducing it and its powers into the defective 
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tenns. Thus, if we happened to have such a result as jt = a6, then 

calling / the linear unit, we should change it into the homogeneous 

equation 

ab 
Lp = ab ,\x =-y 

showing that the line x is a fourth proportional to the lines /, a, and b. 

In like manner, if the result were x = abc, we should change it 

abc ab c 
into l^x = abc, whence x = -^J" ^ T ^ T' ^^^^" expression we 

have already seen how to construct. 

1 . Let now the expression to be constructed be a compound fraction, 
such as 

__ a' 4- 3ftc — tt 

To admit of geometrical representation, both numerator and deno- 
minator of this fraction must be homogeneous ; and to represent a line, 
X, the terms in the numerator must be one dimension higher than those 
in the denominator ; so that introducing the linear unit, /, the expres- 
sion to be constructed must be 

_ a^ + 3/6c — /»a 

, . fl» + */ftc — Pa a^ 36c la , 

^^^'^>^= /(6-|-2c-h3/) =/A + T"^P where * IS put for the 
sum of the lines 6 + 2c + 3/; hence the problem i^ reduced to the 
construction of simple fractional expressions> such as have been con- 
sidered in art. (14.) 

2. As another example of this kind, let there be proposed the expres- 
sion 

_ 2a^ — 3fl» 6 -}- b^c 
^ - . flS — 2a6 + 6« 
This may be constructed as the preceding, if we can represent the 
denominator as a single product, and this we may do, by putting 

6* = va, or by determining t; so that v = — , for then the expression 

becomes 

__ 2a» — 3a» 6 -h y c _ 2a« Sab jpc 
' - ~T(a — 26 -f- v) "1 T"^TV 
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vrhere k is put for the line a — 26 -f v. 

3. AffaiD,letx=:^^ — JiJS- betaken. Toreduce the denominator to a 
^ mnp -f qri 

single product, put ^r = vm .*. v = — is a known Une> and the deno- 
minator becomes m (np + vi), it remains then to reduce iip -f- vi to a 

Vf 

single product. Put, then, vi =: i(;n /.to = — is a known line, and 

the proposed expression becomes finally 

_ ahcd + efgh _ abed efgh 

"" mn (;; 4" w) "" fnnk mnk 
where k is put for the line f + w, 

(16.) We now proceed to consider irrational txprtuiont. These 
may always be reduced to one or other of the following simple 
forms, viz. 

X = i/lli, X = V «' + ^\ * = t/tt' — ^' 
we shall, thereforei begin by constructing these elementary expressions. 

From the first, j: = v^ cr6, we deduce 

x*zzab,\ai X \: X \b 
therefore x is determined by finding, geometrically, a mean proportional 
between the given lines, cr, 6, (Geom, p, 136.) 

From the second expression, * = v^ a' -f 6*, we liave j* = a* 4- 
6*, so that X is the hypothenuse of a right-angled triangle, of which the 
sides are a and 6. ( Geom, p, 5B,) 

The last expression, x = y' a" — 6*, when put under the form 

X = ^ (a -f 6) (a — 6), represents a mean proportional between the 
two lines a-^ b and a — 6. 
(1.) As a first example, let 

* = t/ a* — > -h c* — d» + c« — &c. 

be proposed. Put m = |/T* — 6*, and construct this line ; then 
m* =: a* — 6*, and 

r = |/ m«-f-c» — rf*4-e« — &c. 

Put now n =: |/ m* -f c*, and construct the line n; then, since 

j= ^ n' — d'-rc'— &CC. 
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This series of constructions being continued we shall at length have 
but two squares under the radical, and the construction of this last 
expression will be the line sought. In the same way may any nu- 
merical surd be accurately represented by a line first assuming some 
fixed length for unity, for any number may be decomposed into 
square numbers, thus 

-/ 7 = </ 2«"+"2«'^l ; t/ 11 = t/ 'i* + 1 -h 1 



y/ 13- V'3* + 2«; j/ 43 = |/6«i-3»— 1 — 1 



2. Let the expression to be constructed be x = v' a* -f- 36c. Put 
36c = t;' /. V = yl 36c is a known line, and the expression is reduced 
to j: = ^ a^ -\- v*. Or the same expression may be constructed by 
putting 36c = CM /. JT = v^fl (o + tt) ,\ x is a mean proportional 

between a and a -f u. 

jap 6' 

3. Letx-f-Af — — ck ; then, putting — = m and dt = an, we haw 

^ c c 

x=: y/ a(jn — n) /. jr is a mean between a and m — n, 

J (^3 _— 26* c 4- 36* 

4. As a last example, let x = ' ^^ T — ; then, putting it 

under the form r=v^<« \6* />we can first construct 

t 51^6 3 

a» 6* 

the line -^ — 2c + 36, then -— rr> and, calling these m and »> we 



shall have, lastly, to construct 1-=.^ mn. 

We shall leave the student to point out the constructions of the 
following expressions, viz. 



= « + -^ 



a6' -f ctP 
6-f c 



X = y' «c ^--fg -^€k'{-mn 



*" t/ 3^ + 2e 
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SECTION II. 



ON THE POINT AND THE STRAIGHT LINE. 

(1.) In the preceding section we have endeavoured to show the use 
of algebra, when combined with geometry, in the solution of problems. 
In the remaining part of the present treatise we shall proceed in a 
manner more strictly analytical, dispensing with the truths of geo- 
metry, except a few of the simplest kind, and depending upon ana- 
lytical expressions, as well for the establishment of theorems, as for 
the solution of problems ; that is, as well ibr the determination of the 
fomi and properties, as of the magnitude of geometrical quantity. It 
is this extended application of the principles of analysis that, strictly 
speaking, constitutes the science of Analytical Geometry. 

On the Equation of a Point. 

(2.) Let AX, AY, be two assumed straight lines, intersecting, in any 
angle, at A ; and let P be a point in the same plane, whose position 
it is required to determine relatively to these assumed lines. 

Let the lines PC, PB, be drawn respectively 
parallel to the lines AX, AY; then, if the 
lengths of the formeT be known, it is obvious 
that the position of the proposed point will be 
easily determined. It will be situated at the 
intersection of two lines, CQ, BR, drawn, the A 
one parallel to AX, from a point, C, in AY, 
the distance of which from A is the given length, BP, and the other 
parallel to AY, from a point, B, in AX, the distance of which from 
A is the given length, CP. • 
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The two lines AX, AY, in reference to which the position of the ^ 
point is to be determined, are called axes^ and their point of inter- , 
section, A, is called their origin. The distance, AB, is denominated 
the abscissa of the point ; P, and BP, or its equal, AC; is called the 
ordinate of the same point, hence the axis AX is distinguished from . 
the axis AY by the name axis of abscissas, the latter being called 
axis of ordinates. 

The abscissa and ordinate of a point, when spoken of together, are, 
for the sake of brevity, called the coordinates of the point, and, for a 
like reason, the two axes are referred to as axes of coordinates. An 
abscissa is generally denoted by the letter x, and an ordinate by the 
letter ^ ; and often, for shortness, the axis of abscissas is called the , 
axis of X, and the axis of ordinates the axis ofy. 

We have just seen that a point becomes determinable when its ^ 
coordinates, x and y, are known ; it follows, therefore, that, in order ^ 
to this determination, we need only have the two equations 

X = a, y = ^ _ 

in which a and b are given. These equations are, therefore, called 
the equations of a point. . 

(3.^) It is of importance to remark, that not only the absolute values _ 
of a and b must be given, in order to fix the position of a point, but 
also the signs of these quantities. If the axes are produfced through 
the origin to X' and Y', it is obvious that the abscissas reckoned in 
the direction AX' ought not to have the same sign as those taken in 
the opposite direction, AX, nor should the ordinates taken in the direc- 
tion AY' have the same sign as those taken in the opposite direction, 
AY; for, if there were no distinction in this respect, the position of a 
point, as determined by its equations, would be ambiguous. Thus 
the equations of the point P would equally y 

belong to the points P', P", P'", provided 

the absolute lengths of the, coordinates of p * / p 

each were respectively equal to those of P. 

All this ambiguity is, however, avoided, X.—-/ 7/ /"~^ 

by denoting the axes in one direction +, 
and in the opposite direction — . Hence 
then, regarding the abscissas to the right of 
the origin. A, as positive, those to the left ^ 
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negadre. In like maimer, considering the ordinates above the 
IS pomtiTe, thoee below it will be negative, 
thus hare ibr the point P the equations 

jr = (I, y = 6, 
point P, 

x= — a, y= b, 
point P", 

x = — tf, 5^= — 6, 
the point F", 

» = th y = — *• 
e point be situated on the axe AX, the equation y = 6 becomes 

so that the equations 

g:=a, y = o, 
erise a point on the axis of abscissas, at the dbtance a from 
pn. 

le point be on the axe AY, then x zza becomes x = o, hence 
ations 

* = o, y = ft, 
erise a point on the axis of ordinates, at the distance, b, from 
fin. 

lastly, if the point be common to both axes, that is, if it be at 
pn^ its position will be expressed by the ec^uations 

4P 3= 0, y = o. 
oint is said to be given when its coordinates are given, and, 
of referring to it as the point whose coordinates are t, y, it is 
riefly and more usually designated as the point {x, y.) 



On the Equation of the Straight Line, 

Let it now be required to determine the equation of a straight 
r, in other words, to find an analytical expression by which it 
i characterised. 

MN be any straight line, and, in the same plane ^th it, let two 
t lines AX, AY, be taken for axes of coordinates, and, for 

simplicity, let their origin, A, be upon the proposed Mm, 
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From any two points, D, B, in AB, let DC, 
BE, parallel to AY, be drawn, then will AC, CD, 
be the coordinates of the point D, and AE, £B,. 
the coordinates of the point B, and they form 
this proportion, viz. 

AC:CD:: AE:EB 
Cp_EB 
•*• AC " AE 
hence each abscissa is to its ordinate in the same constant ra^ ftff 
every point taken in the proposed line. If, therefore, we represent 
this ratio by a, which will obviously be an abstract number, there will 
always exist this relation between any ordinate and its abscissa^ ^ 
the former equal to a times the latter : thus CD = a AC, BE = a 
AE, &c. that is, agreeably to the notation already established, we 
shall have for every point in the line MN the relation 

y = a* (1), 

intimating, that whatever abscissa we take, a times that abscissa will 
be the value of the corresponding ordinate. Knowing, therefore, the 
constant a, we may, by giving arbitrary values to s, detennine «» 
many points in the line as we please, and, consequently, the line 
itself; equation 1 is hence called the equation of the straight Untf 
MN. 

(5.) If the axes of coordinates are rectangular, then the ratio 

CD 

TT^ or a expresses the tangent of the angle DAC, which the proposed 

line makes with the axis of abscissas* 

If this angle is obtuse, the tangent will be negative ; hence, if AN 
(next fig.) be the position of the proposed tine, in reference to the 
rectangular axes, AX, AY, the equation is 

y = — or ... . (2.) 
where it must be observed that the sign — applies only to the number 
Of and not to x, the abscissa, for the sign of this depends upon its 
direction from A, the abscissas of every point in the proposed line, 
which is below AX, being positive, while for every point in the portion 
above the abscissa is negative. Thus the abscissa AC, of the point P, 
is positive, for it is to the right of A ; but the abscissa, AC, of the 
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)oiDt P beiDg on the opposite directiooy is ne- 
ladve. As regards the ordinatesy it is plaiD, 
x>th from equation (2), and from the diagram, 
hat to positire abscissas belong negative ordi- f^ 
lates, and to negative abscissas, positive ordi- 
lates. 
(6.) When the axes of refenmce are oblique. 




JC 






16 coefficient a may still be represented by trigonometrical quantities, for 

:i> . ^ * sin-DAC ^•. 

^^ or Oy 18 the same as ^ .^^ aDC ' "*®'^'^'®> '"^^ *^« ^gl« Al^C is 

qtnd to the angle YAD, if we represent the angle NAX, which the 
roposed line makes with the axis of x by a, and the inclination, Y AX, 
f the axes themselves by /?, we shall have 

sin. DAC _ sin. « 
sin. ADC ~" sin.(j9 — «) 
nd for the equation of the line AN, 

sin. a 
^ " sin. (|S — »)' 

In this equation the coefficient of x will ob- 
iously be negative, when a '7 0, that is, when 
kN takes the position in the annexed diagram 
) the left of the axis of y. We see, therefore, 
lat, whether the axes be rectangular or oblique, 
le coefficient of jr, in the equation of a straight ^ 
ine passing through their origin, will be positive, if the portion of this 
ine situated above the axis of x lie to the right of the axis of y, but 
be same coefficient will be negative, if it lie to the left. 

(7.) The equation to the straight line, which has just been exhibited, 
ipplies only when the line passes through the origin. Let us now 
uppose that this restriction is removed, and that the proposed line 
akes the position LM, cutting the axes in C and B. 

Let AN be parallel to LM, and from any 
loint, P, in the latter, let the ordinate, PD£, 
e dravna. Then, since AB = DP, it follows 
hat any ordinate, P£, is equal to AB, plus the 
rdinate £D, of that point, D, in AN, which 
as the same abscissa, A£, as the point P. -^ 
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Now this latter ordinate is always expressed by the equation y rraXf : 
as we have already seen ; consequently^ if we put b for AB, the ordi- : 
nate of the proposed line at the ori^^ we shall have for every pcmit • i 
in LM this relation between the coordinates^ viz. : 

this, therefore, is the equation of the straight line in general. < 

With regard to the sign of a, its changes have already been examined ; ? 
and as to the sign of the ordinate b, we know that it will be positive , 
so long as LM cuts AY above the origin, and negative when the inte^ 
section is below it. It may, however, be satisfactory to the student 
to have here exhibited the form of the equation for every possible : 
position of the proposed line. 

1. Let the line, LM, take the position shovm 
in the annexed diagram, cutting the axis of x to 
left of the origin, and the axis of y above it, then 
a and b are both positive, and the equation is 

2f='^aa; + b, 

2. Next, let the proposed line cut the axes on 
the opposite sides of the origin, as here repre- 
sented, then a will still be positive, but b will be 
negative ; the equation, therefore, in this position 
of the line is 

jf =z -j- ax — b, 

3. Thirdly, let the line cut the axis of ^ above* 
and the axis of x to the right of the origin, then a 
becomes negative, and b positive, in this case, 
therefore the equation is — 

yzzi — ax -{-b, 

4. Lastly, let the axis of y be cut below, and -j^ 
the axis of x to the left of the origin, then both a 
and b will be negative, so that the equation be- 
comes ■ ^V*7 -X 

y = — (ix — 6, J 
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It thus appears that when both axes are intersectedy the proposed 
line may take four different positions analytically represented by four 
, distinct equations. 

There remain two other positions to be considered, yiz. those in 
which the line is parallel to one of the axes. If it be parallel to the 
axis of abedssasy as it cannot then form an 
angle therewith a = 0, and therefore (6) a = 0, 
so that this position is characterized by the fj- 
equation 

y= Ot ± b, ory = ± 6, L. 

intimating diat, whatever abscissa be taken, the 
value of the ordinate remains the same. 

When the line is parallel to the axis of ordinates, substitute for a, 

b -V- M 

in the general equation, its equal — , putting c "' 

c 

for AC, the distance of the intersection, with 

the axis of x from the origin, b representing, a s 

usual, the distance of the intersection with the ^/ -^/ ^/ 

axis of y, in the present case infinite, we thus 

have 

b 

yz=jx+b 




x= -— -y — 



c c 

which, since b is infinite, is the same as 

X = Oy =F c, or a: = =F c, 
an equation which indicates that whatever be the ordinate, the ab- 
scissas are constantly equal to c. From the preceding discussion it 
follows, that the general equation y z^ax-\- b comprehends in it all 
those &at can characterize straight lines, whatever be their position in 
reference to two assumed axes, any how inclined to each other, each 
particular position being denoted by the particular values given to a 
and 6. As these quantities remain the same, while the coordinates x and 
y vary in value for every point in the same line, the former are called 
conitaiUs and the Utter variables. 
Since two constants enter into the general equation of a straight 
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901lttliy|H- 

ticular bna vill be iij i fi a id , TVbt avvw ifcutfaiL, tike soeh 
vilaei » vDl reoder Ak line '■^ok c qoiiJ Ba s i ijw m^A jobjectto 
oertun piopcw ed eondibooiy procidei sock coadiliODS arepoBible 



Tbos «K naj loppoae such ysIob gms «» Ak ro^imnij^ tfait tbelme 
repmented most of immiiij pas ikmi^ t«o gran points, or ootj 
one of the ooostants mij be find, and of sock i«liie dm all tbe Hoe 
i«pr«femed by tbeeqoatMmsball pas tfaoo^ a proposed pomt We 
have aJreadj feen, diat, if the ohgia of tbe axes were tibe propoad 
point, tbe cooftaot, b, must take tbe puticabErTiliie h =r 0, tfieeqintxi 
y = aj repreieiiting all lines subyect to diis rowHtioa. Let os now 
proceed toafewdetermiDationsof this kind, and, as we areafcUboij 
to anume any angle of inclination for die ans of f d e ieuce , we stoH 
m general, for greater simplicity, assume dmn lectangolar, exoeptlBg 
only in a few cases, to be hereafter pointed out, where oblique axe 
in^y be more advantageously employed. 



PaOBLSX I. 

(8.) To find the equation of a straight line passing through a gi?ea 
point. 

Let us denote the coordinates of the given point by x' and y; then, 
since the general equation for every point in the required line is 

y = ar;-f 6 .... (1), 
it follows that for the particular point in question we must have tbe 
relation 

y = <7y -f 6 .-. 6 = y — oj/ (2), 

hence, luhstituting this value of 6 in (1,) we have 

y — y = tt(jr-.y), ory = a(a:-. j') -f y, 
which is the equation sought, and characterises every straight line tliit 
tmn be drawn through the point (x', y). By comparing this with the 
Hitiuirul e(|uation of the straight line, we find that the ordinate at the 
oriwiii i«y — fljr'. 

If thu given point were on the axis of x, then y' =: 0, and the equft- 
tiiui would he 
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If it were on die axis of y, then jr' = and the equation would 
become 

jf — y = fljr, orjf = ax +y. 



PAOBLBM If. 



(9.) To find the equation to the straight line, which passes through 
two given points. 

Representing the given points by (jr^, y',) and (aT, y",) we have to 
subject the equation y. — y = a (x — x') of a line passing through 
one of the points to the additional condition 

which equation as s', j*", y, y, are all given, determines for a the 
particular value 

substituting, therefore, this value of a in the former equation, the 
analytical representation of the required line is 

in which equation all are constants, except x and y, the variable ab- 
scissa and ordinate of the line. 
By writing the equation thus, 

^ x* — x^ ^ y — x" 
which, however, is less shnple than the former, its identity with the 
equation y = ox + 6, for the particular case in question, is more dis- 
tinctly seen, as it shows at once the value of the tangent a, and of the 
ordinate b at the origin. If, for instance, the coordinates of one of 
the given points (x', y,) be 4 and 6, and those of the other point (y', 
y,) 3 and 5, then the equation of the line passing' through them is 

y = Ix H- 2 ; 
therefore 1 being the trigonometrical tangent of the angle made by the 
line with the axis of x, this angle must be 45^, and the ordinate at the 
origin is 2. 

1 
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If {x'f y'f) is on the axis of x, y = 0, and the equation is 

X —X 

If it is on the axis of y^ then j/ = 0, and the equation b 

/ y - y' 

And lastly, if it be on both axes, that is, at the origin, then x* = 0, 
y = 0, and the equation becomes * 

y 



PROBLEM III. 

(10.) To find the equation of the straight line which passes through 

a given point, and is also parallel to a given straight line. 

Representing as before the given point by (x',y), we have for evety 

line passing through it the general equation 

y— y =:a(j:-.y), 

and among these lines we are required to distinguish that which is 
parallel to the given line, or, in other words, that which makes a given 
angle with the axis of abscissas ; putting a' for the tangent of this 
angle, the equation of the line sought will be 

y— y = a'(x — x'). 



PROBLEM IV. 

To determine the point where two given straight lines intersect 
Referring both lines to the same axis, let their equations be 

y = or -rf ^ 
y = a'x + h'y 

then, since at the point of intersection the ordidate is the same for 

both lines, we must have for this particular point 

or + 6 = o'jr + 6', 

whence we obtain for the coordinates of the intersection 

6' — 6 ab'—a'b 
X = , y r= -. 

a^^a a — a' 



ANALYTICAL GEOMETRY. 



25 



If we suppose o = dy the expressions for x and ^ become infinite, 
s they evidently ought to do ; since the lines, being in that case 
larallel, can meet only at an infinite distance. 

n — ^ 1^ 

If 6 =r h'y then x = 0, and y = 6 = 6, showing that the ordi- 

a — w 

nate at the origin belongs to the point of intersection. 



PROBLEM V. 




A AC 



(11.) To find the expression for the angle of intersection of two 
given straight lines. 

Let the two lines be A'B and CD, P being their point of intersec- 
tion ; then it is required to find an expression for 
the angle ATC. 

Let the equations of A'B and CD be respec- 
tively 

y z=. ax-\- h 

y=za!x-^h'; ^ 

hen a will be the tangent of the angle PA'X, and 
(' the tangent of the angle PCX, the lines being referred to the rec- 
angular axes, AX, AY. Now the angle A^PC is equal to the difference 
»f the angles PCX, PA'X ; hence, calling the tangent of this difference 
', we have (Gregory's T^^^* P' 46. J 

a — a' of — a 
V = ^, , or V = 

1 -j- flfl \-\-aa! 

ccordingly as the angle is to the left or right of A'P. 
If the angle of intersection be a right angle, its tangent must be 
(ifinite, which the expression for v becomes, only when 1 -|- <w' is 
' ;* this condition, therefore, is necessary, in order that the proposed 



* Or, since the cotangent of a right angle is 0, and that the cotangent of 

1 1 "t" flfit' 
D angle is the reciprocal of the tangent, we must have — , or 



V 



a- 



.-. 1 + oa' = 0. 
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iines may be perpendicular to each other ; so that, in this case, we 
must have 

ca' = — 1, or fl = ;-. 

a 

It follows from this, that, liy z=.a'x + b' be the equation of a given 

1 
straight line, then will y = j- j: + 6 be the equation of a line per- 
pendicular to it. These perpendiculars may be innumerable. If we 
fix one of them by the condition that it may pass through a given 
point, (x'y y,) then (Prob. 1^ it will be characterised by the equation 

y-y = — -, (x — 0^). 
When {x^y y') is on the axis of abscissas, y = 0, and the equation is 

When it is on the axis of ordinates, then / = 0, and, therefore, the 
equation is 

, 1 

And when the given point is at the origin x' andy, being both 0, ihe 
equation is 

a 

(12.) If we wish for the sine or cosine of the angle of inclination ol 

two lines, instead of the tangent, ihey may be obtained thus. B) 

trigonometry 

sin. (a — aO == sin. a cos. «' — sin. a' cos. a, 

in which formula, if a, «', represent the angles, whose tangents are a, 

a*, we shall have 

a 1 

sin, a = , C05« a = 



V^ 1 -t- a* l/ 1 + o' 

a' 1 

sin. «' = — ===, COS. a' = 



hence by substitution 

sin. (a — «')= 



fl'— fl 



l/(l+«»)(14-0 
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In like manner, from the expression 

COS. (a — a') = COS. a cos. a' -^ sin. a sin. a, 

we get 



cos. («—«')=: 



|/(H-««)(l+0 



PROBLEM VI. 



(13.) To find the equation of the straight line which passes through 
a given point, and which makes a given angle with a given straight line. 

Let the given line be represented by the equation 

i/ = ax-\-b; 
then, because the required line passes through a given point, (/, y*,) 
its equation will take the form 

y^y =.tf'(i'— y); 

and we have to determine afy so that these lines may intersect in a given , 

angle. Put v for the tangent of this angle, then (art. t\) 

±(a — </) , a — V a + v 

V = — ^i^ .— .'. a' = , or — ■ — 

1 -|- flff 1 -f «t; 1 — au 

hence the equation of the line sought is 

a — V , ,x . a V 



y— y = 



(i- — J-'), ory — y = (x — /). 



1 -|- au ^ " " " 1 — av 

Two lines, therefore, may be drawn through the given point, fulfill- 
ing the required condition ; the one forming the proposed angle, to the 
left, and the other forming it to the right, of the given line, conform- 
ably to the two expressions for its tangent, v. 

Thus, in the annexed diagrams, the equa- 
tion of PC forming the given angle to the 
left of the given line, AB, is 



y—y'- 



a 



V 



(jr — /); 



1 -|- aw 

but the equation of PC, forming an equal 
angle to Uie right, is 





c 2 
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PROBLEM VII. 



(14.) To find the analytical expression for the distance of twogiveH 
points. 
Let the giren points be M, {x', y',) and N, y 






(^' y") Draw Mp parallel to AX ; then the axes 
being rectangular^ the distance, MN, will be 
-|/Mp'-i-Np* ; but Mp = j:"*— x\ and Np = y" 
-^y, therefore the expression for the distance, D, is A 

D=i/{(r"-y)'-f(y'-y)«}. 
If one of the points, as {/, y'\ is at the origin, then x' = 0, and y = 0; 

therefore ' 

D = |/.T"»-|.y'» 

The expression for D would have been much less simple, if we bad 
chosen oblique axes of coordinates ; for, if the angle MpN had been 
oblique, we should have had (Trig. p. 54,J* 

MN = |/Mp« + Np« — 2Mp • Np • cos. Mp N; 
or, putting A for M'pN we have cos. MpN = — cos. A, 
... D = V {{^ — ^y + (y" — y)' + 2 (^' - y) (y — y ) cos. A). 
If (.r', y,) is at the origin, 

D = "i/ {x"^ -1-/2 -h 2/'y' cos. A}. 



PROBLEM VIII. 

(15.) To find the analytical expression for the distance of a point 
from a line. 

Let N be the point, and BC the line, then it is re- Y 
quired to find the length of the perpendicular NM. ^ 
If the coordinates of M be represented by x, y^ and 
those of N by x', y, we have by the preceding pro- 
blem A 

MN=i/{(/-.x)^-h(y-j^n 

in which the values of jt* — x and }f ^^y^ must be determined by 
means of the equations to the lines BC, MN. 




* The Trigonometry usually referred to is that of l)r. Gregory. 
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Taking for the equation of the fonner 

y = ar'\' 6.. . . (1,) 
that of the latter will be (art. UJ 

y— y=:«-_(j_.r')....(2.) 

In order to obtain from these equations the values sought, in the 
simplest manner, put equation (1) under this form : 

y — y = fl(a: — y) — y -f or* + 6 . . . . (3.) 
by subtracting y from one side, and its equal, y -|- oar — ax', from 
the other, in order that the equations (2) and (3) may both contain 
the unknowns x — y and y — y, then the determination of the values 
of these becomes easy. 

Subtract (2) from (3) and the result is 

= (a + — Vjr — j^) — j^' -f fl^ -f fc, 
a * 

. ._ a(y— fly-6) 

and by substitution in equation (3) 

'kf '—axf — h 

These expressions for j: — *' and y — y, by changing the signs pre- 
fixed to them, represent ^ — x and y — ^ ; but, as these latter enter 
into the expression for MN only in the second power, it is indifferent 
what signs are prefixed ; we have, therefore, by substitution, 

_ yt — ax' — b 

If the point N be at the origin, then y = and y' = ; therefore 

MN = - ,,"" ^ ■ 

expresses the distance of the proposed line from the origin.' 

If the proposed line pass through the origin, then 6 = 0, and the 
value of the perpendicular upon it from (x', y,) is 

y -. as' 

" y (a« + 1) 
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(16.) By means of thb last expression, we can immediately arnve ^ 
independently of any trigonometrical property, at the values of the sine 
and cosine of the angle formed by the intersection of two given straight . 
lines. 

For let AM, AM', through the origin. A, be parallel to any 
two given intersecting straight lines, thus forming^ 
an angle at A, equal to the angle of intersection* 
Take any point, M', on one of the lines^ and, 
representmg its coordinates by (/ , y,) the value of 
the perpendicular from this point to the other line 
will be 




M'M = 



_ y— oy 



V(«* -h 1) 

a being the tangent of the angle MAX. Now, if we represent the 
tangent of the angle M'AX by a', we shall have at the point M', y = 
aV ; hence, by substitution 

M = — — ^ 

i/(«»-i-l) 

Now M'M is the sine, and AM the cosine, of the angle M'AM to 
radius AM', whose length is expressed by the equation 

AM' = i/l^TT* = t/^-f a'«^ = ^/r+v«; 

hence, calling this radius R, we have 

^_ R 

^(1 + «») 

and, subtracting the square of this from R', and then taking the square 
root, we get 

.-, R(fla' + 1) . . 

^ = V{(a»-i-l)(a" + l)} ='^'"^'^^^ 
and these expressions are identical with those given at (12), where the 

radius, R, of the tables is unity. 

The preceding problems contain every useful particular relative to 

the straight line. They should be attentively studied by the student, 

who, before closing this chapter, should be fully prepared to state the 

conditions under which any straight line is drawn, when its equation 
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is giren, or on the contrary, when the conditions are given to write the 
equation. We shall now devote a short chapter to the solution of a 
few problems, in which the principles here established will find their 
application. 



CBAPTBlt XI. 

i PROBLEMS IN WHICH THE EQUATION OF THE STRAIGHT 
' LINE IS EMPLOYEP. 




PROBLEM I. 

(17.) It is required to determine whether the perpendiculars drawn 
from the vertices to the opposite sides of a triangle meet in a point. 

Let the perpendiculars, AF, BE, CD, from the .. C 
rertices to the opposite sides of the triangle, be 
drawn and assume AB, AY, for rectangular axes 
of reference. Let (/, y) represent the given point, 
C, and for AB put c. /^ 

Then the equation of AC, passing through the 
origin and the given point, C, is 

and the equation of BC passing through the two given points, B,C, the 
former (c, 0) being on the axes of x, is 

Now BE, AF, being respectively perpendicular to AC, BC, and 
passing each through a given point on the axes of x, their equations 
are, of BE, 
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and of AF, 

x' — c 

■ y' 

At the point where these intersect, the ordinates roust be equal, so 
that at this point 

x' sf — c 

— (j- — C) = ;- Xy 

whence 

jr = y ; 
that is, Xy the abscissa of the intersection of BE, AF, is equal to x'y the 
abscissa of the point C ; hence, the perpendicular, CD, passes through 
that intersection. 

PROBLEM II. 

(18.) It is required to determine whether perpendiculars from the 
middle of each side of a triangle roeet in a point. 

Let M, M', M", mark the middle points of the sides of the triangle 
ABC. Let P be the point where two of the per- y p 
pendiculars, MP, M'P, meet, and, as before, take 
the rectangular axes, AB, AY. Represent the 
p6int C by (a:*, y ), and the base, AB, by c ; then 

the point M" will be ( — , o), and the points M", e^ ^^ ^z '^ 
M, having their ordinates parallel to the ordinateiof C,will obviously be 
( — , y-\ and T-^t — J ^.) respectively, for the triangles A M'' »t' 

M'Mm will be equal. 

Now the equation of AC, passing through the origin and the point, 

(/, y,) is 

X 

and that of BC, through the points (r , 0) and {x'y y') is 

y 

V = - — (-r — 0- 
•^ X — c ^ 

Now PM", PM, being respectively perpiendicular to these, and, at 
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the same time, passing the one through the given point M'", and the 
other through the given point M, vre have for the equation of PM'', 

and for the equation of PM, 

y' c — x' c 4- x\ 
y — - = ; — K^ ■ ) 

•^2 y ^ 2 >' 

Now, if these two lines meet in the perpendicular from M', they 
must necessarily have a common ordinate for the abscissa, A M", or — > 

otherwise the ordinates will be different. Substituting this value of x, 
in the equation, for PM^', we find 

__ y , ^^ — ^y 

sind, making the same substitution in the equation for PM, there results 

^ y y^ — csf 
^"T'^ 2/" 
The two ordinates are, therefore, identical, and thus the three per- 
pendiculars meet in a point. 



PROBLEM III. 

(19.) It is required to determine whether the straight lines drawn 
from the vertices of a triangle to bisect the opposite sides, meet in a 
point. 

I^ the lines, CM, BM', AM", bisect the opposite sides of the 
triangle, CAB ; and let us, in this case, employ the oblique axes, CM, 
MB. 

Since AM' is half AC, a parallel to CM, from 
the point M', will bisect AM, and be equal to half 
CM. In like manner, a parallel to CM, from the _ _> 
point M'', will bisect MB, and be also equal to ' 
half CM, so that the coordinates of the points ^^ 
M', M", are numerically equal. M 

Now, if (/, 0), represent the point B, (— - /, 0) will represent the 

c 3 
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point A; and, if (*",yO denote the point M", (— jt", y") ^iU denote j 
the point M' ; hence the equation of AM"', passing through the points 

(-y,o)and(y',y'),w 

and the equation of BM', passing through the points (/, 0,) and ( — x'\ 

y,) is 

y = — iL_, (x — /). 

X X 

Now, in order that these lines may intersect on the axis, MC, the 
ordinates of hoth at the origin must he the same, and this they 
evidently are, for the ordinate corresponding to jr = is, in hoth 
equations, 

•^ J-" -f- / 
Cor. Since /' = J/, and y" = jCM, it follows that 

PM = *£^ / = ^CM. 

PROBLEM IV. 

(20.) To determine whether the lines bisecting the three angles of a 
triangle meet in a point. 

Let AF, CD, BE, bisect the three angles of the (3 

triangle CAB ; and, as before, let the oblique lines, 
CD, DB, be taken for axes of reference ; then — DA -. 
will be the abscissa of the point A, and DB will be 
the abscissa of the point B ; consequently the equa- . 
tion of AF will be ^ 

y = a(j: + AD) (1.); 

and the equation of BE, 

5^ = a'(j? — DB) (2). 

Now it appears from (art, 6, J that, as the axes are oblique, the value 
of a will be 

sin. FAB _ sin. \ A _ sin. \ A 

sin. (CDB — FAB) " sin. i(A + C) " cos. \ B 
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In like maimer, the vahie of d will be 

, sin. iB 
fl = 

COS. I A 
hence, when x = 0, the equations (1) and (2) become, by these sub- 
stitutions, 

sin. i A . ^ ,^. 

siMLBDB....(4); 
^ cos-iA ^ ^' 

and it now remains to inquire whether these two expressions for j^ are 

identical. 

For AD, in equation (3,) substitute its equal, viz. 

AD = !iHlB DB, 
sm. A 

and the equation becomes 

sin. *A. sin. B tnt» 

y = T-s — : — r OB, 

^ cos. \ B. sm. A 

which is identical with equation (4.) ( Trig, p, 43.^* Hence the 

three lines meet in a point. 



PROBLEM V. 

(21.) To express the area of a triangle in terms of the coordinates 
of two of its angular points. 

Let the triangle, BAG, be proposed ; and let y: 
the rectangular axes originate at the point A ; let { ^ — ^ 
x\ y, be the coordinates of B, and sf', y , the co- 
ordinates of C ; then we have for the equation of 
BC, passing through both these points, 

* y — /' X' — *" 




• For, at art. 18, p. 43, we have sin. \ B =r ^-— , aod cos. \ A 

sin. A 



sin. A 
2tiQ.iA 
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and for the length of the perpendicular AD, upon this line, fron 
origin, we have (art. 15, J the expression 



substituting here for a and 6, their values as exhibited in the foreg 
equation, viz. 

and the expression for P becomes, after reduction, 

x'y" — y'x" 

Now the denominator of this fraction expresses the distance of 

point {sf'y y"y) from the point (/, y,) that is, it denotes the line 

so that 

BCxP = <y"— y/'; 

consequently 

BC X P ' x*v" vV 

— = -^ ^ — =r area of the triangle. 

2 2 ^ 

The foregoing exercises on the equation of Ihe straight line 
suffice for the present ; further applications will repeatedly occur ii 
succeeding chapters. 

(22.) At the commencement of the present section it was shown 
a straight line whatever its position, might be represented by a sii 
indeterminate equation ; and it will be proper, before we procec 
the circle, to show, conversely, that every simple indeterminate e 
tion containing two variables is the analytical representation of s 
straight line. 

Let My = Nj? -f- P be any simple indeterminate equation, com 
ing the two variable quantities, x and y, then we have 

N , P 

N P 

or putting for simplicity A for — , and B for •— 

5^ = Ar-hB (1). 
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Now, draw any two straight lines, X'AX, 
XAY', intersecting at A, and make AB = B, 

AC = — , and through the points C, B, draw 

the straight line CBL, which will be the geo- X 
metrical representation of the proposed equa- 
tion. 

For the equation of this line, in reference to 
the axes, AX, AY, is 

J'=^* + AB....(2); 

but by the construction — - = B -s — = A, also AB = B, therefore 
^ AC A 

the equations (1) and (2) are identical, each, therefore, is the analytical 

representation of the line CBL. 

(23.) The line which any equation represents, or in which the 

I variable point (jr, y) is always found, is called the locus of that equa- 

! tion, or of the point (j^, y). Hence the locus of a simple equation con- 

[ taining two variables is a straight line. 

r When the equation is given, and it is required to construct the locus, 

it will be sufficient to determine two points in it, since the locus will 

^ be the straight line passing through them. Now the two points most 

^ easily found are those where the locus intersects the axes. ' The>ab- 

\ scissa of the one point will be furnished by the proposed equation, by 

I making therein y = 0, and the ordinate of the other, by making j: = 0. 

I Let, for example, the locus of the equation 2y = 3j: — 5 be required. 

Making ^ = 0, there results for x the value x -=. y 

' \ ; and, making j: = 0, we have y = — | ; therefore / r 

i having assumed the axes AX, AY, on the former / y" 

take AC = f ; and, on the latter, take AB = — J ; / y^ ^ 

then the straight line, BCL, drawn through the Aj^^^A^ 

points B, C, will be the locus sought. 

This method of determining the locus can, how- 

eyer, be applied only when the equation is of the form y = ax -f- 6 ; 

for, if it were of the form y = ax, then b being 0, the locus would pass 

through the origin, so that its intersection with the axes would furnish 

hut one point; another, therefore, must be found, before we can deter- 



38 



ANALYTICAL GEOMETRY. 



mine the line ; for this purpose, we may give to x any particular value, 
and^ this, with the resulting value of y, will be the coordinates of 
another point. 

It is obvious that of every point in the locus of the indeterminate 
equation ^ = ox -f- ^9 the coordinates exhibit a geometrical solution ; 
and, as an infinite number of these points may be taken, the locus 
supplies all the infinite solutions of the equation. If, therefore, any 
other indeterminate equation were susceptible of solutions that belong 
also to the former equation, and if the loci of both equations were to be 
constructed on the same axes, these common solutions would be 
geometrically represented by so many points being common to both loci. 



CSAPTBlt ](ZX. 



ON THE CIRCLE. 



(24.) Let r represent the radius of a circle, the centre of which is 0. 
In the same plane as the circle, assume any rectangular axes, AX, AY; 
and let it be required to determine the equation of its circumference, 
or fhe analytical representation thereof, in reference to the assumed 
axes. 

Let the coordinates AB, OB, of the centre, be 
represented by a, j? ; while the coordinates of 
any point, P, in the circumference, are denoted 
by the variables x, y ; then, drawing the radius, 
OP, and Om, parallel to the axis of j:, we shall 
have Om = j: — a, and P»i = y — j3 ; con- 
sequently, since Om* -|- Pin* = OP*, we have 

or 
J* — 2»r -I- flt* + y* 

1 




— 2fy + P' = t'} 



.(1), 
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which is the equation sought, asd ohviously subsists for every point, 
P or {xy y,) taken in the curve* For brevity, the equation is usually 
called the eqnMiion of the circle, the circum^Mence, however, and not 
the enclosed surfiu>e, is to be understood. 
If the origin of the axes be assumed on the 

dKnmference, as at A, in the annexed diagram, 

the equation will be more simple in form ; for 

tfaen,(if AG be drawn, we shall have AB* -f 

BO«=AO«, thatis»«-|.j3= = r»;sothatequa- ^ 

tion (1) reduces to 

* or J . . . . (2), 

the equation of the circle, when the origin is on the circumfefence. 

If, in this case, the axis of x pass through the y, 
centre, then « = r, and jS = 0, and equation (2) 
becomes 

o^ + y' — 2rx = 0-^ 




or i * ' ' 



.(3). 




But, if the axis of j/ pass through the centre, then 
a := 0, and jS = r, and equation (2) takes the 
form 

•i'-hi^' — 2i3f = (4). 



When the axes originate at the centre, the 
form of the equation is still more simple ; for, as 
in this case, both a and /3 are 0, equation (1) 
becomes 

and this form, on account of its simplicity, is 
most generally employed. 




Equation (3) may obviously be converted into this proportion, vm. 
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M :y ::jF:2r — x; 
chac a^ a prrpfndimhr, PM, frooi asj point in the cucmnieRM^ t 
a daoKttr, AD, ■ a am ba wt m the pom AM, MD, iatovhil 
the djauBCfier adirided bjiL 

If in the fixcgoin; cnci die angle at A had 
ci n^ the seicral tif— riniii woold hafe beat more eumifa id; 
equation v 1) woohl &en hare taken the forai {m^, lA,) 

^r — •/ + Cy — ft* + 2(x— •)(jr — /J)coa.A = f*, 
and the simplest fonn of this eqoation, TB. that conesponding to eqn- 
tioo ;5\ above, the aici originatiiig at die centre, woold be 

^ -H jr* + ^jy COS. A = r» 

We shall now proceed to the solution of some problems rdadggH 

the circle, always lefcRing the cnnre^ for the ake of simplidtj, k 

lectangnlar axes. 



PKOBLCM I. 

(35.) To find the equation of the tangent at a point in the drcoa- 
ference of a circle. 

Let the rectangular axes originate at the centre 
and let (jr', y) represent the point, P ; then we 
have to find the equation of the straight line, AB, . 
which touches the circumierence in this point. / 

Let the radius, OP, be drawn : then, since it 
passes through the point P, and is drawn from the \^^ 
origin, the equation of OP is ' ' 

Now a tangent is perpendicular to the radius at the point of contact, 
consequently, we have merely to express the equation to the line drawn 
through {xy y',) and perpendicular to that represented by the ibr^oiiig 
equation, the equation of the tangent is, therefore, 

which, by reduction becomes 
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jiry' + j/ =y* + j:", or = r«. 
The first form of the equation is that most frequently employed. 

The equation of the tangent may also readily be determined, in- 
dependently of the geometrical property referred to above, by a mode 
of investigation which is applicable to all curves whatever. Thus, 

Let us first consider a secant to the curve, \^at is, a line cutting it 
in two points, (/, y\) and (x", y"). 

The equation of this secant is 



and, as in the present instance, both points are in the circumference 
of a circle^ we must have 

a!'* -\- 1/* = r' (2) 

^'•+y'» = H....(3), 
equation (3), subtracted from (2), gives 

that is, 

(j^'+yo(y-yo =-('^+0(^-0; 

whence 

y— y"_ ^+-'" 

consequently, by substitution, equation (1) becomes 

If now we suppose that the points through which this secant passes 
coincide, it will then become a tangent ; we have only, therefore, to 
put in equation (4) x* = x" and y = y, and there results for the 
tangent the equation 

y— y = — _(jf— y). 

as before found. 

Since the equation of the line drawn from the origin through the 
point (j', j^O is 

y 

X 

it follows, from the foregoing equation, which is obviously that of a 
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perpendicular to this, through the point {x\ y',) that the tangent through 
any point is perpendicular to the radius at that point, a property whidi ^ 
was assumed in the preceding investigation. 



PROBLEM II. 

(26.) To draw a tangent to a circle from a given point without it. - 
Let (fl, b) characterize the given point, P, when referred to rec- 
tangular axes originating at the centre, then it is required to find ~ 
through what point, (/, y,) on the circumference the line must pass - 
to be a tangent. ■ — 
The point (/, y',) being on the circumference, there must exist the ^ 
relation 

y»+y« = r».....(i). 

Also, since the point (a, b,) is on the tangent, we must have, by sub- ^ 
stituting its coordinates for s and y, in the equation of the tangent, the 
relation 

flj:' -I- i»y = r« (2). ^ 

Now, from these two equations, we may determine the unknown -^ 
coordinates / and y ; and it is obvious that we shall arrive at two 
systems of values, for the first of the equations above is of the second * 
degree ; we may infer, therefore, that there will be two points in the . 
curve, to each of which a tangent may be drawn from the given point ^ 
As the analytical representation of the coordinates of these points will ; 
be rather complicated, instead of obtaining them from the preceding ), 
equations, we shall determine the points geometrically ; and to do this, ^ 
we shall merely have to construct the locus of the simple equation us ^ 
+ 6y = r', in reference to the axes of the circle, for this locus must of 
necessity intersect the curve in the two points sought, since, by virtue { 
of equations (1) and (2), the coordinates x', y, belong both to this locus | 
and to the circle (see art, 23,) 

For V = 0, the value of x is — 
•^ a 



and for x —0, the value of y is -7- 



i 
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fterefore^ on AX take AC = — , and on 

a 

r* 
AY take AB = —, then the straight line, 



BC, drawn through the points B, C, will 

intersect the circumference in the required 

points, My M'. 

The value of x for y = 0, that is to say, 

r» 
AC, being — , an expression independent 

of hy must be the'same, whatever value b may take, that is, whatever be 
the length of the perpendicular, NP ; we may infer, therefore, that in 
whatever point of this perpendicular P be situated, the chord joining' 
the points of contact of tangents drawn from it, will always intersect 
the axis of x in the same point, C. This property may be thus ex- 
pressed. 

If from amy number of points in a straight line tangents be drawn 
to a circle f the chords joining each pair of tangents will all intersect th^ 
perpendicularyfrom the centre to the line, in tlie same point. 

If the proposed line cut the circle, the intersection of the chords 

will lie without the circle ; for, as then a z. r, x = — must exceed r; 

a 

but, if the line be wholly without the circle, the intersection will 

obviously be within it. 

If iostead of constructing the locus of the equation ox + ^ = ^> 

we had actually solved the equations (1) and (2), we should have 

arrived at the following expressions for the coordinates of the points 

of contact, viz. 

br 



ar 



X = 



T- 



|/a« + fc«-— r* (4). 



a* -t- 6* ^ d^ -t- t^ 
By means of these coordinates we can find the equation of the line 
passing through the two points to which they belong, and this equar 
tion we shall find to be ax + by = r*, as above. For the equation of 
a line passing through two points is of the form 

y— y = a'(j: — a*') (1), 
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boty by die cwliiuoiB of die pmblcui, 

.-. «r -li- fy = /*, 
the eqoatioo ie<}uiiwl. 



PSOBLEM III. 

(27.) A circle and a point being giren, it is leqniied to draw fina 
the point a stzaight line diroogfa the circle, so that the part inter- 
cq)ted by the c ir c umfe rence may be of a giren length. 

Let ACBD be the giren circle, and P ^ 

the given point, the coordinates of whidi 
are t'^ y , die axes being as before. Let 
the unknown distance of the point {^^ly) 
Ax>m one of the points of intersection be 
represented by z, we shall then have the 
following equations, viz. 

j«4-5^ = r (1) 

y— y = fl(x — jO (2) 

^»=(x— /)»4-ry-y)«....(3.) 




ANALYTICAL GEOMETRY. 45 

the first representing the given circle ; the second, a straight line 
througfa the given point ; and the third, the square of the unknown 
distance. 

Now at the points where the line and circle intersect, the same 
coordinates will belong to each, so that at these intersections the values 
of X and y will be the same, in each of the above equations. 

Hence, substituting for (y — y)», in equation (3), its value «• (or — 
xy, in equation (2), we have 

2«=(j: — :r7(l-f.c^, 
from which we get 

X — X = ^ , and y-^y ■=: 



consequently 

, z , . dx 

Substituting these values of x and y, in equation (1,) it becomes, after 
reduction, 

, 2 (y + ay') 

yl -f- a' 
The roots of this quadratic are 
x'-\-ay' 1 

Since the difference of these two values of z must express the given 
length, we have, by calling it 2m, 

If now we square this expression, we shall obtain, after reduction, the 
quadratic 

(y« + »i2 — r«)a* — 2yy«4-y^ + w»' — r« = (5), 

in which all the quantities are known, except a ; this, therefore, may 
now be determined, and thence the required line y — y' =:.a{x — jt') 
drawn, and it is plain that, as the solution of the above quadratic will 
give two values for a, two lines may be drawn from P, fulfilling the 
proposed condition. 

If the given point be upon the axis of x, then y' = 0, and equation 
(5), becomes 
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tlkie 



■■•a 

Ae line finm ils eqiatioD 

(S^ beccows, when Ae axis oT X piSses through ( 

V^r*— «• of die coddent «, in this equatio 
▼iaoshr mammas the side of « ngiit-uigled triangle, of wh 
hvpoteoiise is r, and d» odter side a. Let, tben, this line 
AroctBd, aod call it ^ Hie dencNniiiator, also, of die firactioQ 

V-*^ + ■»• — r, or ^x** — (r* — ««), ei[ ire iaes the side of 
^i^«d tiiangie of which the hjpotemise is j^, and the ot 

V'^ — ^> the line JQSt ooastiueted. if then this second line 

constructed, and repr»ented by y, die eqoatioti to the requi 
win be 

Take, therefore, on OP, the distance, PF 
— y, and on a perpendicuhLr at the extre- 
mity, take FG = p, then the straight line, 

CxE , through P, wUl be drawn as required ; 
for the trigonometrical tangent of the angle 

FPG wUl be -£ 
9 

r 




a = 



itae ftom ftTSven^iJ'::: ^** trigonometrical t«.gent, . 
drawn from the samT ' • . • **"*^ """^ °'»'^« '"f* ano 
oiwU,,heiie. we hare .nt'"^ " *"^" *" *" '"ter may t< 

• *' »«"««'* of this angle might ha 
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readily derived from equations (3) and (4), in problem 2. I^r, 
since a tangent, PC, is perpendicular to the radius, OC, it follows 
that the angle, OCp, included by this radius and the ordinate of the 
point C, is equal to the angle OPC ; so that the trigonometrical tangent 
of this angle will be expressed by dividing the abscissa, Op, of the 
point C by the ordinate, pC, the axis of s being 'supposed to pass 
throu^ P. Now, on this supposition, 6, in the equations referred to, 
is 0, so that the coordinates of C become 



'_J_|/a« 



^ a 



a 
af . r 



which expression is the same as that above the abscissa of the point, 
P, being represented by a in this expression, and by af in the former. 
From equation (4) two well-known theorems may be easily deduced, 
for representing the roots of that equation by ^ %'\ we have, by Ae 
theory of equations, (Alg, p. 167, J 

2V', or PE X PE' = /« +y« — r"; 
and as the values of j/, y, and r, are quite independent of m, this 
equation subsists for every position of PE' ; hence, when P is within 
the circle, we infer that chords intersecting each other in P are divided, 
so that the rectangle of the parts of each is the same ; and, when P is 
widiout the circle, we conclude that all lines drawn therefrom, and 
terminated by the concave part of the circumference, are so divided 
by the opposite part, that the rectangle of the whole line and the 
external part is the same in each. 

PROBLEM IV. 

(28.) To find the coordinates of the points of intersection of two 
cireutnferences. 

Let the radii of the two circles be r, r', and the distance of their 
centres, d. 

Let the rectangular axes originate at the centre of that circle, whose 
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radius is r, and let it pass through the centre of the other circle ; then 
the equation of the former cirde will be 

y + x» = r« (1), 

and the equation of the latter, the coordinates of whose centre is a z=:d, 
|S = 0, will be 

y + (x — (0'r=r'2 (2). 

At the points of intersection, the values of x and y must be the same 
in both these equations. To determine them, subtract equation (2) 
from equation (1), and there results 

- r^ — r ' ^ + d^ 
2d 

Substituting this value of j?, in equation (1), we have 

y' = ^-i — 2d — I 

whence 

y = 1 t/ {4rf' r» - (r» - r'» + d»)»} . . . (3). 

Now we may observe of this equation that the expression within 
the brackets is the difference of two squares ; it may, therefore, be re- 
placed by two factors, the one denoting the sum, the other, the diffe- 
rence of the roots of these squares, that is by the factors, 
{2dr + r^ -f. rf« — r'2) (2dr — r^ — rf^ f r'«). 
Here again it occurs that each factor is the difference of two squares, 
the first being {r ^dy — r'\ and the second, r'^ — (r — (ff; hence, 
by decomposing each of these into factors, equation (3) is finally 
reduced to 

y=^V{{r-\-r' + d){r + d-r') (r + r'-rf) (/ + d-;)} . (4). 

Since y has here two values, numerically the same but with contraiy 
signs, it follows that the line joining the centres of two intersecting 
circles bisects at right angles the line joining the intersections. 

The form under which we have just exhibited the expression for y 
is very convenient for the examination of the circumstances of the 
problem, which examination will lead us to the theorems relative to 
intersecting circles already established in Elements of Geometry. 
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Ai the first factor under the radical is necessarily positive, the whole 
eipression must also be positive, provided that all or only one of the 
remaining fectors are likewise positive. Now two of the remaining 
hcXotSy at least, must be positive ; for if one, (r-^d — f^) for instance, 
be negative, then (r -f- rf) ^ r' ; consequently r z. r', and also d z. r', 
which proves that the other two factors must be positive. There can, 
therefore, be but two cases to examine, viz. that in which all the factors 
are podtive, and that in which one is negative. In the first case the 
Talues of ^ will be real, in the second, they will be imaginary. In the 
first case, there must obviously subsist the conditions 
^ r + rf T r', r + r' Trf, r' + rf T r, 

I which prove that if two circumferences cut, the distance of their centres 
must be less than the sum, and greater than the difference of the radii. 
In the second case where y becomes imaginary because of a nega- 
I tire &ctor, we must have one of the conditions 
I rf Z. r' — r,d'7r+r\dz.r' — r; 

\ so that two circumferences can have no point in common, if the distances 
of the centres be less tlian the difference or greater than the sum of the 
radU. 

Lastly, let one of the three last factors be 0, which can happen only 
^en d is equal either to the sum or difference of the radii. In this 
case, y = 0, showing the circumferences have but one point in common, 
and that this is on the axis of x ; so that two circumferences touch, 
%sken the distance of the centres is equal to the sum or difference of the 

radii. 

(29.) In addition to the problems here given, a variety of others 
relating to the circle might be proposed, which would conduct to other 
liroperties of this curve. But, as the circle occupies so large a portion 
of cdementary geometry, where its most important properties are un- 
Iblded with the utmost simplicity and elegance, it would be super- 
fluous to dwell upon it at any great length here. Indeed, the theorems 
established in elementary geometry are, for the most part, obtained 
■^nth less ease and simplicity by analytical processes than by pure 
geometrical reasoning. This fact the student has, no doubt, had occa- 
aion to remark, in some of the foregoing investigations ; these, how- 
^«Tfer, it would not have been proper wholly to have omitted, on this 
Wcount ; their introduction has not only furnished the student with the 



50 ANALYTICAL GEOMETRY. 

means of applying the fundamental principles of analysis, btSthasj at 
the same time, given him confidence in those principles, by conducting 
him to results previously known to be true. 

In the remaining sections of this work, which will treat of curves not 
within the limits of elementary geometry, the great advantage of 
analysis will be more distinctly seen. Many important properties of 
these curves will be obtained with the utmost ease and facility, whidi 
could not be established by common geometry but by very lengthy 
and elaborate reasonings. 

(30.) We shall terminate this section with one or two problems on 
loci ; first, however, showing that, as the general equation of a circle, 
when referred to rectangular coordinates, is 

(x-ay + (y-iS)« = r», 
or, 
j:^ — 2aj: + fl« + y — 2/3y + jS*-— H = 0, 
so, conversely, every equation of the second degree of the form 

jr« + 5^* + Air + Bj^ + C :;: (1) 

will be the equation of a circle : this may be proved as follows. 
Take any rectangular axes, AX, AY, and find the point 0, whose 

A B 

abscissa is and ordinate ; then, firom this point as a 

A' + B* 
centre, with a radius equal to ^ { C}, describe a circum- 
ference ; this circumference will be the locus of the pro^>8ed equa- 
tion. 
For the equation of this circumference being 
(x -«)» + ( J, -|S)» = r», 
where, by construction, 

it is the same as 

which reduces to 

r» + y + Ajr + By + C = 0; 
hence the circumference just described is the locus of this^equation. 
Suppose, for example, it were required to construct the locus of the 
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equation 

gj^a + 2y — 3x + 4y— 1=0, 
which reduces to 

^ + 5^ — l'H-2y — * = 0. 
Fiist, then^ find a point 0, having f for its ordinate, and — 1 for its 
abscissa ; then^ from this point, as a centre, with a radius equal to 

describe a circumference, which will be the locus sought. 
It must be observed that the coefficients of the proposed equation 

may be relat^ so as to render = C, in which case the equa- 

4 

tion will represent a circle whose radius is 0, that is, merely a point; 

such is the equation 

J^+/— 3x — 25^+ i|=0, 

ivhich represents a point whose coordinates are 

jr = |andy = l. 

The coefficients may also be so related that the equation may have 
no geometrical representation, as in the equation 

J^+/-f-4J? — 2y + 7 = 0, 
which, for every possible value of jt, gives an imaginary value for ^ ; 
so that DO real line or point can be represented by the equation. In 
such equations^ the expression for the square of the radius will always 
be negative ; when, therefore, we say that equation (1) represents a 
circle, we must be understood as meaning, that no other line can be 
represented by it ; so that, when the locus is not a circle, the geo- 
metrical representation is impossible. 

We shall now add a few questions, leading to indeterminate equa- 
tions of the second degree, the loci of which will furnish every geo- 
metrical solution. 

PROBLEM V. 

(31.) Given the base and the sum of the squares of the sides to 

determine the triangle. 

u2 
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Let AB be the base, and put m for the sum of the 
squares of the sides, AC, BC. 

Let the perpendicular, OY, from the middle of 
the base, form, with the base, the rectangular axes; 
then, putting a for AO, or OB, and (jr, y), for the 
point C, we shall have the equations 

y + (j:-ffl)a = AC»....(l) 



fi ' 



(j— a)«=BC« (2). 




Adding these togetlier, 

2y^ + 2r» + 2a« = AC^ + BC« (3); 

therefore, putting m for AC* + BC«, 

^ 2 

which equation represents a circle, of which the centre is the origin, 0, 
and the radius 



so that, if this circle be described, and lines be drawn from A, B, to 
any point in its circumference, a triangle having the proposed con- 
ditions will always be formed, and thus, when the base and sum of the 
squares of the sides are constant, the locus of the vertex is a circle. 
Since y -|- j* = OC*, it follows, from equation (3), that 

2 A0« + 2 0C« = AC« + BC«; 
that is, in any triangle, the sum of the squares of the sides is 'equivalent 
to twice the squares of half the base, and of the line from the vertex to 
the middle of the base. (Geom. p. 37. J 



PROBLEM VI. 

(32.) Given tlie base and the vertical angle to determine the triangle. 

Let b represent the given base, AB, and put v 
for the tangent of the given angle ; then, taking 
AB, AY, for rectangular axes, we shall have, for 
the equation of any line, AC, drawn from the 
origin 

y •=. ax . . , . (1), A^ 

and the equation of another line, BC, drawn from 
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the point (b, 0), and, making the proposed axigle with the former line 
will be 

(j, y) being the point of intersection, C. 

Now, for a, in equation (2), substitute -^ , its value in equation (1), 
und we thus obtain the equation 

i^ + v 

1 —^v 

X 

which reduces to 

y + jf« y — 6jr=0, 

the equation of a circle of which the coordinates of the centre are i? = 

h b / 6' b\ 

^ and a = — , and radius Vk^2 "^ "f-^ " ^^ "^ *'* 

From the foregoing expression for the radius, it is plain that the 
circumference passes through the origin ; and, since for y = the 
above equation gives jr = 6, it folloiVs that it also passes through B ; 
hence the base of the triangle subtends the arc of which the vertex-is 
the locus. 

If the given angle is right, then its tangent, v, is infinite, and there- 
fore |3 == ; so that, in this case, the centre of tlie circle is at the 
middle of AB. 

If the angle be acute, must be positive, for v will be so in this 
case ; therefore, the centre is situated above the base ; but, if the angle 
be obtuse, then will be negative, and the centre will be below the 
base. 

Heoce the segment containing a right angle must be a semicircle, 
and the segment will be greater or less than a semicircle, according as 
the angle contained in it is acute or obtuse. 




angle id be iaami tti tiie k^ of AC, m 

case the ei{iadiHt of BC viUbe 

1 -r «» 

and tha^of tS^ loeiiay 

y + ^-h-5 — **=0' 
representing a cxrcie of die ssams ladkis as before, tiie coorc 
tbe centre bong ff = — _ , and • = — ; so diaty in strict 

locos consists of two eqoal arcs» sMtoated dbe one bdow the 
in die armfred dj^nm. 

The three problems next following restore diemselves 
preceding. 



PROBLEM VII. 

(33.) Given the base and vertical angle of s^ triangle to ' 
Ae locus of the intersection of perpendiculars from the ang 
opposite sides. 

Let AB be the base, P the intersection of the 
perpendiculars, AF, BE, on the sides BC, AC ; 
then, since the sum of the angles of a quadri- 
lateral amount to four rig^t angles, the angle P 
muiit be the supplement of the angle C, and . 

h^T ^""^^^^ ^"^""^ ^ ^' ««^^ ^*^ 

tht locu! oTo ^' "^"^ ''^'^'^^ ^8:le P of the triangle P AJ 

An foT^ ' ^^^* "^ *°»^® ^"^ ^^ ^e supplem 

-* AB also belongs to the locus. 
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PROBLEM VIII. 

ff 

(34.) To find the locus of the centre of the inscribed circle when 
the base and vertical angle of the triangle are given. 

The centre of the inscribed circle is at the 
intersection of the lines bisecting the angles at 
the base, and, as the sum of these angles is 
constant, because the vertical angle is, the half 
sum must be constant, so that the triangle, APB, 
formed by the given base, AB, and the lines AP , ^ ' 
BP, to the centre of the inscribed circle, has the vertical angle, P, 
constant, and equal to two right angles, minus half the sum of the 
angles at the base of the proposed triangle, that is, to one right angle 
plus half the given angle ; hence the required locus is an arc described 
on AB, containing this angle. A similar arc below AB, belongs also 
to the locus. 

PROBLEM IX. 

(35.) The base and vertical angle of a triangle being given to find 
the l«cus of the intersection of the straight lines, drawn from the angles 
to the middle of the opposite sides. 

By art. (19,) if P be a point of intersection, its distance from M, 
the middle of the base, AB, will be equal to half its distance from the 
vertex, C. 

If, therefore, Fm, Pm', be drawn respectively 
parallel to AC, BC, we shall have Miti, Mm', 
each equal to one third of AM or BM, and the 
angle P equal to the angle C ; that is to say, the 
base, mm'y and vertical angle, P, of the triangle, 
niPm', are constant, the locus of P is, therefore, ^ ''"' ^ ^^ 
the arc mPm'. To construct it, we shall have to trisect the base, and 
to describe upon the middle portion an arc to contain the given angle, 
or rather, two such arcs, one on each side of mm'. 

We shall give another solution to this problem. 




.ae 



AB^ -A^* tbClly V- 

uu» PM = ^CH^ die pepcBdiabr ten P 
32 oui baat wil fie one diizd of i&at fiois C; 

c,y\mdrbs^BiBt¥hfy\r T)» «« shin ki:fe 

ami. sabaomcn^ diae ia£aa of x and 5 m tbe locus of (i, fif 
repiULUDed by ib apoBboB m. Ftob. 6^ it 




the tef^qaciaa of a cttdiev rf irtkfc ihe CT W iliii Hea of the cgntig «•: 

Lee T = O7 tbcB tbe coESBpondni; lalaa of X^ gircD bj the idi 
titfii of tbeqoadzatiCy ue 

showing that tibe Ioob m l eigtto tibe base id two pointy at di 
distuces from A, tboBS inteicepQn^ the middle of tlueeeqaalpoitiH 
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SECTION III. 

ON LINES OF THE SECOND ORDER. 

(36.) The only cunre which we have as yet considered is the circle) 
vhose equation we have found to be of the second degree. Besides 
this there are three other curves, which; like the circle, are each repre- 
sented by an equation of the second degree. These three curves we 
propose in this section to examine^ first determining the equation and 
form of each, and then proceeding to investigate its properties. Wv 
shall afterwards show, that every equation of the second degree, with 
two variables, whatever be its form, can represent no curve, but the 
circle, or one of these three; and, from this circumstance of theic 
equations being all of the second degree, these four curves are called 
lines of the second order. Before proceeding to the three new curves, 
of which we have just spoken, the student should attentively read the 
following preliminary chapter. 



CBA9TB1I. Z. 

ON THE TRANSFORMATION OF COORDINATES. 

(37.) Every equation which characterizes a line, whether straight or 
curve, will depend for its simplicity upon two circumstances ; the 
relative position of the axes to which the line is referred, and the abso- 
lute position of their origin. 

This fact has already been observed, as regards the two classes of 
lines which have hitherto been examined, the straight line and the 
circle. It was seen in the case of the straight line, that when, the axes 
were oblique, and their origin not upon the line, the equation which 
characterixed it was far less simple than when rectangular axes were 

D 3 
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employed; the relative position, therefore, of the axes affected the 
equation. It was moreover observed, that if, iu addition to the axes being 
rectangular, their origin were upon the proposed line, the form of its 
equation became still more simple. Similar remarks apply to the circle, 
the equation of which is much more complicated when the axes of 
reference are oblique, and originate without the curve, than when they 
are rectangular, and originate at the centre. It may, therefore, readily 
be conceived, that, with regard to other curves, there may also exist 
certain positions for the axes, and certain points for their origin, by 
assuming which, the curve may be susceptible of a more commodious 
analytical representation, than when the axes and origin are chosen at 
random. Now the object of this chapter is to show that when a curve 
is represented by an equation, in reference to ai^ system of axes, we 
can always transform that equation into another, which shall equally 
represent the curve, but in reference to a new system of axes chosen at 
pleasure. This is called the transformation of coordinates : it may 
consist either in altering the relative position of the axes, without 
displacing the origin ; in removing the origin, without disturbing the 
relative position of the axes ; or, lastly, it may be found necessary to 
alter both the direction of the axes and the situation of their origin. 
By means of these transformations, we may often simplify the equation 
of a curve, and many of its properties, not readily derivable from its 
equation in one form, may frequently be obtained with grea^ facility 
by a transformation of it into another, as will be repeatedly seen in the 
course of the subsequent chapters. 

(38.) Let the axes, AX', AY, be those to which any line, MM'M", 
is related by its equation, amd let A'X', A'Y',be the new axes, to which 
it is proposed to refer the same line. 

Let the coordinates of any point, M, 
in the line, relative to the primitive axes, 
be X and ^, and the coordinates of the 
same point, referred to the n^w axes, 
AT' = /, and P'M =y. Draw A'X" 
and P'H each parallel to AX, and FK 
parallel to AY, then we shall have 

j: = AP = BA' -f A'K -f P'H 
y = PM = AB -f KP + HM. 
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In these equations BA'^ AB, are known, being the coordinates of 
tbe origin, A', of the new axes, when referred to the primitive. It 
remains, therefore, to determine the other terms, and for this purpose 
let us represent the known coordinates of the new origin, viz. BA', AB 
hy Of b; the angle X'A'X'', which the new axis of abscissas makes with 
the old, by a, and the angle Y'A'X'', which the new axis of ordinates 
makes with the old axis of abscissas, by of; then the inclination of the 
new axes will he a — a. Let also represent the angle Y''A'X'', the 
inclination of the primitive axes ; then will — » be the angle forped 
by the new axis of .r and old axis of y, and ff — of will be the angle 
formed by the new and old axes of y. Now, by trigonometry, the 
value of A'K is 

_ A^F(sin. AFK) __ ysin.(g — « ) 
^^- SmTS'KF "" sin. jS 

observing that AT'K = Y"A'X', or j3 — «, and that Y"A'X", or ft is 
the supplement of A'KP'. In like manner, for KP' we have 

__ AF(sin. FAK) _ a:' sin, a 
sin.AKF "" sio.0 ' 

Also, in the triangle MP'H, we have, for FH, 

„ _ FM(sin. FMH) _ ysin. (g — «0 
^^'" sin. MHF " ^ sin. g 

and for HM, 

__ FM(sin. MFH) _ y sin of 
"^" sin. MHF -" Im^' 

Hence, for the values of x and y, we have 

, sf sin, (g -- «) -f y sin, (g — a') 
' sm. p 

, . X sin. a + y' sin. a 
^ ' sm g 

These then are the values which must be substituted in the equation 
of the curve, when related to the primitive axes, AX, AY, in order to 
transform it into the equation which the same line must have when 
referred to the new axes A'X', A'Y'. The above general expressions 
become modified in particular cases, the principal of which we shall 
here exhibit. 
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1. When the new oxes are parallel to the old. 

In this case> the incliiiatioii of the axes remaining unaltered, while 
the origin is removed, we have a=zO, ff — a =zO; hence the above 
expressions become 

( .... (1). 

2. Wfien the primitive axes are rectangular, and the new ones 
oblique. 






= cos. Ob, therefore 






X' 



X = 



y- 



a -f y cos. « + y cos, jx '\ 
6 + x' sin. a +y sin, at S 



(2). 






j3 



x 






3. ITAen both systems are rectangular. 

Here a! = 90° -f « .•. sin. a! = cos. a ; T 
also sin. (jS — a ) = sin. ( — «) = — sin. a. ; 
and sin. ifi — a) = cos. »; 



7'^ 



.-' 






hence the expressions become, in this case, 

!• = fl -f j' COS. a, — y sin. a '\ 

{...(3). 

y = 6 -f x' sin. ft +y COS. Ob y 

4. When the primitive axes are oblique, and the new ones 

gtUar, 

In this case, a' = 90 -f a .•. sin. oc = cos. ot 

also, since the complement of j3 — «' is 90° *\ 



rectan- 



_ (g __«') = 180° — (j3 — «), we have sin. 
(jS — «') = — COS. {p — «), so that the for- 
mulas for this case are A' 




I 
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. J'sin.(g— «)— yco8.(g— #) 

' sm. p 

. , / sId. « + y COS. » 
•^ sm. /3 

In the first of the marginal figures, the two systems of axes are so 

placed that, — a is less than 90° ; its sine; and cosine are, therefore, 

both positive ; and the expression for x sliows that y' times the latter 

is to be subtracted from af times the former. In the second figure the 

two systems are placed so that |3 — » is greater than 90° ; its sine, 

therefore, is positive, as before, but its cosine is negative ; and the 

formula shows that in this case y' times the cosine, is to be taken 

\ positively, that is, it must be added to x' times the sine. 

) It must be remembered that, in each of the preceding cases, when 

f the transformation is confined merely to the direction of the axes, the 

. origin- remaining fixed, the terms a, h, become 0. It must further be 

remarked, that, when the axes of x in the two systems coincide, then 

a = 0, and when the axis of y in both systems are identical, then 

Suppose, for example, we wish to pass from an oblique to a rec- 
tangular system, the origin and axis of x remaining undisturbed, the 
formulas (4) will give 

y cos. ^ _ , t ^ o 
■^ — ^ = J? — y cot. p 



X ZZ X 

sin. fi 

y = -r^ = y cosec. g. 
sm. j3 

(39.) Throughout the whole of the preceding investigation the angle 
ft) or that which the new axis of x makes with 'the old, is supposed to 
be positive, that is, we have uniformly conceived this angle to be situ- 
ated (dfove the primitive axis of x. If, on tiie contrary, it be supposed 
negative, or to fall below the same axis, then its sine will be negative, 
but its cosine will continue positive. Hence, in this position of the 
new axis of x relatively to the old, tiie preceding formulas will require 
some modification. We shall, therefore, in order to complete this 
theory, here present them with the necessary changes. 

For the first of the preceding cases the formulas are the same. 

1 
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For the second they are 

r j: = a + a:' cos. « + y' cos. « 
(2-) .... J 

V y = 6 — y sin. « -f y sin. a'. 

For the third, 

r jr = fl + jt' cos. « + y sin. a 
(30 .... ] 

Cy = 6 — y sin. « + y COS. a. 

For the fourth, 

j^ sin. (g + a)—y COS. (g + a) 

/ . . y COS. a — X sm. a 

(. y = 6 + y _^ J 

or, since the angle (g -h «) is here the same as » in figs. 1 and 2, we 
may write these last expressions thus : of expressing the inclination of 
the old axis of y and new axis of j-, and a — a the inclination of the 
old axes of x and y, 

, y sin. et — y' cos. »' 

y = « H r- / / — X 

sin. (» — a) 

f t . y COS. » ' — y sin. a 

^^ = *+ sin. («'-,) • 
It may, perhaps, be satisfactory to the student to verify this last 
formula, which is the most complicated, by determining the values of 
of x' and y from formulas (2) ; we shall thus have the values of the 
oblique coordinates in terms of the rectangular, as above. Omitting 
the constants a and 6, in (2), and multiplying the first equation by 
sin. «, the second by eos. a, and subtracting tlie latter result from 
the former, we have 

X sin. a — y cos. » = ^ (cos. et sin. a — cos. a,' sin. «) = x' sin. (a — «) 

, __ J sin, et — y cos, a 
* sm. (a — ec) 
In like manner, by multiplying the first equation by sin. a, the second 
by COS. a, and proceeding as before, we get 

/ y COS. Ob — X sin. a 

y ^^ iL — — 

sin. (a — ») 
values which verify the preceding formulas. 
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(40.) Some authors employ a different notation in these formulas ; 
thas, instead of using the letters a, a*, &c., to denote the angles about 
A', they employ the sides which contain them, the primitive axes 
being denoted by X, Y, and the new ones by X', Y', so that [X, X'] 
is put for », \Y'y X] for of, &c. By adopting this notation, the first 
class of formulas, where [X, X'] is positive, will be 

1. When the primitive axeg are rectangular, and the new ones obliqtie. 

X = a + y cos. [X, X'] ^y cos. [X, Y' 
y = 6 + ^ sin. [X, X'] -f y sin. [X, Y']. 

2. When both syttems are rectangular, 

■r = a + y cos. [X, X'] — y sin. [X, X'] 
y = 6 + y sin. [X, X'] -|- y COS. [X, X']. 

3. When the primitive axes arc obliqucy and the new ones rectangular^ 

^^ ysin.rX',Y]-ycos.rX-.Y] 
' sm. [X, YJ 

y sin. rX, rj -f y COS. fX, r ] 
^ -■*"*■ sm. [X, YJ 

The second class of formulas, where [X, X'] is negative, will be 
1 . When the primitive axes are rectangular, and the new ones oblique. 



;x,x'; 



+ y cos. [X, Y'; 



;X,X']-|-ysin.[X,Y']. 



j: = a -{- x' cos. 
y = 6 — y sin. 

2. When both systems are rectangular, 

x = a -f / cos. [X, X'] -f y sin. [X, X'J 
y = 6 — / sin. f X, X'J + y cos. \X, X'J. 

3. When the primitive axes are oblique, and the new ones rectangular. 

___ . X' sin. [%', YJ -y COS. rX', Y] 

' - " + sin, [X, YJ 

ycos.[X,XWMn.rX,Xa 

^ • sm. ]X, YJ 

Under this form of notation, the angles introduced are more dis- 
tinctly marked, and therefore more readily recognized, than when 
they are each represented by a single letter. Still, however, as these 
formulas are less brief, and, consequently, less commodious in calcu- 
lation, the form of notation first given is generally adopted in pre- 
ference. 



64 



CBA9TB1I. ZZ. 



ON THE ELLIPSE. 



Itg Equation and Properties. 




I 

(41.) An ellipse is a curve from any point, P, in which, if straight 
lines be drawn to two fixed points, F', F, their sum will always be the 
same. 

The points F', F, are called the foci of the 
ellipse, and the distance FT or FP of either from 
a point in the curve, is called the focal distance 
or radius vector of that point. 

From the definition of an ellipse, the curve 
may be readily described mechanically; thus, 
to the two fixed points, F", F, let the extremities of a cord be fristened, 
let this cord be stretched into a loop, FTF, by means of a pencil, P, 
then the motion of this pencil, still keeping the cord stretched, will 
evidently describe an ellipse. The cord must obviously exceed in 
length the distance F' F. 

Let us now seek the equation of this 
curve, and, for this purpose, let us take 
OX, OY, for rectangular axes, the origin 
O being placed at the middle of FF, and 
let the sum of the distances of any point, P, 
in the curve from the foci, be represented 
by 2A. Put also c for OF or OF ; then, if PM be drawn perpen- 
dicular to OX, we shall have OM = x, PM = y and, consequently, 




also 



y-|-(^ — c)« = PF» ....(1) 

5^» -f (or + cy = PF'« (2) 

PF + PF' = 2A (3) 
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Hence, by addition and subtraction, we get 

23^ + 2^ H- 2c» = PP+ PF'« (4), 

and 
4cj = PF'»— PF« = (PF -f PF) (PF — PF) = 2 A (PF — PF) 

.'. PF — PF = =^; 

hence, combining this last equation with equation (3) there results 

PF = A-f ^andPF = A — ^. 
A A 

and, if these values be substituted in equation (4), we have 

y4-x» + c» = A«-f^, 

which finally reduces to 

AV + (A* — c^ J» = A» (A*— O (5). 

In this equation, x and ^ are the coordinates of any point iu the 
carve, and the other terms are all constant ; this^ therefore, is the 
equation of the curve. 
(42.) Let us now inquire at what points the. curve cuts the aites. 
For this purpose, put y = 0, in equation (5), and there results for 
the abscissa of the point where the curve cuts Ox, 

X = ± A. 

We hence learn that x has two values, viz. x = A, and x = — A, so 
that the curve cuts the axis of x in two points, B, A, each at the 
distance. A, from the origin, the one being to the right, the other to 
the left. 

Suppose, now, x = 0, in the same equation, and there results for 
the ordinate of the point where the curve cuts the axis of ^, 

y = |/A» — c«. 

Since this value admits of being taken positively or negatively, we 
infer that the curve cuts the axis of ^ also in two points, C, D, equi- 
distant from O, the one above and the other below it. Hence the 
two chords, AB, CD, are mutually bisected at the point O. As the 
former chord is represented by 2A, let us denote l^e latter by 2B> 

that is, put 

2|/A2 — c» = 2B, 
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waj differ, ue equally dutentfrom O, i 
ifOM = j>, PM=y, aDdOM' = — T, FM' 

j( be the cootdinatea of two points, P, P", ^ 
Ihen will OP be equal to OP, and, ■ 
! queaUf, the angles M'OF, MOP, are equal; 
therefore, M, M', beiDg a straight lioe, PP' 
aaa be also a atiaigbt line, so that OP* u only the continuatioii of 
OP. 

Since, to every abscissa there belongs two ordinatea, equal in length, 
bat of different signs, it follons that, if the ordinates of P", P, be pro- 
duced top', ji, these points will be expressed by ( — t, y), (r, — y); 
■hey are, iherelbre, at the same distance ^m O as the former, and p, 
}/, will, in like manner, be a straight lioe, and equal to PP*. 

Because every chord passing through O is thus bisected in that point, 
is called the centre of the curve, and the chords passing through it, 
Himietert. It appears, from the above, that diameters PP", pp', which 
make equal angles, POM, p'OM', with the axis of x, are equal. 

Since A is necessarily greater than B (art. 42), the preceding 
.apreHsion tor D must increase or diminish, accordingly ik r increases 
or diminishes ; D will, therefore, be greatest when i is greatest, or 
eqoal to A, and it will be least when x is least, or equal to ; so that 
OB or OA is the greatest distance of the centre, O, from the curve, 
Mid DC or OD is the least distance. Hence, of all the diameters, AB 
ii the greatest and CD the least, and, for this reason, AB is often 
called the major diameler, and CD the minor diamtler; when spoken 
of together, they are called the principal diameleri, or the principal 
ores of the ellipse; consequently, the equation 

AV + B-^^A-B' (8) 

is the equation of the eii^we related to iti prittcipel diameteri, the 
origin being at the centre. 

When A = B, this equation characterizes a drcle, for it then be- 
comes y" + ^ = A'. 

If we wish for the equation of the ellipse, when the origin of the 
axis is retnoved to A, the vertex of the principal diameter. A, it will be 
obtained by a very simple tiansformation. We shall merely have to 
inbstitnle in the primitive equation, x — A, for ir, (p. 60), because 
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the ooordioates of the new ongm are — A, O, benee the tnorf 
cqoatioo is 

AV + B»i« — 2AB»jr=:0^ 

<» f (9), 

the eqmtian of the ellipiey when tiie origm rf the reetaagM^ 

the vertexAffthe me^ axis. 

It is somerimes conveniefit to introdnoe the quantitjy c, d 
the distance of either focus finom tiie centre, into the eqnatioi 
ellipse, thai is, to sobstitute for B* its equal. A' — c*. The q 
c, is called the ezcentricity ; hence, from eqostion (6), 

orputting.for^ i""^^0), 

y = (l— 0(A» — J^^ 
the equation of the ellipu as a Junction of the exeentriaty. 

We shall now proceed to examine more attentively the 
equations, for the purpose of deducing from them the princ 
[>ertie8 of the curve. 

Properties of the Ellipse related to its prinapal Diamt 
(44.) Referring to equation (6), we find that the second 
that equation reduces to 

y^ -2! 

(A + j)(A — x)"A« 
which furnishes the proportion 

y» : (A-l- :r) (A — jr) :: B» ; A«. 

Now A -f X, A — X, are the two portions of the major 
into which the ordinate, y, of any point, (j, y,) divides it ; 
above proportion ^hows that the square of any ordinate is t< 
duct of the parts into which it divides the major diamet< 
square of the minor diameter, is to the square of the major. 

Consequently, the squares of the ordinates are as the produ 
parts into which tKey divide the major diameter. 

If we soppoM, in equation (6), the axes of reference to be tr 
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ikit is^ X to become y and y to become x, we must then, in the fore- 
going theorems, substitute major diameter for minora and minor for 
mjor ; so that the theorems hold good, whichever diameter be taken 
k the aitis of x, lliey are true, also, of the circle, which the ellipse 
becomes, when 6 = A ; hence, if a circle be described on a principal 
hmeter of the ellipsCy any ordinate in the ellipse will be to the corres- 
; piding ordinate in the circle in a constant ratio, viz. as B to A, or as 
A to B, accordingly as the major or minor diameter is employed. 

Thus, in the annexed dia- C 

grams, 

ED: EC::C'D:AB. 
From equation (10) we have 
k'f = (A* — O (A« — x»);' 
hence, when j* = c. 

Ay = A* — c« = B^ 

.-. 2y : 2B :: 2B : 2A, 
where 2y is the double ordinate through the focus, and is called the 
parameter of the major diameter ; it is also sometimes called the latus 
rectum. 

From this proportion it appears that the parameter is a third pro- 
portional to tlie major and minor diameters. Calling the parameter p, 
we have, therefore, 2Ap = 4B', or dividing by 4A', 

1!- Z 

A-^ ~ 2A 

hence, by substitution, in equation (e). 




2A 
In like manner, from equation (9), 



P 



3/2=j,r — -C jJ». 
The following problem will conduct us to some other properties. 



I>lt0&L£M t. 



(45.) To find the expression for an angle inscribed in a semi- 
ellipse. 
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Let APB be asemi-ellipteyand P an 
angle inscribed in it Then the equa- 
tion of AP pasting dirough the pmnt 
A9 whose coordinates are r = — A, 
i^ = 0, is 




y ^ fl (x •+• A) ••- a ^ 



^ y 



jr + A 

and the equation of BP passing through the point 
By whosQ'coordinates arex = A,y = 0, is 



.(1) 



y — d {x — A) .-. CL = 



- y 



.... (2), 




X — A 
in which equations a, a', represent the trigono- a 
metrical tangents of the angles PAX, PBX, re- 
spectively. 

Now the expression for the angle P, which these lines fonn «i0 \ 
they meet, is 



tan. P = 



a 



1 + a rt' 
which, by substituting for a, a', their values in (1) and (2),becoa0 



tan. P = 



2 Ay 



.(3). 



y 4- x» -^ A« • * 
But the lines in question not only meet, but they meet in the cont* 
the equation of which gives 

_ A'/ 



x» — A« = 



B' 



....(4); 



hence, by substitution, (3) becomes 



^ „ 2Ay — 2AB' 

■ ~ . A« ~(A»— B')« 



. . • « (O J. 



As this expression will remain the same, though x be negative, ti 
follows that there are two points in the semi-ellipse, at which tb< 
diameter subtends the same angle, viz. (x, 3/,) and ( — x, y). 

If A is greater than B in this expression, that is, if the angle b 
Nubtended by the major diameter, the tangent of P is negative, tb 
angle ii| coniequently, obtuse. Now an obtuse angle increases as ii 
tangent diminithat ; when, therefore, the tangent is least, the angle i 
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Mtest ; and th« above expression will evidently be least when its 
nominator is greatest, that is, when ^ = D. We infer, therefore, 
bTt all the angUi tubiended by the major diameter are obtuUf and the 
maieit U that whote vertex coincidei with the extremity of the minor 
Bmeter, The expression for this maximum angle is 

. „ — 2AU 

tan. P = — • 

( A» - B«) 
Wt Bin greater than A in equation (A), that is, if the angle be sub- 
k^led by the minor diameter, then the expression for the tangent in 
Bitive ; the angle is, therefore, acute, and diminishes as its tangent 
vainishes ; it is least, therefore, when y is greatest, that is, when 
^ B. Hence all the angla tub tended by the minor diameter are 
«^e, and the Uatt it that whote vertex coincidet with the extremity of 
» nu^or diameter. The expression for this minimum angle is 

-^2I3A 
^"* B* — A^ 

i this expression differs from the former only in its sign, we conclude 
Btt thete two anglet are tupplementt of each other, 
Prom the foregoing theorems it appears, that, if an arc of a circle 
ft made to pass through the extremities of one principal diameter, 
Kid a vertex of the other, it will be wholly within the ellipse, if its 
>bord be the major diameter ; and wholly without it, if it be the minor 
Uameter. 

Also, if upon the major diameter there be described a semi-circle, 
or any greater arc, such arc will be entirely without the ellipse ; but 
if, on the contrary, it be described on the minor diameter, it will be 
entirely within the ellipse. 

(46.) Returning to equations (1) and (2) in the preceding problem, 
we And for their product 

aa = '^ 



^» — A' 
>r, substituting for j' — A*, its value in (4,) 

aa "^^^ ■ - 
A» 

This equation shows that, the product of the trigonometrical tangentt 

qf the two anglet, formed by linet draum from the extremitiet of a 
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principal diameter to meet in the curve, is constant and equal to — —, 

A representing the half of that diameter which subtends the inscribed 
angle. 

PROBLEM XI. 

(47.) To find the expression for the distance of any point in the 
ellipse from the focus. 

Let (jT, y) be any given point, P, in the ellipse. T 

Then ' 

FP'^ = (j — c)* +3/* = j^ — 2cjr -I- c« 4-y ; 
but, from equation (10), p. 68, we have 

y = (l— e«)(A« — 1^); 
hence 

FP« = x^ — 2cj' -i- c» -i- (1 — e«) (A« — 1^) = A*— 2kex -f e» x^ 

.-. FP = A — e:r (1); 

and, since FP + F' P must be equal to 2A, we therefore have 

FP=A-i-er (2); 

hence, (1) and (2) are the expressions sought; and we may conclude 
that the radius vector of any point in the ellipse is always a rational 
function of the abscissa of that point. 

For the difference of the focal distances, we have 

F'P — FP = 2ej; 
and for their product, 

FPFP = A2-e«j^«. 

Properties of the Ellipse when related to its conjugate Diameters. 

(48.) The foregoing are the principal properties of the ellipse, which 
are directly deducible from its equation, when the principal diameters 
of the curve are taken for axes of coordinates. By referring the curve 
to other systems of coordinates, we shall obtain equations leading to 
other properties; we shall, therefore, now inquire what form the equa- 
tion assumes when the axes of coordinates do not coincide with the 
principal diameters, but make any angles whatever with them, the origin 
remaining the same. 

It appears from equation (2), p. 60, that in order to trans- 



ANALYTICAL OEOMETRT. 73 

ibnn the coordinates from rectangular to oblique without displacing 
the origin^ we must substitute for x and ^ in the equation of thecunre, 
th6 values 

x — x COS. a -|-y COS. *' 
y=^x sin. « -f y sin. a ; 
making, therefore^ this substitution in the equation 

AV + B»^* = A*B«, 
it becomes 

A« sin.* a | y + 2A* sin. a sin. «' I xy -f A« sin.« a x« = A«B» 
B* COS.* *' I 26* cos. a cos. a I B* cos.* a 

Such is the general form of the equation when the oblique coor- 
dinates Xy yy make any proposed angles, a, « , with the major diameter 
of the curve. 

It is obvious that, if the term containing xy were absent from this 
equation, it would then correspond in form to the primitive equation ; 
and, in order, therefore, that this correspondence may take place, the 
angles, a, a must be so related that we may have 

A* sin. a sin. a! -f B* cos. a cos. a' = ; 
or dividing by cos. a cos. «', 

A* tan. « tan. a' -I- B* = ; 
the relation, therefore, must be such that 

— B' 

tan. «' = .... (1), 

A^ tan, • ^ 

It hence appears that the transformed equation will have the same 
fomi as the primitive, whatever be the angle, #, provided tl^t the other 
angle, «', be subject to the condition (1). The angle «, therefore, 
being arbitrary, it follows that the systems of axes that may be chosen 
so as to render the transformed equation of the form 
(A» sin.* «' -f B* COS.* «') y + (A^ sin.* a + B* cos.* «) a^ = A* B» ... (2) 
are unlimited in number. 

This equation will be more concisely expressed, and, at the same 

time, its analogy to the primitive equation more distinctly shown, if 

we put 

A'ar A*B* 

^ ^^'^A*sin.*« + B*cos.'« 

^"^B^fo^ A*sin.*/H-^B^cos.*a- 



— 
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because then equation (2) may be put under the form 

as will appear by making the foregoing substitutions for A'', B'*, in -, 

this equation: 

hence, finally, 

A'^y + B'» r* = A'« B'a (3). 

Such, then, is the equation of the ellipse related to oblique atet 

originating at the centre of the curve, the angles a, «', at which these ! 

oblique axes are inclined to the primitive axis of abscissas being tela- [ 

ted to each other, as in equation (I). 

(49.) If, in this last equation, we put * = 0, the resulting value of j^ 

y will be the ordinate of the point where the curve meets the axis of ;^ 

V ; and, if we put y = the resulting value of x will be the abscissa • 

of the point where the curve meets the axis of x ; in other wprds, these -^ 

particular values of y and j will be the values of tliose semi-diameten <■ 

of the ellipse, which have been taken for axes. 

Now for jr = 0,y = ± B', 

and fort/ = 0, x = ;t A'; ^ 

hence the semi-diameters in question are A' and B'. 

We may therefore conclude that the equation (3) is not only similar 

to the equation A'^ -f B' jr* = A' B* in form, but also that in the 

same manner as the semi-diameters A, B, enter this equation, so do the 

semi-diameters A', B', enter the former. 

Equation (3) furnishes the following properties, viz. 

1 Eac ft diameter, 2 A', 2 B', bisects all the chords drawn parallel to 

the other, as was shown of the principal diameters, 2A, 2B' (42). 

Diameters possessing this property are called conjugate diameters^ 

hence the equation 

A'^y 4- B'» j» = A"* B'« 

is the equation of the ellipse related to conjugate diameters. 

To distinguish the principal diameters from the other systems of 

conjugate diameters, they are generally called the conjugate aits of the 

ellipse ; the longer is also sometimes callfd the transverse axis, and 

the shorter its conjugate. 

2. Straight lines drawn at the extremities of a diameter, 2 A!, parallel 

to its conjugate, 2B', are tangents to the curve (42). 

I 
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3. The squares of chords drawn parallel to one of two conjugate 
iiameters are as the rectangles of the parts into which they divide the 
other (44). 

These properties are established as in the articles referred to. 

4. If any number of parallel chords be drawn, the line which bisects 
them all will he a straight line passing through the centre. For if a 
diameter be drawn parallel to the chords, that which is conjugate to it 
must bisect the chords, and, therefore, must coincide with the former 
line. 

Hence the solution of the two following problems, riz. 

1. A diameter being given, to find its conjugate. 

Draw a chord parallel to the given diameter, and the line bisecting 
both will be the diameter sought. 

2. To find the centre of an ellipse. 

Draw a line to bisect any two parallel chords, and we shall thus 
have a diameter ; bisect thiti diameter, and the centre will be deter- 
mined. 

(50.) From equation (1) we may infer that no system of conjugate 
iiameters can be perpendicular to each other, except the principal 
diameters. For, that the diameters may be perpendicular to each other, 
we must have the condition, (11) 

tan. a' = — -^— 
tan.« 

but, by equation (1), this cannot be, unless A = B, that is, unless the 

curve ceases to be an ellipse, and becomes a circle ; this teaches us, 

however, that each system of conjugate diameters in a circle includes a 

ri^t angle. 

As to the prindipal diameters of the ellipse, the equation 

1 __ B^ 

tan. et A^ tan. a 

in which the above condition is implied, does subsist, for then, a being 

0, ^s equation is the same as oo = oo . Equation (1) moreover shows 

that if one of the tangents, tan. a, tan. of, be positive, the other must 

be negative ; consequently, accordingly as the axis of x is above or 

hdow the major diameter pi the curve, so will the axis of y be to the 

kft or to the right of the minor diameter of the curve ; for it can make 

an obtuse angle with the major diameter only in the former position^ 

and an acute angle only in the latter. *£. ^ 
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Again, from the same equation, it follows, that the product of the 

tangents of the two angles which a system of conjugate diameters make 

with a principal diameter is constant, for that equation gives ! 

B« !■ 

tan. a tan. a' = — -— b 

A' t 

But it has been shown (46) that if a, o^, be the tangents of the angki I 
which two straight lines drawn from the extfemities of a principal ' 
diameter to a point in the curve malce with that diameter, we must 

have 

B* , B* 

a a = ora=z— ' 

A* A«fl 

It follows, therefore, that if from tlie vertices of a principal diameter 
two lines be drawn to meet in the curvCy the diameters parattel to theu 
will be conjugate, and conversely, chords drawn from the vertices of a 
principal diameter parallel to a system of conjugates meet in the curve. 
Art. (50) might obviously have been inferred from this property. 
Chords drawn from a point in the curve to the extremities of a diameter 
are called supplemental chords. 

Hence (45) of all systems of conjugate diameters, those contain the 
greatest angle which are drawn parallel to the equal supplemental chords 
from the extremities of the major diameter. 

These last diameters are also equal, for they form equal angles with 
the major diameter (43). 

When the conjugate diameters, 2A', 2B', are equal, the equation of 
the ellipse related to them is 

y-l-x« = A'«, 
which corresponds in form to the equation of the circle, and which 
curve it would characterize, were it not that here the' axes of reference 
are oblique. 

(51.) It is obvious, from the condition (1), that if any diameter of 
an ellipse be represented by the equation 

y = ax, 
the conjugate thereto will be represented by the equation 

B» 

the principal diameters being taken for axes. 

If from the extremities of any diameter, 2A', supplemental chords 
he drawD^ and they be referred to the aemi-oonjug^tes. A', B', as wes, 
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aquationt will be 

y = m (* -f A') and yzzwf {x — A'), 

the one chord paiset through the point ( — A', 0), and the other 
ftsoogh the point (A', 0). Confequently, by imitating the steps in art. 
^6)» where the principal axes were employed, we arrive at the analo- 
(Nm property when any system of conjugates are taken for axes, viz. 

tl which equation it is to be observed, that the symbob m, m', do not 
ItDOte the tangerUi of the angles which the chords form with the axis 
Kf but they denote the respective ratios of the sines of the two angles 
'Vhich each chord makes with the axes A', B', these being oblique. 
' (52.) The several properties of the ellipse, which we have just noti ced 
'iD Immediately flow from the equation of the curve, when referred to 
%• oblique axes, A', B'. If now we return from these to the original 
i||HrtiFytlftf» axes. A, B, by a transformation of the equation, other pro- 
peKties will unfold themselves : let us, therefore, effect this transforma- 
tion. 

As we here propose to pass from oblique axes to rectangular, we 
vast substitute for x and y, in the primitive equation, the values 
in equation (4'), (art, 39 J. 

_ X sin. »' — y cos. •' 
'" sin. [A', W] 
_ ycos . « — r sin. a 

^ sin."[A', B'J 

Ibe new axis of x being situated below the primitive axis. Making, 

therefore, these substitutions, in equation (3), p. 74, the transformed 

willbe 

A'« COS.* • ly«— 2 A'» sin. « COS. •! jpy -f A" sin.« .I** = A" B'« sin.« [ A', B'] 

B^cos.«« 1 — 2B'«sin. •'cos.«i B'«sin.««'l 

Now this equation is to be identical with 

A«y + B«j« = A«B«; 
hence there must exist the following relations, viz. 

A'' COS.* » + B'^cos.' «' = A« (1) 

A'« sin.« « + B'* siD.««' = B» (2) 

A'* sin. • cos. a -f B'' sin. of cos. • =: . . . . (3) 
A" B'« 8in.« [A', B'J = A« B« . . . . (4). 



78 



ANALYTICAL GEOMETRY. 




By adding together equations (1) and (2), we obtain the property 

A'« -i- B'« = A« 4- B« (5), 

that is, the sum of the squares of any system of conjugate diameters u 
equal to the sum qftlte squares of the principal diameters, 

(53.) From equation (4) there results 

4iA'B' sin. [A', B^] = 4AB (6). 

Now the first member of this equation expresses the sur&ce of a 
parallelogram, of which the adjacent sides are equal to the conjugate 
diameters, 2A', 2B', and included angle equal to the angle [A', B'] ; 
and the second member of the equation represents the rectangle of the 
principal diameters, 2A, 2B. Now, if through the extremities of each 
of the two conjugates, A'B', CD', parallels be 
drawn to the other, they will be tangents to the 
ellipse, an4 the angle O' will be equal to the 
angle O, that is, to the angle [A', B^ ; hence 
the parallelogram formed by these tangents is 
equal to the rectangle of the principal diameters. 
Equation (6) therefore expresses this theorem, viz. 

Any parallelogram circumscribing an ellipse, and having its sides 
parallel to a system of conjugate diameters, is equivalent to the rectangle 
of the two axes. 

Since systems of coi^ugate diameters are unlimited in number (48), 
it follows that an infinite number of circumscribing parallelograms may 
be found all equal in sur&ce. Of these, but one will be a rhombus 
viz. that of which the sides are parallel to the equal conjugate diameters; 
and but one will be a rectangle, viz. that of which the sides are parallel 
to the principal diameters. . , 

It can be shown, conversely, that if a parallelogram circumscribing 
an ellipse be equivalent to the rectangle of the principal diameters, its 
sides must be parallel to a system of conjugate diameters. 

For let PR be a circumscribing parallel- x 

ogram, the sides of which are not parallel 
to a system of conjugate diameters. Draw 
a diameter, A'B', parallel to one of the sides 
PQ, and let CD' be the conjugate to this 
diameter, and complete the parallelogram 
P*R', having its sides parallel to the system 




1-' 
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• •^agates just drawn. Then, since A' B' is parallel to PQ, but 

m not meet the parallels SP, RQ, it is less than PQ, but it is equal 
^f^Qf; therefore P'Q' is less than PQ ; and as both parallelognims 
i^lPteliveen the same parallels, PQ', S'R; PR' roust be less than 

Ry but P' R' is equivalent to the rectangle of the principal diameters ; 

l|te:PR if greater than that rectangle. It follows, therefore, that of 
mJi'pamUelogrami drcumteribing an eUipte, Mote about cotyugate 
-^tmten art leant in ntrfnct. 

Sh>m equation (6), 

A'B' = — ^^5_ 

sin. [A', B'] 

isd adding twice this to equation (5), and extracting the square root 
^liave 

t/(A'« + 2A'B' + B'«),orA'+B'==v^(A«+B«4-^.j-^^ 

QOmequently A' + B' is greatest when sin. [A', B'] is least, that is 
lyben the obtuse angle [A', B] is greatest, and A' + B' is least, when 
im. [A', B'] is greatest, that is when [A', B'] is a right angle; and 
kince of all syittmt of conjugate dinmeterSf the sum of those which are 
ifual is the greatest, and the sum oj those which are rectangular is the 
kott. 

We shall terminate this division of the present chapter with the 
following additional problems. 



PIIOBLEM III. 

(54.) The axes of an ellipse and the vertex of any diameter being 
given to fbd the length of that diameter, and of its conjugate. 

•Let (y, y) represent the given vertex of the diameter 2A', the length 
of which is required. ^ 

Then the distance of (x\ y) from the centre of the ellipse is 

A'» = j'«-i-y«; 
but by the equation of the curve, 

B« 

hence, by substitution. 



80 ANALYTICAL GEOMETRY. 

A' A' 

also since 



A" -h B^ = A* + B- ,'. B'- = A» — c**'» /. B' = -/A'— c«*^, 
and these values of A' and B' are the expressions sought. 

If the radii vectores of the point (j/,yO ^ Fl>, FP, then (47) 
F'P • FP = A* — eV'. Hence the product of the radU vectores ofai^ 
point is equal to the square of the semi-diameter corrugate to that passing 
through the point, that is 

FP-FP = B'«. 



PROBLEM IV. 

(55.) The axes and the inclination of a system of conjugate diameters 

being given to determine them in length and direction. 

Let A!, B' represent the semi-conjugates ; then, from equations (5) 

and (6), p. 78, we have 

OAR 

<2AFt 

(A'^BO«= A« + B«- . TA^R/i 

sm. [A BJ 

Consequently, by addition and subtraction, 

These are the expressions for the lengths of the semi-conji^tes* 
It remains, therefore, to determine at what angles these are inclined 
to the major diameter, 2A. 

We have seen (51) that if the tangent of the angle at which A' is 

B' 
inclined to the major diameter be a, then will — — be the tangent of 

the angle at which B' is inclined to it ; hence for the angle [A', B'], 
at which the conjugates themselves are inclined, we have, if we denote 
its tangent by v, the expression (11), 
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— a (A«a«-fB«) 



v = 



Hence, by reduction, we obtain the quadratic 



a« + (l — ?*)vo = —5? 



which, sdyed, gives 



1 



a = ^{(A« — B«)t;± v'CA' — B«)«t;» — 4A«B*}. 

2AB 
If the given tangent, t;, be less than -— — =-, abstracting from the 
•*^ A' — B*^ 

ogD of v, the question will be impossible, that is, no system of con- 
jugate diameters can have the proposed inclination, a fact which the 
above expression for a plainly intimates, and which we previously 

2AB 
knew from (45). If v be equal to — , then will A', B', be 

the equal semi-conjugates (45, 50), in which case 

B , B 

- = + a""=-a 

the inclinations being supplements of each other. 

For the lengths of the equal semi-conjugates we have, from the 
property (5), p. 78, 

2A" =r A« + B* .-. A' = -|^i(A» -h B»). 

The geometrical construction of the preceding problem is very 
simple : On the major diameter, AB, of the ellipse describe a circular 
arc, capable of containing the proposed angle, if 
it be obtuse, or its supplement if acute. Then 
from either of the points, P, P', in which it in- 
tersects the ellipse (45), let chords be drawn to 
A, B; then diameters drawn parallel to either of these systems of sup- 
plemental chords will be conjugate, and will include the given angle. 
The two values of d in the preceding analytical expression agree with 
the two systems of conjugates here constructed. If the arc pass through 
C, it will touch the ellipse at that point, so that P, P', will coincide, 
and the conjugates sought will be equal. 

E 3 




^ AJ^^LYTtCAZ. «aOXtTKT 



jr Sir Tmgtm to dk BSfK. 







A*»* - Br*r*= A»F» («) 

iMmWI ^HpUKUlIt ^I QMfiOHIBSv «▼ MOBfUliaOB, 

• — » =~~. Llt^^x — :^ (4). 

TlUSk thm» s thtf <i^uacoa of cfiie secBoc paasmg' through die t 
pcmtt ^x . 5^^ ^cJ « '^ 4t vfaft «QipK. whose cqnatiQii is A'^y + F 
= A^ E\ If at^v w« mppoK thoe two points to coincide, 
MCMC will bttcuoM ;& lu^ROt: uakiBg:. tboefeR, ^ = y% mdy = 

^ • • • • 

A\« •■^B'xx = A»B^ 3 

tht equation of the tangent idated to any system of conjugate 
meters. 

The second form of this equation is t&j easilj retained in 
roemoiy, from its reMmblance to the equation of the curve - the 
difference is that, in the equation of the tangent, x'x occurs instes 
*•, and y'y instead of y*. 

Connected with the tangent are several other lines, which 



V 



or more simplv. bir redactioo, ^ . . . . (5), 
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lequisite to consider. Thus, if AB, CD 

are the principal diameters of an ellipse, 

and the tangent PR he referred to them 

,as axes, then the distance, MR, of the ^ ' 

ordinate of the point of contact from the 

intersection of the tangent with the axis 

of Xf is called the subtangent, the perpendicular, FN, to the tangent 

from the point of contact^ is called the normal, and NM, the distance 

of its intersection with the a^s of x from the ordinate, is called the 

subnormals moreover^ in es^^mating the length of the tangent, we 

consider only the portion PR, included between the point of contact 

and the asds of jr. 

Hence on one side of the ordinate of the point of contact are 
situated the tangent aiid subtangent, PR and MR ; and on the other 

side the normal and subnormal, PN and MN. 
We shall now proceed to deduce the equations of these lines, and 

to determine analytical expressions for their several lengths. 
(57.) For the tangent the equation has already been exhibited when 

aoy system of conjugates are employed for axes. For the rectangular 

system, 2A, 26, the^equation is therefore 



y— ^ = — 



B» 



A» y 






'0, 



or 



A»yy'+B«/x = A«B*. 
The coefficient — ~ . -in the first of these fofJns, which is that 

A? y 

most frequently referred to, is the trigonometrical tangent of the angle 
PRX ; it is obviously negative for positive values of x, and positive 
for negative values of x, since the angle is obtuse in the former case, 
and acute in the latter. 

For the normal the equation is immediately deducible from that of 
the tangent. We shall have merely to characterize a perpendicular to 
the latter, drawn from the point of contact (y, /). The equation of 
this line is therefore 

-^ . BV 

The length of the subtangent is easily derived from the equation of 
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iil« «u^|«B^ for sttpfKMnv Hi tkii eifini^ 

lil« piMBi R» Ibtt itMttiii^ vihM </ jr win cJipuM die leogtb 

uhL i^ tt^Ntt dkfit «% dtdoci y » or OM, we shall haTe, for ^ 



MR = 



x' • 



la Iflkt wuiMr> i( inlil* eqmtkmoftiie nonnal, we suppose 
wlucK b Iht okM It Iht point N, the lesultiiig Talue of x will 
iIm Vm^ on : mi Aub sobtiacted from OM, or 4^, will | 
lM|tth of tKit sttbnonaalt MN. We hiTe, tiieidbre, only to 
tKt Yahw of jr' — jt ia the equation of tiie noraud wben y = a 
value IS! 

A* 

F^rom thita expifssioos lor the siil>tuM(ent and subnormal 
taiaed those Ant the tangent and normal. Thusy since 

PR = •MR* + PM* 
wt» have» by substitution} 

n* 

or because y** = t« K^ — ''^ ^^*^ becomes 

A* 

Likowisoi since 

PN = t/MN«-|-PM», 
we havei by substitution, 

B V? 

= T V'CA' — «'J"). 
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[58.) For more conyenient reference, let us now collect the pre* 

ling formulas together. 

rhe equation of the tangent is 

le equation of the normal is 

le length of the tangent is 

le length of the subtangent is 



^^ A»-y 



le length of the normal is 



N = l v^(A« — c»x'«). 

A. 

le length of the subnormal is 

B* 

(59.) We may now by aid of these formulas deduce some other 
operties of the ellipse. And, first, we may remark that, as the 
Lpression for the subtangent is independent of B, it remains the same 
r all values of B, so that in every ellipse described upon the axis 
\^ the subtangent is the same for the same abscissa. 
This is true also when B = A, that is, when the ellipse becomes a 
role ; and hence is suggested a method of drawing a tangent to an 
lipse from any given point in the curve. Thus, let P be the given 
>int ; then, having described a semi-circle 
1 AB, draw FPM perpendicular to AB, 
id at F draw a tangent,;?' R, to the circle; 
len draw the line PR, and it will be the 
ngent required ; for the points P, F have 
ke same subtangent, MR. 

It is further obvious, from the manner in which the expression 
)r the subtangent has been obtained, that if the tangent had been 
sfened to oblique conjugates, as in (56), instead of rectangular, the 
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expreisioa would have presenred the tame fomiy diat kf it woub 
been 

and this independently of the sign of y ; so that a tangent to^ 
through the point (/, %f\ and another dirough the point (V 
both meet the axis of x in the same point ; and thus from ai 
without an ellipse two tangents may be drawn to the curve. 

If the point of contact of one of the tangents diawB firom 
point be known, and it is required to find the point of contai 
other, it may be done as follows : Draw a diameter to pass 
the given point, and parallel to its conjugate draw a ciiord 
known point of contact, then the other extremity of this chord n 
other point of contact. 

It ought to be noticed here that we must not, as in the | 
case, conclude that because the value of the subtangent is inc 
of B', and that this may therefore be equal to A', that the eL 
become a circle, and yet the subtangent for the same absciss 
the same. For the conjugate diameters of the ellipse, wfaid 
taken for axes, are not conjugate diameters of the circle descr 
either of them, because, in the circle, the systems of conjuga 
rectangular (50). 

(60.) By multiplying the foregoing general expression foi 
tangent by sf we have 

T,/ = (A' + x)(A'-x),'' 
which shows that the rectangle of tlie subtangent aud abscii 
point of contact is equal fo the rectangle of the parts into 
diameter is divided by the ordinate. 



Thus, in the annexed diagram, 

OM-MR = A'MMB'. 



This property furnishes a commodious and expeditious n 
drawing a tangent to an ellipse firom a point without the cun 
the centre of the ellipse only is given. 

Let A bo the given point, and draw RB' A' through the cei 
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et CD be the diameter conjugate to 

MB\ Upon A'B' and OR, as diameters 

iescribe axes intersecting in m, m*, then 

he line joining m, mf, will cut from OB' 

he abscissa, OM, of the point of con- 

aet sought, so tiiat the psuallel, P, P' 

o OCy through this point will intersect 

he corye at the points where the tangents from R must touch it. 

For, as the circles tipoh A'B', OR mtersect in the line mMm\ it 
follows that 

mM • Mm' = A'M • MF = OM • MR; 
hence, from the above property, the tangent from P must have the sub- 
tangent MR. 

(61.) By referring to (47) we find that the rectangle of the radii 

vectores of any point, P, in an ellipse is 

FP- FP = A«-^e«df«, 

and comparing this with the expression for the normal, we find 

B'FP-FP 
^N«= -^^_ 

that is, the rectangle of the radii veetores of any point in an ell^e is 
to the iquare of the normal an the square of the nn^or asis is to the 
tgiiare of the minor. 
Also, since (54) A* — c*j?* = B'*, we have 

AN = BB', 
that is, the rectangle of tJie mc^or axis and the normal is equivalent to 
the rectangle of tite minor axis and the semi^iameter parallel to the 
tangent. 

Thus, in the annexed diagram, 
FPFP:PN«::AB*;CD«, 
and 

AB • PN = CD • OC. 

(62.) Let us now examine the equation of the tangent as exhibited 
in (56). If in this equation we make jr =: 0, the resulting value of ^ 
will be the ordinate, OT, at the origin ; hence we obtain the property 

OTyorOTPM = OC'*. 




AKAI-YTlCAt OMlliT«I 



, by making y = 0, T' 

m, we shall have for \ 

s of j: ihe abscissa \/ 



Id like manDcr, by making jr = 
ia (be Nme equation, i 
the mulling value c 
OR; beace 

OR-i'otOR-OM=: OB''; 
htDce we infer, fint. That the rtetaagle qf Ik t 
at the point of contact, and the ordinate of the 
u equal to the tqmre of that lem-diameter tohia 
ordmata ; and second. Chat the rectangle of the 
of eontact, and i^ the point where the laagenl txeel 
it eqval to the Mgtiare of that temi-diameter tohici 

Both these ptopertiea are also derivable from t 
fot the Bublangent, as will appear by addii^ ** I 
proper^, and cbangii^ / into y for the first pro 

(63.) Let us now suppose, in the same ge\ 
tangent, that x = A' instead of 0, then the rwulti 
the ordinate B't, which is also a tangent to the c 
pwallel to the diameter conjngaie to A'.B* (see 
In like manner, if instead of A' vreput — A' for 
oidinote will be tbe tangent A'l'. Making then 
stitutiooi for X, we obtain the values 



But, from the equation of die curve 

*" = S(A''-^; 
bence, by subalitutiOD, 
,r, ,. ., AT . B't = B'', 
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Still coDfiniog ourselves to the same general 
[oation of the tangent, the conjugates A' B', 
'jy, being the axes of reference, let the sup- JL\ 
emental chords, B'M, A'M, be drawn, the 
rmer parallel ^> the tangent at the point P, or 
',y); then we aLready know (51) that in the equations of these 
lords, yiz. 

y = »i (x — AO, and Y = m' (x -h AO, 
e coeflBcients m, m', must be so related that 

B'* 
mmf = — —^ (1). 

ut, since KM is parallel to the tangent, the coefficients of x must be 
e same in the equations of these lines, that is, we must have 

B'«y 

"•^^AV 
; follows^ therefore, from the relation (1), that 

m_- 

Let now OP be drawn to the point of contact, and let ON be pa- 
illel to B'M, then the equation of OP is ^ = oj:, and for the point 

r*, y), y = ar* ; therefore a = ^ = j»', consequently OP is parallel 

> A' M, and OP, ON are semi-conjugates, ON being parallel to the 
mgent at the vertex of OP. Hence we may conclude that diameters 
rawn parallel to am/ ft/stem of supplemental chords are conjugatCy 
rhich is an extension of the theorem at (50). 

As the principal diameters are the only conjugates, which contain a 
ght angle, it follows that any system of supplemental chords which 
iclude a right angle must be parallel to the principal diameters, 
hese latter, therefore, can always be found when we know the centre 
f the ellipse : it will be necessary merely to describe a semicircle on 
ay diameter, and to draw supplemental chords from the point where 
. cuts the curve, the diameters parallel to these will be those sought* 
t appears, moreover, that a semicircle described on any diameter 
f an ellipse can cut it in but one point. 

(64.) From what has just been shown, it follows that, when any 
)rstem of conjugates are taken for axes, if the equation of any diameter 
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referred to them be 5^ = nw, the equation of its conjugate will be 

A^ m 
Bearing this in mind, suppose that at the vertex of the diameter 
taken for the axis of x, a tangent is drawn, it must be parallel to the 
axis of y ; hence the part thereof intercepted by the line y = ww will 
be the value of y^ which its equation gives for x = A', viz. y = mk. 
In like manner, the part intercepted by the conjugate to this will be 
the value of y, which the equation of this conjugate gives for t= A', 

viz. V = — 77"' 

^ ^ Am 

Now the product of these two values is — B'^, it follows, therefore, ' 
that, if a tangent be drawn at any point of an ellipse, the square of half • 
the diameter conjugate to thqt from the point of contact will he equal ^> 
to the rectangle of the two portions of the tangent intercepted between ^ 
the point of contact, and any system of conjugates whatever. ' ^ 

Thus, if TPt be a tangent, and OC" a 
semi-diameter, paralleltoit, then OB', 0C'> „ c' 
being any system of semi-conjugates, we /^^^^v^ _Z2?r*^ 
shall always have 

0C"« = PT • P^ 

If the tangent be drawn through the vertex of one of the least con- 
jugate diameters, and be terminated by the principal conjugates prO' 
duced, it will be bisected at the point of contact. For the least con- 
jugates bisect the principal supplemental chords, and, as one of &ese 
is parallel to the tangent, both this and the tangent must be bisected 
by the same conjugate ; it follows, therefore, that this tangent is equal 
to the least conjugate diameter. It is, moreover, evident that diis 
tangent is the shortest that can be included between the prolonged 
principal diameters, for every other tangent included between them 
must exceed its parallel diameter, since the rectangle of two unequal 
parts of it is equal to the square of half that diameter. It follows also 
that, if a tangent be drawn through the vertex of on^ of the least con- 
jugates, the portion intercepted by the prolonged principal diameters 
will be less than the portion intercepted by any other system of con- 
jugates. 

(65.) If a tangent pass through the extremity of the latus rectam. 
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and be refened to the principal diameters, the ordinate at the point 
of contact will be y = ^ = — , so tliat the equation of this tangent 

will be 

B* x' 

•-y = A 

or, since x' = c, 

V = : — = A — ex, 

^ A 

But (47^ A — ex expresses the distance of the focijs from that 
point in the ellipse whose abscissa is x ; hence the length of any 
ordinate to a tangent through the extremity of the lattu rectum unequal 
tv the distance of the focus from the point where this ordinate intersects 
the curvty therefore tfie tangent through the vertex of the Ictus rectum 

1 cuts from 4he tangent through the vertex of the major diameter^ apart 
(qual to the distance of the focus from the vertex, 
r 
ThuSy in the annexed diagram, 
MN = FP, 
also AT = AF and BT' = BF. 

(66.) If in the equation of the normal we put y ^0, the resulting 
vahe of jr will express the distance, ON, (see the diagram atp, Q3,) 
tfait is, we {Audi have 

ON = ^'7^' y = <>»/; 

J A« 

beuce, adding c or Ae to this, there results 

FN. = e(A-i.cj'). 
Now, in die triangle PFF, the sum of the sides PF' -f PF is to the 
base FF, so is one of the sides, PF, to the distance intercepted 
between F' and the line bisecting the vertical angle, P, (Geom, p. %7;) 
but 

2A: 2Ac :: A + e/ : c (A -|- cjy) = F' N. 
It follows, therefore, that the normal at any point of the ellipse bisects 
the angle formed ky the radii vectores of tltat pointy and consequently 
the radii vectores are equally inclined to the tan^enl, ^^o ^<^ ^\v!^% 
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included by one radius vector and the prolongation of the other is 
bisected by the tangent. 

We can arrive at the same conclusion without the aid of the geo- 
metrical property here employed ; thus : Since the equation of FP, '^ 
passing through the points {c, 0) and {j/, y), is ^ 

y' 

the coefficient ~--^ — must express the tangent of the -angle PFR, and ,, 
X — c 

we akeady know, from the equation of PR, that — — -^ is the tan- , 

gent of the angle PRX. Hence, in order to obtain the tangent of the ^^ 
i^ngle FPR, we shall merely have to substitute the preceding ezpreft* ^ 
sioUSy for a and t^, in the formula (11), ^< 



V = 



1 + «a' ' 

which then becomes 

^ " '(A--:B«)/y— .A«cy 
In this expression, if we substitute for A* y* 4- B' op" its equal A^B', 
and for A' — B' its equal c^, we shall finally obtain 

B« 

v = — 
c\f 

If the other radius vector, FP, had been employed, c would have 
been negative, and therefore the tangent of its inclination to PR 
would differ from that here deduced only in its sign ; thus showing 
that the angles F'PR, FPR are supplements of each other, and theie- 
fore, that the angles FPR, F'PR', are equal. 
The same property admits of a simple geometrical proof ; thus : 
Let one radius vector, FP, be produced, till PG is equal to the 
other, FP, then the line PR, bisecting the angle GPF will be a tangent 
to the curve at the point P. For, N^^j^rrrrr-x^^^^^G- 
join FG, then, since PR bisects the /l!^!S*^?^:^^5( 
vertical angle of the isosceles tri- l/\ y^\f\ — *--^ 

angle, PFG, it also bisects the base, ^ ''-y^ 'iL 1 ^~^ 

FG, at right angles ; therefore from N^^^ y^j 

whatever point, N, in PR, lines be V^^^" J 

^rawn to F and G, we shall always ^^-..««_^-'^ 
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lare NF = NG (Geom, p. 20 J; consequently, if there existed any 
x>int, Ny in P R, besides P, which was common to the curve, we 
jhould have FN 4- FN = 2A, and therefore FN + NG = FG, 
which is impossible, so that PR, which bisects the angle FPG, is a 
angent to the curve, and therefore, conversely, the tangent at P roust 
bisect the angle FPG. 

If OM be drawn from the centre to the M.' ^ 

aaiddle of FG, it will be parallel to F'G, ^^T y^l> ^i,r 
because O is the middle of F'F, therefore. f/\ ^^ 3r/\^ 

FO:FF::OM:FG; H h^y^^ } 

hence OM = 4FG, but F'G = 2A by con- W/^ Ji 
skmctiQii, consequently OM = A, therefore, if li/x"" y' 
from either focus a perpendicular toany tangent 
be drawn, its intersection therewith will be always at the same distance 
from the centre, viz. at the distance, OB, in other words, the Iocub of 
these iiUeructiom u the circumference of the circle described on the 
•najor axis as a diameter. 
If MO he produced to meet this circumference in E, and F' £ be 
drawn, the triangles F'OE, FOM, having two sides, and the included 
angle in eadi equal are themselves equal, therefore F' £ is both equal 
and parallel to FM, and is therefore the continuation of the perpen- 
dicular, F' M', from the focus, F, to the tangent ; hence, from the pro- 
perty of the circle, 

' M'F' • F' £ ="M'F' • MF = AF' • F'B, 
but 

AF' • FB = (A-<) (A + c) = A« — c« = B»; 

hence 

M'F • MF = B«, 
that is, the rectangle of the perpendiculars from tlie foci xqton any 
tmgent to the curve is equal to the square of half the minor axis. 
Since the triangles F PM', FPM, are similar, we have the equation 

M^F^ FP 
IaF " FP 
ji which, multiplied by that just deduced, gives 

i M'F« = B«-?— = B2-^LiL!^ 

FP A — ej' 
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and, multiplying its reciprocal by the same, we have 

FP A + CJ^ 

y being the abscissa of the point P. 

(67.) The property in (6(5) furnishes a simple method of drawiflff 
a tangent to the ellipse from a point either -^^^ 
in the curve or without it, when the foci 
are known. Thus, if the point be in the 
curve, as at P, then it will be necessary 
merely to draw the lines FP, F' P G, and 
to bisect the angle FPG. 5 

If the point be without the curve, as at N, then, from the focus, Fj - 
as a centre, with a radius equal to the principal diameter, describe «k^ ' 
arc, and from the given point, N, as a centre, with its distance frott ^> 
the other focus, describe another arc, intersecting the former in the -^ 
point G, then the line F'G will cut the curve in the point throttslb ' 
which the required tangent must pass. For, let NPR be dntwn li 
through this point, and draw EF, NG, NF ; then^i since, by construc- 
tion, F'G = FP -h PF, PF = PG, also NF = NG, consequenUy the 
triangles NFP, NGP, are equal, therefore the angles NPF, NPG are 
equal, as also their supplements FPR, GPR, hence NPR is a tangent 
to the ellipse. 

As the distance, F'N, of the centres from which the arcs intersecting 
in G are described is less than the sum, and greater than the diffe- 
rence, of the radii, (Geom.p. 19, J it follows (28) that these arcs 
intersect also in another point, and thus two tangents may be drawn 
from N. 

We shall terminate the present chapter with the following problem. 



PROBLEM v. 



(68.) Pairs of tangents to an ellipse being always supposed to inte^ 
sect at right angles, to find the locus of the points of intersection. 
Let MT, NT, be any pair of tangents intersecting at right angles in 
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and, parallel Oiereto, draw FP, F P', from the 
feci, then the points P, P' will be in Uie 
ciicuniference of a circle described upon the 
major diameter^ AB. Produce PF to meet 
this circumference again in M', draw M'T^ 
FM, each perpendicular to the tangent TT, 

and, lastly, draw the chords PP', M, M', the 

points M, M' being obviously on the same circumference as the points 
P, P'. Then, smce TM' is a rectangle, PT = M'T', and on account 
of the parallels PM', P'M, the arcs PP', MM' are equal, their chords 
are therefore equal ; hence the rectangles PP', MM' are equal, and 
TP* = T M = FM', consequently TM • TP' = PF • FM', but, by the 
fKoperty of the circle, PF • FM' = AF • FB and • TM TP' = T<«; 
Tt being a tangent to the circle, therefore, T<^ = AF * FB, a constant 
jioantity, and, as the radius, O^, is also constant, the distance, OT, 
most be constant, therefore the locus of T is a circle of which the radius 
OT is VA» + A« — c« = t/A'+B'* 



.'.^ 



5€ 



obrn: 



□. 



ff*^- 



CSAPTSlt XXX. 

oiJ THE HYPERBOLA. 
Its Equation and Properties. 

(69.) An hyperbola is a curve from any point, P, in which, if two 
straight lines be drawn to two fixed points, F, F'^ ^p' 
their difference shall always be the same. 

The given points, F, F, are called the foci of 
the hyperbola, and the lines, FP, F'P, drawn 
therefrom to any point, P, in the curve, are called 
the radii vectores, or focal distances of that point. 




* The analytical investigation of this problem will be given hereafter. 
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Tb^s cnrr? txut be ieKribed. bj means of points, thus : TiMtil i, 
ot citf nx'i. F. u 1 •:eacre. with any assonaed radius, describe a^l ^ 
43d ir^ai Uis jvntr tibcus. F, with anj other radios exceednffcl ^ 



rbrniir. •iescnbe a Mcood arc. intenectzng the first in two poiBli,Fi^ 
Let chis cpencoQ be repeated with two new radii, taking cm ll 
the jecood ot diese shall exceed the first by die same diBooMii 
beMce, And iwo new points will be determined ; and this dM- 
oation of points m the curve maj thus be continued till ib ■( 
becomes obnocs. That the locns of these points will be aDli]rpak>k 
» pk&ia firom the dednitioa. since the distance of any one of to 
from F' always exceeds its distance from F by the same coostut'^ 
ference. If of each pair of intersecting arcs employed to detaM 
the several poiats« we had supposed the greater to have beendescribii 
from F, and the less from F'. the same constant difference being ps* 
serred, we should obviously have obtained a series of points, ?'tlfM 
equally belonging; to the hyperbola, although none of them wooMbe 
situated in the locus of the former series. 

It appears, therefore, that the hyperbola consists of two MfuM 
branches, PBp, PAp*. 

Any portion of this cunre may be described by continuous motioi. 
by employins: a ruler and a cord. Thus, let a ruler, FR, be fixed u 
F, so that it may be turned round this point, 
in the plane whereon the curve is to be de- 
scribed ; then, having assumed any other poiact, 
F', in this plane, connect it by means of ay 
cord shorter than the ruler to the extremity, R; 
then a pencil, P, keeping this cord always 
stretched, and at the same time pressing against the edge of the ruler, 
will, as the ruler revolves round F, describe an arc of an hyperbob) 
of which F, F, are the foci, for the difference of the distances of At 
describing point, P, from the fixed points F, F', will be always the saot 

(70.) Let us now seek the equation of this curve, by means of is 
characteristic property. 



] 
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w F'F, and let O, the middle point of 
le, be fallen for the origin of the rec- 
u axes, and let the constant difference 
ladii Tectores of any point in the curve 
maeoted, as in the ellipse, by 2A. Put 
)F, or OF, and x, y, for the coordinates 
point, P9 in the curve. Then we shall have these equations, viz 

y + (j: — c)« = PF« (1) 

y + (^-hc)» = PF»....(2) 

FF — PF = 2A (3). 

, by first adding and then subtracting equations (1) and (2) 
re 

2^ + 2r» H- 2c« = PF« -i- PF» (4.) 

4cr = (PF -h PF) (PF — PF) 

.-. PF + PF = ?ff 

A 

ining this with equation (3), we have 

PF = ^-h Aand PF = ^- A, 
A A 



ese values substituted in equation (4) give 



'«-f:r«-f c« = ^-hA« 



A«y -f (A« — c^ x« = A« (A« — c») (5). 

I equation would be identical with that at p. 65, and would thus 
terize an ellipse, were it not that here A represents half the 
Qce, instead of half the sum of the radii vectores. With this 
ion, therefore, equation (5) is the equation of the hyperbola. 
) In order to determine the points of intersection with the axes, 
sey = 0, in equation (5), and there results for x the value 

j: = ± A, 
intimates that the hyperbola, like the ellipse, intersects the axis 
I two points, B,A, equidistant from O, the one to the right, and 
ier to the left, and that A expresses this distance, 
in the same equation, we suppose j: = 0, we have for the cor- 
kding value of y the expression 

y = ^A* — c^ 



V 
^ 
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Now since 2c is t^e base, and 2A the difference, of the sides < 
triangle, PF'F, it follows (Geom, p, 19^ that c must exceed A, 
consequently the iralue of y, in the foregoing expression, is impossi 
the curve, therefore, can never meet the axis of ordinates. In 
respect, therefore, the hyperbola differs entirely from the ellipse, 
us, however, mark on the axis of ordinates two points, C, D, eac 
the distance of |/c* — A' from O, and, calling this distance B, 
shall then have the equation of the hyperbola in a form analog 
to that of tlie ellipse, viz. 

or f . . . . (6). 

The only difference between this equation and that of the ellips 
that here the sign of B* is negative. The general expressions, th 
fore, for the coordinates of any point in the curve is 



B 



From the first of these expressions it appears, that there are two va 
of x numerically equal, but differing in sign for every value of y. 
conclude, therefore, that chords drawn parallel to AB are bisecte( 
CD, or its production. In like manner, in the second expression 
are frimished with two values o{y numerically equal, but differin 
sign for every value of x. If, however, x be assumed numeri< 
less than A, the resulting value of y will be imaginary ; now sr is 
than A for every ordinate drawn between the points A and B, fa 
none of these ordinates can meet the curve ; but, if x = ± A, t 
since y = 0, we infer that parallels to CD, drawn through the p 
A and*B, are tangents to the curve. It fturther appears, from 
expression, that so long as j: is assumed numerically greater tha 
there will always correspond a possible value of y, which will inci 
as X increases; hence the two branches of the curve are unlimited, 
ceeding onwards, in opposite directions, to infinity. 

Let us actually suppose, that x takes a succession of values fitm 
A to infinite, then, putting the expression for y under the form 



Bx I A« 
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A' 

we see that as x increases, the fraction — diminishes, sq that the values 

ar 

Rr 
of y go on approaching to the value ±. --, which value, however, is 

A 

A' 
oerer reached till x becomes infinite, rendering the fraction — 

oothing. It is obvious firom this, that if through 
the origin, O, two straight lines, KL, MN, be 
diavniy making angles, KOX, MOX, with AB, 

whose tangents are respectively + — and , 

A A 

these two lines will continually approacl\ the ^^ ^^ 

enrve, and yet can never meet it. For the equations of these lines 

are 

B , B 

y= _j:andy = -- -j:, 

and it has just been seen that in the curve y can never be so great as ± 

8 

-. X, till X becomes infinite, although throughout the course of the 

curve y continually approaches to this value, that is, the differences 
betvfeen the ordinates of the curve and those of the lines just drawn, 
for the same abscissas continually diminish as the abscissas increase. 

The two lines KL, MN, are called asymptotes to the hyperbola. 

(72.) Let us now, as in the ellipse, seek the expression for the 
iistaiice of any point {x, y) in the curve from the origin, O. 

For this purpose, we must substitute for y"^, in the expression 

B* 
ts Talue — ^ (^ — A^, which reduces it to 

AS 4- R2 

This expression is obviously independent of the signs of x and y^ 
tad, therefore, it may be shown here in precisely the same way as the 
Bust was established with regard to the ellipse, that every chord 
passing through O is bisected at that point, and hence is called the 
centre of the curve, and chords drawn through it, diameters. . Indeed, 

F 2 
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aH bnes damn through the centre of &e hyperbola are, for 
of nmfbrmi^, called diameters, aWKHigh an infinite nnmbe 
drawn, » as not to meet the cnrre, tIz. all those a>inp 
between the asymptotes, or diat are inclined to the axis of X a 

of which the tangent b not mimfficaUy less than — • 

The asymptotes may, therdbte, be regarded as separai 
diameters which are chords, called trmmsoerse diameters, ft 
which are not chords, called tecomd diameters. Of the fc 
least is AB, since the above expression for D is least when 
that is, when Jr = ± A ; but, as there is no limit to the valu 
other transrerse diameters increase from this least value to 

(73.) As in the ellipse, so h«c, 2A, 2B, that is, AB, CD 
the principal diameters, or the principal axes of the ci 
distinction of these diameters into major and minor, as in 
cannot, however, be here used with propriety, for in the 
V^ — A*, which B represents, it is only necessary that c 

(p. 98,) so that B may be either greater or less than A, or ii 
toil. 

From these remarks then it appears that the equation 
A»y — B» x» = — A^ B2 



or 



B' 

,'=_(^_A») 



^ • • • • 



(6), 



IS the equation of the hyperbola related to its principal dial. 
If we suppose B = A, the equation is 

«» i» ^ A. 

enn"i.^" T^' *^ 'hyperbola is called equilateral, on ac< 
SoL .k'** P"""P=^ diameters. Thus the same 
eTiZt K T''"" °^ *^ <=°»"'°« hyperbola into 

^« »»y here remarV that, in the equilateral hyperbola 



•^ Sf^ !L^*°' ** *°8^^ "^^^ the asymptotes m; 
«. * «• ^. M»d 90O + 450 ; htence, in this case, th. 



^fQ «aeh Other 



ANALYTICAL GEOMETRY. 101 

(74.) By removing the origin of the axes of coordinates from the 

tentre, O^ to the vertex, A, of the transverse axis, by a transformation 

similar to that employed in the ellipse, the equation becomes 

A* y» — B» r» + 2 AB« x = 

or f (7\ 

y=H.(^-2Ar) y 

ihe equation of the hyperbola when the origin is at the vertex of the 

transverse axis. 

(75.) If we wish for the equation in terms of the excentricity, c, we 

may obtain it from equation (6), by substituting for B* its equal c* — 

A', which gives 

/.a AS 

y=— ^(^'-A») 

or putting « for — r • • • • \ n 

Y = (e»— l)(x« — A») 
the equation of the hyperbola as a function of the excentricity. 

From the intimate analogy which subsists between the equations of 
the ellipse and those of the hyperbola, it may easily be conceived that 
the principal properties of the former curve belong also to the latter. 
This is in fact the case ; and hence most authors exhibit the theory of 
these two curves in conjunction. With a view to simplicity, it has, 
however, been here thought preferable to consider these curves sepa- 
rately; but, as we propose to develope the properties of the hyperbola 
by imitating the steps which led us to those of the ellipse, we shall 
frequently have occasion to refer to the preceding chapter for details, 
which need not be repeated in this. 



Properties of the Hyperbola related to its principal diameters. 
(76.) From equation (6), 

y^ _B2 



{x'\-A){x — A) A« 

hence 

y' : (A -\- x) {x — A) :: B" : A\ 
Now X -f- A and x — A are the distances of the ordinate, y, from 
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the vertices of the transyerse axis, hence the square of any ordinate is ^^ 
to the product' of its distances from the vertices of the transverse aw . V. 
as the square of the conjugate axis is to the square of the transvene) ^^ 
consequently the squares of the ordinates are as the products of the parts ^ 
into which they divide tlie transverse axis. 

If the hyperbola is equilateral, that is, if B = A, then 

y = (j.^-A)(a: — A); ^ 

so that, in the equilateral hyperbola, the square of any ordinate is equal .^ 
to the products of the parts into which it divides the transverse axis, 
a property analogous to that of the circle. 

(77.) From equation (8) the parameter or double ordinate throi^h ,_ 
the focus is easily determined, for, putting c for x, in that equation, i 
and extracting the square root of each side, there results 

Ay = c«— A2=B» 
in which equation ^ is the semi-parameter; therefore, calling tiie para- 
meter p, we have 

^ 2A I 

that is, the parameter is a third proportional to the . transverse\ad J 
second axes, j 

Hence the equation of the hyperbola, as a function of the parameteTi 

is obtained by substituting, in equation (6), -^ for its equal, rjjj 
so that 

is the equation of the curve, in terms of the parameter. 

4B* 
In the equilateral hyperbola, since — = 2A, we havejp = 2A, 

that is, the parameter is equal to the transverse axis. | 



t- 



PROBLEM I. 



(78.) To find the expression for the angle contained by supplemental 
chords drawn from the extremities of the transverse axis. 
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* Referring to the corresponding problem on the 
c^pse, we find that the tangents of the angles which 
tbe supplemental chords, meeting in the point (.r, y\ 
make with the axis of x are 



a = 



= -^ and a' = — ^ (1), 




and that, consequently, the general expression for the angle P, formed 
at the point {xy y), is 

2At/ 

Now the point (jr, y) being in the hyperbola, we must have, from the 
equation of the curve, 

bence, by substitution, equation (2) becomes 

*^- ^ = (F+B^ • • • • ^')' 
the-expression sought* 

As* this result is independent of the sign of jr, it Mows that the 
angle is the same, whether the chords be drawn to (x, y) or to ( — Xy y\ 

Since the preceding expression for the tangent is always positive for 
my: point in the curve above the axis of x, it follows that all the angle* 
subtendeS by th^transverse axis are acute. These angles diminish as 
y increases, till they become %|When y is infinite. 

Multiplying the expressions (1) together, we have 

y^ B* 

"^ = ^37^ = A» • • • • ^^^' 
therefore the product of the trigonometrical tangents of the two angles 
farmed by the transverse axis produced to the right, and its supplemental 

chords, is constant, and equal to -^ 

As this product is positive, we conclude that the two angles must be 
either both acute or both obtuse, 
If the hyperbola be equilateral, then 

T. A A 

tan.P = — = -=== 
y Vj:* — A» 







the tMOffi 

tke eqwktd 
withikm 



Ti Zi ^BtHe 



»r ifiK 



of any poifi 



£,1X1K 




heoctj hw snbstiXBtxxu 

.-. FP = <ur — A, 

aod since FP — FP = 2A, it foUows that 

FP = rx + A; 
hence the radius Tector of any point is always a rational functioD of 
the abscissa. 
For the sum of the radii vectores we bave 

FP + FP = 2cT, 
and for their product, 

FP-FP=e*x» — A^ 

Properties of the Hyperbola, when related to its conjugate diameters. 

(MO.) Uy transforming the equation of the hyperbola from rectangulir 
MHi'N lo ()l)li(|uc, the origin still remaining at the centre of the cum, 
^M> nIkiII liiivo the equation 

'-' y -h '2A" sin. a sin. a I j^/ + A' sin.^ a \ x^ = ~ A«P 
— !2H' COS. a COS. a I — B^ cos.' a I 
wW^v <ti m* doiiote tlie angles which the oblique coordinates x, y make 
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Let US now, as in the ellipse, determine the relation which must 
subsist between the angles oc, a', in order that the term containing xy 
may disappear from this equation. That such may be the case, the 
coefficient of xy must obviously be assumed equal to 0, or, dividing 
this coefficient by the expression 2 cos. a cos. a', we must have 

A'* tan. a tan. a' — B^ = 0. 
Hence the relation between the angles a, »' will be thus expressed, viz. 

B« 

tan. »' = .... (1), 

• A2 tan. a ^ ^ 

so that one of the angles being chosen at pleasure, the other will be 

determined by this equation, and thus an infinite number of oblique 

axes exist that will render the transformed equation of the form 

(A«sin.«a'— B2cos.»«03^* + (A«sin.««— B«cos.««)r»=— A2B^..(2). 

This equation will be simplified by putting 

— A^B* 



M^ for 



and B'2 for 



A' sin.* » — B* COS.* a 
A*B* 



A«sin.*«' — B^cos.^a' 
for then equation (2) may be put under the form 

J„ya— 1^0^ = — 1, 
B'*-^ A* 

as will readily appear, by making the proposed substitutions. Hence, 

finally, 

A'*y*— B'» :r* = — A'« B'« (3). 

This, therefore, is the equation of the hyperbola, when the oblique axes 

of reference originate at the centre and form angles a, «' with the 

primitive axes of x, related as in equation (1). 

If in this equation we put 

X = ; 5^ = V— **"* = ± ^V — 1 

y=0; X = ± A'. 

Since the value of y for x = is impossible, it follows that the curve 

does not meet the axis of 5^, but ± A' being the value of xioty = 0, it 

follows that the curve meets the axis of x at the extremities of the 

diameter, 2A'. 

We must here remark that the imaginary expression ± B y/ — 1, 
denoting the ordinate at the origin, merely indicates that such ordinate 
does not belong to the curve, or, in other words, that the point deter- 

f3 
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bf itseitreBiitjhasiioeKiileDcelfaeieim; wearenot,^ 
ID infer tinft iht ovdinaBle itielf has no wiatence, for its ^MoWi 
coKidend iDdependeody of the amre, is =: B^, nnoe ^ i 
vihfte of its sqouc is B^. Vow, as lines tfaiong^ Ihe ce 
diamelBK, vtaher tfaej meet the curve or not, it is plain Iha 
tesoBoe 26* for the lengdi of the diameter, wfaiph coincides 
axis of jr just in the same w^ as we before assumed, 2B for tl 
of the principal second diameter, equation (3) will be anal 
cqoatioo (6), p. 1 00,' for the semi-diameters. A', B% enter into tl 
equation in the same rnmnns^ that the semi-diameters. A, B,( 
the latter. 

(81.) Bj reason of this amlogy in the forms of these two e 
amdogOQs properties of the curve are dedndble from each. 
lowing are obrioos : 

1. Emck dimmeiery 2A', 2&, batcts the chords drawn partU 
t4ker^ as WIS shown of the principal diameters, 2A, 20, ( 
Sudi are called cimjtigmU diameterSj and the equation 

' A'^y — B*x» = — A'^B^ 
is ikf eqtuttion cftke hyperbola related to confugaie diameten 
Hence (72) of ereiy system of coojugate diameters, < 
tnmsvent and the otber a second diameter. 

2. Strni§1U lima drawn at the extremities of a transverse 
panallel to its conjugate are tangents to the curve, (71). 

3. A tr€msverse diameter is divided by an ordinate parallel t 
jug^e into two partSy such that their rectangle is to the squa 

ordinate as the square of the transverse is to the square of thee 
(76), 

4. The line u^ich bisects parallel chords is a straight line. 
For the conjugate to that diameter which is parallel to tl 

must bisect then^. Ueuce the method of finding the cent 
hyperbola, and of determining the coDJngate to any g^ven 
are analogous to those already given for the ellipse (art, 49^ 
From equation (1) it is obvious that the principal diametei 
only system of conjugates which are rectangular, for in that 

there can never be tan. «' = , except when a = o 

tan. a ' 

case we must have a' = 90^. 
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It is farther endent, from the same equation, that both the tangents 
an. a, tan. a% must hare the same sign, so that accordingly as any 
lemi-transverse ,is above or below the principal semi-transverse, so 
rnil the semi-conjugate to the former be to the right or the left of the 
principal semi-conjugate, the one pair being always included between 
the other. 

(82.) Since, from equation (1), 

tan. a • tan. a' = — 

A'* 

and from (4), p« 103, 

oaf = — 
A« 

a, a' being the tangents of the two angles formed with the diameter, 

2A, by supplemental chords from its extremities, it follows that 

diameters drawn parallel to a it/stem of supplemental chords from the 

principal transverse diameter are conjugate and conversely. 

From what has been shown of the supplemental chords (78), it is 
obvious that the angle included by a system of conjugate diameters 
may be any magnitude from to 180^. 

(83.) Referring again to equation (1), we find that, if the equation 

y=- ax 
represent any diameter of an hyperbola, when referred to its principal 
axes, then will 

^"" A»fl 
be the equation of its conjugate. 

If the problem at (78) be solved with regard to the transverse 
diameter, 2A', we shall have 

where, as in the ellipse, m, m\ are the coefficients of x, in the equations 
of two supplemental chords drawn from the transverse, 2A'* 

(84.) Having established these properties, let us now, as in the 
^ipse, return from oblique to the original rectangular conjugates, by 
substituting, in the equation A' V — B'« r» = — A'« B'« the values for 
X and y already employed at (52), ^and for the transformed equation 
we shall have 

6 
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A'«cos.«a |y« — 2 A'« sin, «cos. a\xy + A'» sin.^ «|r»=-A'2B'«sm.«[A',B'] 
-B'^cos-Vl + 2B'»sin. «'cos.»'l — B'»sm.2»'l 
Therefore, this being identical with 

Ay— •B^J-'^rr— A»BS 
we have the following equations, viz. 

A'» COS.* a — B'2 COS.* a' = A» (1) 

A'» sin.* a — B'« sin.* a' = — B* (2) 

— A'* B'* sin.* [A', B'] = — A* B* (3). 

By adding (1) and (2) 

A'* — B'* = A*--B* (4), 

that is, the difference of the squares of any system of conjugate diameten 
is equal to the difference of the squares of the principal diameters. 
From equation (3) there results 

4A'B'sin.[A'B'J=:4AB. 
Hence, as in the ellipse, the parallelogram constructed on any system 
of conjugate diameters is equivalent to the rectangle on the axes of the 
curve. 

These parallelograms are said to be inscribed 
in the hyperbola, as they are included between 
the two branches of the curve, the sides parallel 
to that diameter which does not meet the curve 
being tangents at the extremities of the conjugate 
thereto (81). 

The property (4) shows that if A' = B' then A = B, and conversely, 
so that there canpot be a system of equal conjugates, except in the 
equilateral hyperbola, and in this, each system consists of equal con- 
jugates. Hence, in the equilateral hyperbola, all the inscribed parallel- 
ograms are rhombuses, but in the common hyperbola none are. 

(85.) It has been shown (71) that the equation of the asymptotes, 
when referred to the principal diameters, is 

B 
y ===A ' 
and in precisely the same manner may it now be shown that when any 
system of conjugates, 2A', ,2B', are substituted for the principal 
diameters, the equation of the asymptotes will be 

B' 





ANALYTICAL GEOMETRY. 109 

U, in this equation, we give to x the value A', the resulting expres- 
sion for y will he the length of the tangent drawn at the extremity of 
the diameter 2A', and terminated hy the asymptote. This length is 
therefore ± B', and thus we obtain a correct notion of the absolute 
iength of any imaginary diameter of the hyperbola. 

Thus, if A'B' be any transverse diameter, 
and KL, MN the asymptotes of an hyperbola, 
then will the tangent, T/, be the length o^ the 
diameter, CD', conjugate to the former. 

It moreover follows, that all the inscribed 
parallelograms having their sides parallel to a 
system of conjugate diameters, have their ver- 
tices in the asymptotes, and in the equilateral' 
hyperbola the angle included by any system of ^ 
conjugates is bisected by the asymptote. 

We shall terminate this division of the present chaptisr with the two 
following problems, corresponding to those already solved for the 
ellipse. 



PROBLEM I. 

(86.) The axis and vertex of any diameter being given to find the 
length of that diameter and of its conjugate. 

Let (/, y) represent the vertex of the diameter, 2A', the length of 
'vhich we are to determine. 

Then for the distance of this point from the centre, we have 

A'2=a?'2+ya 

But by the equation of the curve 

B« 

^ A* 



therefore by substitution 



A' -4- B* 
A'2=^^ /«— B^ 

= e^ j^« — B^ 
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Abo since A'* -- B'* = A* — B«, we have 

B'^rre^j-'*— A». 
Consequently 



A' = Ve* ^' — B» and B' = ^/e* /^ — A^ 
Now the above expression for B'* is the same as that for FP • F'P 
in (79), hence as in the ellipse the product of the radii veciores of ami 
poini is equal to tlie square of the semi-diameter corrugate to that 
passing through the point. 



PROBLEM II. 

(87.) The axes of the curve and the inclination of a system of con- 
jugate diameters being given to determine them in length and direction; 
Let the semi-conjugates be A', B^ 
Then we have from equations (3) and (4), p. 108, 

By substituting for B'^ in the second equation its value in the first 
we have after reducing 

A^- A'-B' . , ^t (A'-By . A»B' ) 
^ -~2~ + ^l 4 + sm.»[A'B']i 

Having thus found an expression for A', the value of B' may be 
obtained from the first of the above equations. 

We have now to ascertain at what angles A' and K are inclined to 

A. Let us denote the tangent of the angle at which A' is inclined by 

B* 
a, then the tangent of the angle at which B' is inclined will be -rr> 

A'fl 

= a'. Hence, denoting the tangent of the angle [A', B'] by v, we 

have 

_ a' — a B»~-A«a^ 

^"1 + oa' ■" (A«TBV 
and from this w« obtain by reduction, the quadratic 
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** Referring to the corresponding problem on the 
cttipse, we find that the tangenU of the angles which 
the lupplemeotal chords, meeting in the point (x, y\ 
make with the axis of J? are ^ 

a = ^ , and a' = — -; .... (l)i 
jr-l-A X — A 

and that, consequently, the general expression for the angle P, formed 

«t the point (i*, y), is 

Un. P = i t^-t; • • • • (2). 

y + j"* — A» ^ ^ 

Now the point (i*, y) being in the hyperbola, we must have, from the 

equation of the curve, 

:r«-A«=-jjf i 

t hence, by substitution, equation (2) becomes 

^°'^ = (A' + i3»)y '"'^^^> 
theexpreisioD sought. 
# Ar this rtiult is independent of the sign of x, it follows that the 
angle is the same, whether the chords be drawn to (j, y) or to (— j, y\ 
f Since the preceding expression for the tangent is always positive for 
'my pj;^ in the curve above the axis of x^ it follows that all the angta 
stt6tencM. by tkf^iramverse axis are acute. These angles diminish as 
y inoreasei, till they become C^when y is infinite. 
Multiplying the expressions (1) together, we have 

therefore the product of the trigonometrical tangentt of the two angles 
formed by the iramverse axis produced to the right, and its supplemental 

chordtf U comtant, and equal to -~ 

As this product is positive, wo conclude that the two tingles must he 
either both acute or both obtuse, 
If the hyperbola be equilateral, then 

« A A 

tan. P = - - = -===• 
y V'.i« — A« 
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and 00* = 1 or a =: — 

a' 



but, since tan. = — » it follows that a, of must represent die 

cot. ^ 

and cotangent of the same angle, consequently, m ike, efuU' 

hyperboloy the angles which the supplemental chords make wUk^m 

of X are togetlter equal to a right angle. 



I 

KS 

i 
B 




I 

(j 
1 



PROBLEM II. 

(79.) To find the expression for the radius vector of any pa^' I ^ 
the curve. 

Let X, ^ be the coordinates of any point,P, in 
the curve, then 

FP* = (x— -c)* +y = a^— 2cx + c« 4-^. 
Now equation (8) p. 101 gives 

y = (e»-l)(x«-A«); 
hence, by substitution, 

FP* = x> — 2€x + c» + (c* — 1) (^ — A«) = c*x» — 2er + A» 

.•. FP = ex — A, 
and since F'P — FP = 2A, it follows that 

FP = ex + A; 
hence the radius vector of any point is always a rational fundia ^ 
the abscissa. 

For the sum of the radii vectores we have 

FP + FP = 2cx, I 

and for their product, 

FP- FP=e*j^ — A». 

Prt^itrties of the Hyperbola^ when related to its canfugaie diameUn- 

[^^0.) B)- transforming the equation ofthe hyperbola from rectaogok 
axes to oblique, the origin still remaining at the centre of the cone? 
we shall haA-e the equation 

AVin.** I y* -I- 2A* sin. a. sin. a I xy + A' sin.' a 
— B\\^.*» I — 2B* cos. « cos. a I — B» cos.' a 
when^ «, •* denote the angles which the oblique coordinates x, y make 
v^itK tlu) piimitiTe axis of x. 



x» = — A«P 
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T 

Lei U8 now, as in the ellipse, determine the relation which roust 

ibsist between the angles », »', in order that the term containing xy 

lay disappear from this equation. That such may be the case, the 

efficient of sy must obviously be assumed equal to 0, or, dividing 

lis coefficient by the expression 2 cos. a cos. «', we must have 

A« tan. a tan. a — B" = 0. 
Ceiice the relation between the angles a, a' will be thus expressed, viz. 

B» 

tan. »; = — (1), 

A' tan. » 

y that one of the angles being chosen at pleasure, the other will be 

•tennined by this equation, and tlms an infinite number of oblique 

KiBB exist that will render the transformed equation of the form 

^•»in.««'— B«cos.««Oy' + (A'»sin.««— B«cos.»»)j«=— AMV-'.-Ci). 

his ecjuation will be simplified by putting 

— A» B'* 



A'« for 



A* sin." » — B" cos.* » 
A«B» 



and B" for -r- , -a v — ua — a ' 
A* sin." »' — B* cos." a 

%r then equation (2) may be put under the form 

B will readily appear, by making the proposed substitutions. Hence, 

Lnally, 

A"»y — B'« x» = — A'» B'« (3). 

rhis, therefore, is the equation of the hyperbola, when the oblique axes 
of reference originate at the centre and form angles a, n' with the 
primitive axes of j*, related as in equation (1). 

If in this equation we put 

x = 0; 5/= V— **'"= ± ^V — 1 

y=0; x-±A\ 

Since the value of y for j* = is impossible, it follows that the curve 

does not meet the axis of 3/, but ± A being the value of j for j^ = 0, it 

follows that the curve meets the axis of x at the extremities of the 

diameter, 2A'. 

We must here remark that the imaginary expression ± B|/— I, 
denoting the ordinate at the origin, merely indicates that such ordinate 
does not belong to the curve, or, in other words, that the point deter- 

f3 
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mined by ill fHwniity hti do fMrtepct tJuwiB ; wetnaoljiki 
to ininr thai the oidiiMte ttKlf 1ms bo cnHanoi^ iir Mi iWtate 
oonsidfiiid indepcndentty of te canra^ u^W, sineote il 
value of its sqoare is BP*. Now, as iiaai lliioa^ -tfia ooi 
diaroeteny ^diether Ibej meet the cm* orno^ it is phmtti^ 
assume SB* for ^ length of die diameter, wbi^ coincidesi 
aiis of y just in the same wqr as we befon unmed, SB for dK 
of the principal second diameter, equation (3) will be analo 
equation (6), p. 100/for thesemi-diameleis. A', B', enter into die 
equation in Ae same manner that thesem^-diametew. A, B^a 
the latter. 

(81.) Bjrieasonofthisanalogyintheforatof tiieae twoeqf 
analogous properties of the curve are dedncaUe from cndL ' 
lowing are obvious : 

1. Each diameUTy 2A^ 2&, ImeU ike ekordi drawnpanlk 
other, ZMJnM shown of the principal diameters, 3A, 2B, (m 
Sudi are called cot^ugate diameien, and the equation 

AV— »•«■ = — A«B» 
is the equation of the In^peHn^ rtkBUi to cm^ugaie dinenfuj 

Hence (72) of every system of conjugate diameters, oi 
transver$e and the other a ucond diameter. 

2. Straight UiMS drawn at the extremities of a tratuverwe c 
parallel to its conjugate are tangents to the curve, (71). 

3. A transvene diameter is divided by an ordinate parallel to 
jugate into two parts, such that their rectangle is to the sguan 
ordinate as the square of the transvene is to the square of the ca 
(76). 

4. The line which bisects parallel chords is a straight line. 
For the conjugate to that diameter which is parallel to the 

must bisect thei^. Hence the method of finding the centn 
hyperbola, and of determining the conjugate to any givoi d 
are analogous to those already given for the ellipse (art. 49^. 
From equation (1) it is obvious that the principal diameters 
only system of conjugates which are rectangular, for in ttaX e 

there can never be tan. «' = , except when a = o, ii 

tan* ft 

case we must have a! = 90^. 
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It is fiiither erident, from the same equation, that both the tangents 
A. Mf tan. m', must hare the same sign, so that accordingly as any 
imipliaDffene .is above or below the principal semi-transverse, so 
[fil the semi-conjugate to the former be to the right or the left of the 
iindpal semi-conjugate, the one pair being alvrays included between 
Iw other. 
(82.) Since, from equation (1), 



nd from (4)| p. 103, 



tan. a * tan. «'=.-. 



A« 



f €£ being the tangents of the two angles formed with the diameter, 
1A9 by supplemental chords from its extremities, it follows that 
UmmeUn drawn parallel to a iyttem of wpplemental chords from the 
wincipal trantverse diameter are conjugate and conversely. 

From what has been shown of the supplemental chords (78), it is 
obvious that the angle included by a system of conjugate diameters 
nay be any magnitude from to 180^. 

(83.) Referring again to equation (1), we find that, if the equation 

^present any diameter of an hyperbola, when referred to its principal 
ixes, then will 

^" A«a 
be the equation of its conjugate. 

If the problem at (78) be solved with regard to the transverse 
diameter, 2A', we shall have 

A'* 

where, as in the ellipse, m, m', are the coefficients of x, in the equations 
of two supplemental chords drawn from the transverse, 2A'. 

(84.) Having established these properties, let us now, as in the 
ettipse, return from oblique to the original rectangular conjugates, by 
substituting, in the equation A' V — B'« j:* = — A'« B'« the values for 
X and y already employed at (52), .and for the transformed equation 
we shall have 

6 



mm* = — . 
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-F^sofM +2B'«sm.«'cos.«'l — B'«Mn.««'l 
Therefore, this being identical with 

Ay — B>*» = — A«B», 
we have ihe following equations, viz. 

A'«cos«« — B'«co8.«»' = A* (1) 

A'« 8in.» a — B" 8in.» •' = — B« (2) 

— A'»F«8in.»[A',F] = — A«B» (3). 

By adding (1) and (2) 

A'«— B'« = A«—B»....(4), 
that is, th§ difference of the tguaret of any system of corrugate dim 
ii equal to the difference of the squarei of the principal diameters. 
From equation (3) there results 

4A'F8in.[A'FJ = 4AB. 
Hence, as in the ellipse, the paraUelogram comtructed an amf i 
of corrugate diameters is equivalent to the rectangle on the axes i 
curve. 

These parallelograms are said to be inscribed 
in the hyperbola, as they are included between 
the two branches of the curve, the sides parallel 
to that diameter which does not meet the curve 
being tangents at the extremities of the conjugate 
thereto (81). 

The property (4) shows that if A' = B' then A = B, and conv( 
so that there canpot be a system of equal conjugates, except 
equilateral hyperbola, and in this, each system consists of equa 
jugates. Hence, in the equilateral hyperbola, all the inscribed pa: 
ograms are rhombuses, but in the common hyperbola none are. 
(85.) It has been shown (71) that the equation of the asymp 
when referred to the principal diameters, is 

B 

and in precisely the same manner may it now be shown that whe 
system of conjugates, 2A', .2B', are substituted for the pric 
diameters, the equation of the asymptotes will be 

B' 
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=J If, in thii equation, ne gire to « the value A', the reaulting eipre*- 
iOD foi y will be the leDgth of the tangent dr&WD at the eitremiljr of 
be diAmetcr 3A', and terminated by the aiymptote. Thii length t« 
hnefore ± B", and tbui we obtain a correct notion of the absolute 
iangtfa of any im^nary diameter of the hyperbola. 

Urns, if A'W be any tiansTerse diameter, 

md KL, MN the asymptote* of an hyperbola, 

Jim will the tangienl, T(, be the length oi the 

liameter, CD', conjugate to the former. 

It moreorer follows, that all the inscribed 

tpanllelogtama having their aides parallel tc 

rifjBtem of conjugate diameters, have their vi 

tlOM in the aiymptotes, and in the equilateral- 

bjpMbola the angle included by any system of ^ 

conjugates is bisected by the asymptote. 

Weihall terminate this division of the present chapter with the two 

ibllowing problmnt, corresponding to those already solved for the 

ellipse. 




(86.) The axis and vertex of any diameter being given to find the 
length of that diameter and of its conjugate. 

Let (/,^ represent tlie vertex of the diameter, aA', the length of 
which we are to determine. 

Tien fbr the distance of this point from the centre, we have 

A"=i"+y' 

But by the equation of the curve 

^=-._„. 

therefore by substitution 



A' 
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Abo since A'* — B'* = A* — B«, we have 

B'* = c»/«— A«. 
Consequently | ^ 

A' = V^ ^^^^* and F = y^^^^ — AK 
Now the above expression for B'* is the same as that for FP * FP 
in (79), hence as in the ellipse the product of the radii veciores (f^ 
point is equal to tfte square of the semi-diameter corrugate to M 
passing through the point. | ^ 

\ 

PROBLEM II. I { 



(87.) The axes of the curve and the inclination of a system of en- 
jugate diameters being given to determine them in length and diiecMfc 
Let the semi-conjugates be A', B'. 
Then we have from equations (3) and (4), p. 108^ 

^ = A"Jn^', B'] ^^ A"-B^ = A«- B«. 

By substituting for B^' in the second equation its value in the fifll 
we have after reducing 

A'.^ A'-B' (A'-B'y A'B» ) 

2 ^ }, 4 "''sin.' [A' BQ J 

••^-vl—^+Vl 5 +sin.»[A'B']|l 

Having thus found an expression for A', the value of B' may be 
obtained from the first of the above equations. 

We have now to ascertain at what angles A' and K are inclined to 
A. Let us denote the tangent of the angle at which A' is inclined by 

tf, then the tangent of the angle at which B' is inclined will be -r 

= a. Hence, denoting the tangent of the angle [A', B'] by v, we 
have 

_ a' — a _ B^ — A« fl^ 
^ ~ 1 + aa' "" (A' + B2) a 
and from this we obtain by reduction, the quadratic 
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vhichy solved, gives 

Bod thie value of a is always possible, whatever be the value of v. 

The geometrical construction of , this problem is analogous to the 
oorret ponding problem in the ellipse, it being only necessary to describe 
on the transverse axis a segment of a circle capable of containing the 
pfopoted angle, for then the diameters parallel to the supplemental 
chords from the points where the circular and hyperbolic arcs intersect, 
will Aimish two systems of conjugates, each including the proposed 

Properties of the Tangent to the Hyperbola, 

(88.) It appears from (9) that the equation of a straight line 
passing through two points (x^, y) and (je", %/') is 

If these two points belong to an hyperbola, we must have, from the 

equation of the curve 

A'«y«-- B'»/« = — A'* B'« (2) 

A'»y'« - B'» s!'^ = — A'« B'« (3). 

Subtracting (3) from (2) there remains 

A'» (y + yo (y -yo = b'» (y + o^") (^r' - o 

'V— /'"A'^'y+y 

Hence, by substitution, equation (1) becomes 

B'* y 4- j" 

Let us now suppose that the points (/, j"), (s!'^ y) are identical, 
then the secant will become a tangent to the curve at the point (i^, y') 
and its equation will be 

or 
A'»y y — B'« J j' = — A" B^ 
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SO that the equation of the tangent is obtained from that of the curve, 
as^in the ellipse, by substituting yy' for y^ and xx' for x'^. 

When the rectangular conjugates are taken for axes, the equation is 

in which tlie coefficient expresses the trigonometrical tangent of 

the angle PRX, formed by the tangent to 
the curve and the axis of x. This angle 
is obviously acute or obtuse, according as 
the abscissa of the point of contact is po- 
sitive or negative. 

For the normal, or perpendicular, PN, to the tangent, from the 
point of contact, P, the equation is 

To determine the length of the subtangent, MR, put 3/ = 0, in the 
equation of the tangent, and we shall have for the corresponding 
value of jT, 

X = OR = — ' 

X 

which, deducted from x' •=. OM, leaves 

MR = ^li;:^' 

From the equation of the normal we readily find the length of the 
subnormal, MN. For, putting in that equation, for y, we have ON 
for the resulting value of a:, and taking OM, or j, from this, we have 

A* 
From the two last expressions we obtain those for the tangent and 

normal. Thus, since 

PR = t/MR« H- PM», 
^e have, by substitution, 

B* 

or, since y^ = — {x'^ — A^, 
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PR = • {^-^,^' + b; (y. _ A-)} . 

A Uke roanner, because 

PN = |/MN«-fPM«, 
WB have, by substitution, 

PN = |^{(i+g)y«-A»} 

' (89.) Collecting these several formulas together, we have the fol- 
lowing expressions. 

The equation of the tangent is 

gay 

The equation of the normal is 



The length of the tangent is 

T=w-^,^+i;('"-A')}. 

The length of the normal is 

* * B 

N = ?t^(cV» — A»). 
A 

The length of the subtangent is 
The length of the subnormal is 

(90.) Since the expression for the subtangent remains the same 
for all values of B we infer, as in the ellipse, that in every hyperbola 
described upon the same axis, 2A, the subtangent is the same for the 
saroe abscissa. 

Had the tangent been referred to oblique conjugates, instead of rec- 
tangular, the expression for the subtangent would have differed from 
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that above only in this, that A' would have occupied the place of A, 
that is, we should have had 

and as this is independent of the sign of y, we conclude that from any 
point without an hyperbola two tangents may be drawn to the curve, 
viz. one to the point (/, y), and the other to the point(y, — y). 

That more than two tangents cannot be drawn from the same point 
is obvious, for the subtangent must vary if / does. 

From the general expression for the subtangent, just given, it 
follows that 

T,/ = (*' + A')(*'-A'), 
that is, as in the ellipse, the rectangle of the subtangent and abscisuof 
the point of contact is equal to the rectangle of the sum and difference 
of the same abscissa and semi-transverse axis. 



Thus 

OM-MR = A'MMB' 



r ■ 

(91.) If we compare the expression for the normal with that for ^ 
product of the radii vedtores, we find) as in the ellipse, that 

■*• A* 

that is, the rectangle of the radii vectores of any point is to the square 
of the normal as the square of the transverse axis is to tlte square of the 
conjugate. 

If the hyperbola be equilateral, then 

N« = FP'FP; 
consequently (84) and (86) the normal at any point of an equUatend 
hyperbola is equal to the distance qjf that point from the centre. 

If B' represent the semi-diameter conjugate to that passing through 
P, we shall have (86) F'P • FP = B'«, hence, by substitution, in the 
expression for N", above 

A • N = B • B'; 
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= 0,we A|^ 



so that, as in the ellipse, the rectangle of the iransvene axis and the 
normal is equivalent to the rectangle of the second axis, and the semi- 
diameter parallel to the tangent. 

If, Iq Uie annexed diagram, OC be the semi- <^^ 

diameter parallel to the tangent at P, then from 
these theorems we must have 

F'PFP:PN«:: AB«:CD*, 
and 

AB • PN = CD • OC. 

(92.) In the general equation of the tangent (88) if we put a: = 0, 
we shall have for t/ the ordinate, OT, at the origin, and the equation 
will become ^, P 

OT • y = OT - PM = — B'* = OC'V 
and if; in the same general equation, we put jr 
shall have for x the ahscisss^ OR, and the equation 
then gives ^^ 

OR • y = OR • OM = A'«= 0B'«. 
Hence, as in the ellipse, ihe rectangle of the ordinate at the point 
of contact and ordinate of the tangent at the centre is equivalent tQ 
the square of that semi-diadieter which is taken for the axis of ordi« 
nates ; also, the rectangle of the abscissa of the poitit of coi^tact and 
of the point where the tangent meets the axis of abscissae i» equiva- 
lent to ^e square of that semi-diameter which is tdken Ibr the axis of 
abscissas. 

If we put X = A', in the same general equation 
of the tangent, the resulting value of y will express 
the ordinate B7, which being parallel to the 
diameter conjugate to that through B' will be also 
a tangent to the curve. ' If instead of A', — A be 
substituted for j-, we shall in like manner have 
the value of the tangent AY for the corresponding ordinate. By 
making these substitutions, and proceeding as in the ellipse (63), we 
shall arrive at the same property in the hyperbola, viz. 

AY • B'^ = B'» = 0C'«. 
(93.) By thus imitating the investigations already given at length 
for the ellipse, we shall find that the properties of that curve established 
at pages 91, 94, equally belong to the hyperbola. With regard to 
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the property at (66), however, where it is shewn that the normal at 
any point bisects the angle formed by the radii vectores, it will be 
found that in the hyperbola the exterior angle is to be understood, and 
the reference will here be to Geom. p. 198, instead of p. 87, as for the 
ellipse. We shall now leave the student to investigate for himself 
these remaining properties of the hyperbola, which,, after what has 
already been shewn of the ellipse, he will find an easy, and, at the 
same time, an instructive exercise. In each case the diagram should 
be neatly sketched, and the disposition of the several lines employed 
compared with the corresponding lines in the ellipse. 

On the Asymptotes of the Hyperbola. 

(94.) It has already been seen (71), that the asymptotes, KOL, 
MON of the hyperbola, make angles, KOB, MOB, with thik principal 

B B 

transverse, of which the tangents are respectively - and — - ; so that 

A. A 

these angles being supplements of each other, the ^ ^ 

angles, KOB, NOB, are equal. Let it now be yV..„.^ // 

required to transform the equation of the hyper- \i /v 1 /x^ 

bola, from the rectangular axes, OB, OC, to the a V^ /C>^//t 

oblique axes ON, OK, the new axis of x being / /\A/\\ 

below the primitive. For this purpose, we must // ^ >^ 

employ the formula (2')> at p. 62, which, since ^ ^ 

a = a , becomes for this case 

X = (j: -f- y) COS. » 

y =.(y — x) sin. a. 

Substituting, therefore, these values for x and y, in equation (6), p. 

100, we have 

A* (y — xy sin.» « — B» (x + yf cos.« a = — A» B». 

B B' A' 

But, since tan.a = — .*. sin.' «'= and cos.* a = —- — -^ 

A A "7" D A. ^ D 

therefore this equation becomes, by substitution, 
A« B2 A'* B' 



AS 4. B* ^ ' A* -f B« 
that is 
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the equation of the hyperbola when referred to its asymptotes. 

The asymptotes are the only system of axes that can render the 
equation of the hyperbola of this form, in which both a^ and y^ are 
absent ; this will be readily proved by taking the general transformed 
equation at (80), and determining the values of a and a', so that the 
terms involving x^ and ^* may disappear, for we shall then find that 
these angles can be no other than those formed by the asymptotes with 
the axis of x. 

Calling the angle KON, included by the asymptotes (p, we have 

from the foregoing equation, 

. ^ A«H-B2 . ^ 

xy sm. (p = sm. (p. 

4 

The first member of this equation expresses the parallelogram, PO, 
contained by the coordinates of any point, P, in the curve. The 
second member is constant, and expresses a fourth of the parallelogram, 
ACBD, formed by joining the vertices of the principal diameters for 
A« + B« = AC = AC • AD .-. J(A2 + B«) sin. (p = i parallelogram 
AB ; and this is obviously equivalent to half the rectangle^ of the 
two principal semi-diameters. Hence we infer this remarkable pro- 
perty, viz. If firom any number of points in the hyperbola lines be 
drawn parallel to, and terminating in, the asymptotes, the parallel- 
ograms so formed will all be equal to each other, and to half the 
rectangle of the principal semi-diameters. 

In the equilateral hyperbola, these parallelograms are all rectangles, 
and the rectangle of the principal semi-diameters is a square. 

PROBLEM r. 

(95.) To find the equation of the tangent to an hyperbola when 
referred to the asymptotes as axes. 

First, let us consider a secant or line passing through two points of 
the curve (/, y% (/%y")y then tliere must exist the following equations, 
viz. 
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x'y^ = yy. 



Adding to the second equation the identity — x' y" + x' y" = 0, it 
may be put under the form 

, ^(y-yo+y'(*'-^')=o.-.5^'=-fi^ 

Hence, by substitution, the equation of the secant becomes 



If we suppose x' = a!' and y' = y, the secant will become a tangent, 
and the equation will then be 

5,-y=— <(r-,r')....(l)- 

X 

Putting, for brevity, m* for x'y'^ or — -^- — > and multiplying each 

4 

side of the equation just deduced by x'^ the equation of the tangent 

will appear under the more simple form 

ysf + x/ = 2/»* .... (2). 

In this equation let x = 0, then 



X 



.(3). 



Let 3/ = 0, then 



.(4). 



.-. OT-Or = l^=4m2 

OT • or 




sin. f = 2m^ sin. <p. 

This proves that the area of the triangle formed by a tangent and 
the portions of the asymptotes intercepted between it and the centre 
is constant, and equal to the rectangle of the principal semi-diameters. 

Equations (3) and (4) show that 

OT = 20M and OT = 20M', 
from either of which equations it follows that the tangent, TF, between 
the asymptotes is bisected at the point of contact, as we already knew 
from (85). 

Since OB' bisects TT, it must also bisect every line, SS', parallel 
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to TT.* The same line also bisects the chord PP; hence SP = 
S'P', that is, if any line cut the asymptotes and curve, the parts in- 
cluded between the asymptotes and curve are equal. 

(96.) The analytical value of either of these intercepts will be 
expressed by subtracting the ordinate of the curve from the ordinate 
of the asymptote, for any proposed abscissa. Thus, if x denote the 
abscissa common to the two points S, P, then for the intercept SP we 
have 

^ A' A'^ ' 

and for PS' the expression will be 

Multiplying these two values together, we have 

SP . PS' = B". 

Hence, if a straight line be drawn through any pointy P, tit an 
hyperbola, the rectangle of the parts thereof intercepted between that 
point and the asymptotes will be equal to the square of the parallel 
semi-diameter. , 

Consequently, if any number of parallels be drawn, and are termi- 
nated by the asymptotes, the rectangles of the parts into which they are 
cut by the curve will all be equal. 

We shall terminate the present chapter with the following problem : 



PROBLEM II. 



(97.) Knowing the asymptotes and a point in the curve to construct 
the hyperbola, and to determine the lengths and directions of the :jr 
principal diameters. 



* This might also have been inferred from the equations of the asympto- 

tes, viz, y = -T, 1 and y = — -, x, for they show that y = — y, 
* A A 
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Let KL, MN be the asymptotes, and P 
the g^'vren point. Through the point P 
draw any number of secants, SS', S" S'", 
5, s% &c. to the asymptotes, and so many 
points of the hyperbola will then be deter- 
minable. For, if we make the distances 
S'P', S'"P", ficc. respectively equal to .the 
distances SP', S"P, &c. the points P, F, 
P", &c. will belong to the hyperbola, of 
which KL, MN are the asymptotes, and by thus determining a 
sufficient number of points the curve may be traced. 

To determine the directions of the principal diameters of the curve 
thus constructed, we shall have merely to bisect the angle 9, or KON, 
and its supplement, MOK. 

As to the magnitudes of these diameters we have, by denoting the 
coordinates of the given point, P, by af, y'^ 




But, (71), 



or4yy = A2 + B» = A«(l+J' 

B 

tan. \^—±- 



hence, by substitution, 

^sfy' = A'* (1 H- tan. ^i^), 
whence 

A» = — 1^~_ = 4^ y . COS. »J(p 
1 -i- tan.« \(f ^ ^ 

.-. A = 2 COS. \(f y/^'y'9 

and B = A tan. i9 = 2 cos. \^ tan. \^ V ^'if = 2 sin.^^^jr'y. 

By means of this problem we can construct the hyperbola, when any 
system of conjugate diameters are given. For if at P, the extremity 
of one of the diameters, we draw a line parallel to the other, and mark 
on this line two points, one on each side of P, at distances from it 
equal to the parallel semi-diameter, these points will be on the asymp- 
totes ; these, therefore, may be drawn, and we shall then have the 
asymptotes and a point, P, in the curve to construct the hyperbola. 

f 




ON THE PARABOLA. 

Itt Equation and Propertkt. 

{98.) A parabola is a curve in which any point, P, is equally distant 
from a fixed point, F, and a straight tine, K K', 
given in position. Thus PF is always equal to 
the perpendicular, PD. 

The point F is called the focus of the parabola, 
and the line KK' the diiectrii. The distance of 
the focus from auy point in the curve is called 
the focal distance, or radius vector of that point. 

This curve is described by points, as follows: 
HiMiigh the focus, F, draw the straight line, GFX, perpendicular to 
die directrix. Bisect FG in A, then A will be a point in the curve for 
AF = AG. Take now any point, M, in AX, from which draw a per- 
pendicular to AX, and from the focus as a centre, with the distance 
HG, for radius; describe an arc cutting this perpendicular in P, F, 
Ibtn P, P' will be points in the curve, for, by construction, PF = PD 
and E*'F=P'D'. Alike construction will furnish two new points, 
and this determination of points may be continued till the path of the 
curve becomes obvious. 

Any portion of this curve may be described by con- u 
tinuous motion. Thus, suppose we had to describe a 
parabolic arc, having the point A for its vertex, and F 
fbr the focus; then, having drawn the directrii, DD', g _ 
apply to it one of the sides, DE, of a square, DEG, 
and to the points G and F fasten the extremities of 
a cord, equal in length to EG ; then with a pencil, P, 
stretch this cord, so that the pact PG may always 
coincide with the side EG of the square, while the other side, DE 
moves along the directrix. The point P will thus describe the 
required curve, for we shall always have FP + PG = PE + PG, and 
dierefoce always FP = PE. 



122 



ANALYTICAL GEOMETRY. 




(99.) In order to determine the equation of the 
parabola, let us take the rectangular axes, AX, 
AY, originating at the point A on the curve. 
Put m for AF, and x, y for the coordinates of 
any point, P, in the curve, then 

FP« = PD« = y» + (j- — m)» 
But PD« = (AG -I- AM)* = {m xf 
.'. y^-\- (x — my z=(x -\- my 
.\y^ = Amx .... (1), 
the equation of the parabola required. 
From this equation we get 

X = Ji-; y — yAmx. 
Am 

The first of these equations shows that the curve is entirely to the 
right of the axis YAY', since the abscissas are all positive ; it shows, 
moreover, that this axis is a tangent to the curve at A, since x can be 
only when y is. The second equation shows that for the same 
abscissa there are two equal ordinates situated on opposite sides of 
AX, that is, AX bisects all the chords drawn parallel to AY. The 
same equation shows that y will always be possible so long as jt is 
positive, so that the curve extends indefinitely to the right of AY, both 
above and below AX. 

The point A is called the vertex, the line AX the principal axis of 
the parabola, and AY the principal second axis. These axes are un- 
limited, but, as the former bisects all the chords drawn parallel to the 
latter, it is called a diameter. 

(too.) The equation of the parabola, in terms of the principal /Nzra- 
mefer, or double ordinate, through the focus, is at once obtained from 
equation (1), for, since the distance of this double ordinate from, the 
origin is wi, we have, by substituting this value for a*, and putting p for 
the parameter, 

y» = 4m* or 3^ = 2»i = ip . . . . (2), 
,'. y^ zz px , . . . (3), 
the equation of the parabola, in terms of the parameter. 

From equation (2) it appears that the semi-parameter is equal to the 
distance of the focus from the directrix. 
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Since, from equation (.3), the square of any ordinate is equal to the 
abscissa multiplied by a constant quantity, it follows that for every 
point in the curve the abscissas are as the squares of the ordinates. 

Properties of the Parabola, when related to its corrugate Axes. 

(101.) Let us now transform the equation of the parabola from 
rectangular coordinates to oblique, in order to determine, as in the 
preceding curves, those systems in reference to which the equation of 
the parabola preserves the same form. For this purpose, let us sub- 
stitute for X and y, in equation (1), the values 

X = a -^ X cos. cc -{-y cos. ec' 
y = b -}- X sin. a + y sin. a', 
and this equation will then become, after transposing, 

y* sin.* a' -f- 2a:y sin. et sin. et' -^ x^ sin.' et-\- b^ — ap •% 
-H {2b sin. «' — p COS. a*)i/ -\- (26 sin. a — pcos. a)xS "" 
Now, in order that this equation may be of the form y' = kx, we 
must have the following conditions, viz. 
sin. a sin. «• = 0, sin.' a = 0, 26 sin. a' — /> cos. «' = 0, and 6' — ap 

= (1), 

and, when these subsist, the equation reduces to 

y — - ~: — r~/ ' X . , . , {2). 



sm.'a 



In the foregoing general transformation we have supposed the origin, 
as well as the inclination of the axes, altered, because had the trans- 
formation been confined to the direction of the axes, in which case a 
and b would have been 0, we could never have obtained the form (2) 
fbr any oblique system of axes, for the conditions (1) would have led 
OS back to the original rectangular system, since we should then have 
had « = 0, « = 90°. 

The second of the conditions (1), which necessarily establishes the 
first, shows that the angle included by the old and new axes of x must 
be 0, that is, these axes are parallel, a' therefore will express the in- 
clination of the new axes, and this inclination, as determined by the 
third condition, is 



• • • • v^y 9 

G 2 



tan. «' = i^ . . . . (3) ; 



124 ANALYTICAL GEOMETRY. 

and for the value of b we have, by the fourth condition, 

b^=pa , , . , (4), 
in which equation a may be any value whatever ; hence b, and con- 
sequently a', may take an indefinite number of values, so that the 
systems of coordinates that will render the equation of the parabola of 
the form (2) are unlimited in number, and firom equation (4) it is 
obvious that in each of these systems the origin must always be on the 
curve, for that equation represents a point in the parabola, of which 
the coordinates are a and b. 

(102.) The form of equation (2) shows that for every positive value 
of .r there are two values of ^ equal numerically, but opposite in sign, 
therefore the axis of x bisects all the chords drawn parallel to the axis 
of y ; hence the axis of j: is always a diameter. From this and the 
preceding article, it follows that all the diameters are parallel to each 
other. 

The same equation shows that no part of the curve can be to the 
left of the axis of y, for y is impossible for all negative values of j ; 
moreover, since y must be when x is, it follows that the axis of y is 
a tangent to the curve. These two axes are called conjugate axes, 

(103.) Since (3) 

tan.* «' = ^ .-. sec.« a' = 1 + 4-. 
46* 46* 



.'. sin.* a' = 



• • 



tan.* a' _ p* _ p 
sec* a' " 46* +1?' ~" 4o +/) 



-, = 4a -I-;? = 4 (a -f ^ ) = 4 (a + r/i). 



sin. *a' 4 

Now a -f m expresses the distance of a point, A', 
in the parabola of which the abscissa is a, from the 
focus. This distance, A'F, is the radius vector of 
the point A', therefore representing it by r, equation 
(2) becomes, by substitution, 

y^ = 4rx .... (5). 

This, therefore, is the equation of the curve, related to any system 
of conjugate axes. It obviously includes equation (1), p. 122, in 
which the value of r, the radius vector of the origin, is m. 

(104.) In article (100), it was found that the principal parameter is 
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equal to Am^ the coefficient of Sy in the equation of the curve, when 
referred to rectangular conjugates. By analogy, the coefficient 4r, 
when any system of conjugates are employed, is called the parameter 
of that diameter, which is taken for the axis of x, so that generally 
the parameter of any diameter is equal to four times the distance of 
its vertex from the focus* By equation (5) the parameter is always 
equal to the double ordinate, corresponding to the abscissa x = r. 
We shall hereafter see that this double ordinate always passes through 
the focus. 

The property in (lOO), viz. that the abscissoi are (u the squares of the 
urdmateSy is obviously true for every system of conjugate axes. 

Since, in the condition (4), a and consequently 6, may take any 
value fromO to infinite, therefore tan. a, in the condition (3), may 
take any value between and infinite, so that conjugate axes may 
enst inclined to each other, at any angle not exceeding a right angle. 

Properties of the Tangent to the Parabola, 

{105.) The equation of a straight line passing through two points 
(y,y)and(j/',yOis 

If the two points are on a parabola, then we must have 

y** = 4rj:' (2) 

y/2 _ 4y.j,// (3,) 

.-. (y +y") (y- yo = 4r (^'-^o 
. y— y _. 4r 

hence, by substitution, equation (1) becomes 

which, when the points {pi^,y') and {x",y") coincide, reduces to 

y— y = -7 {x-^sf) (4), 



y 



the equation of the tangent. 

This equation may be simplified; for, multiplying by y', an^ 
transposing. 
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or, substituting for y , its value in (2), 

y%f = 2rx — 2rj:' •\- Araf 
/. ^ = 2r (x H- x*) . . . . (5). 

This equation differs from that of the curve (103) only in this, that 
y* and 2x are here replaced by y/ and x -\' x*. 

From the equation of the tangent we readily 
find that of the normal, or perpendicular, PN, to 
the tangent passing through the point of contact, 
x'y y. This equation, in reference to the rectan- 
gular conjugates, or when r = m, is 

From the equation of the tangent we may also detennine the length 
of the subtangent, MR, being the distance intercepted between die 
ordinate of the point of contact and the intersection of the tangent 
with the axis of x. For, putting, in equation (5), y == 0, we have for 
the resulting value of x, whatever system of conjugates be employed, 

X — — of ,\ MR = 2jr'. 
To find the expression for the length of the subnormal, MN, put, in 
the equation of the normal, y = 0, then for x we have the length, AN, 
and for x — x", the length required ; hence 

X — xf = MN = 2/». 
For the length, PR, of the tangent we have 

PR = |/MF* -f MRa = v^^^+4?^ 
= 2y/mx' + x'^. 
And for the length of the normal. 



PN = |/MP« + MN» = v^y» -H 4m« 

z=.2}/mx^-\-m^, 
(106.) Collecting these expressions into one point of view, for 
more convenient reference. 
The equation of the tangent is 

The equation of the normal is 

y—y' — — ^Q^ — xy 
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The length of the tangent is 

T = 2 |/m7ip?«. 
The length of the subtangent is 

T, = 2x'. 
The length of the normal is 

N = 2t/wF+w?. 

The length of the subnormal is 

N, = 2m. 

These expressions lead immediately to several properties of the 
curve. Thus the expression for the subtangent at once shows that 
the subtangent is alwayz double the abscissa for every system of con- 
jugate axis ; in other words^ the subtangent is always bisected by the 
curve. As the same expression is independent of m, it follows that 
for every parabola having the same principal axis the subtangent 
measured on that axis is the same for the same abscissa. 

The first-mentioned property above suggests an easy and obvious 
method of drawing a tangent to a parabola, when the abscissa of the 
point of contact is given. 

From the last of the above expressions it appears that, for every 
point in the curve, the subnormal is constant, and equal to the distance 
of the focus from the directrix, 

(107.) Comparing together the expressions for the tangent and 
normal, the subtangent and subnormal, we find that, when ^ = m 
that is, when the tangent passes through the extremity of the latus 
rectum, the tangent and normal are equal, as also the subtangent and 
subnormal. The equation of the same tangent, in reference to the 
principal axes is 

y — 2m = — (x — m) 
2m 

,' , 1/ =: X -\- m. 

But x-^rm expresses the distance of any point (x, y) in the curve 

from the focus ; therefore any ordinate to the focal tangent is equal to 

the radius vector of the point where this ordinate cuts the curvcy so 

that the focal tangent cuts from the tangent, through the vertex of the 

prindptd axis, a part equal to the distance of this vertex from t/te 

focus. 
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ThvLS, in the annexed diagram^ 

MN = FP, 
and 

AT = AF. 

(108.) If to the subnormal, MN, = 2m, we add 
FM = y — m, we have 

FN = :p'-|-m = FP; 
therefore the angle FPN = angle FNP = NPX', 
that is, the radius vector and the diameter at the ^ 
point of contact are equaUy inclined to the tan- 
gent. 

The same property might have been derived from (106) ; for, tiiice 
AR = AM=:*', /.FRrzy + wrrFP .-. FPR = FRF = R'tX'. 

From this it appears that the points where the tangent and nonnil 
intersect, the axis are at the same distance from the focus as the point 
of contact, and therefore either may be easily drawn. IfX'Pbe 
produced to cut the directrix in D, and FD be drawn, then, since 
DP = PF, and DPR = FPR, .-. PQ bisects FD at right ang^, and 
Q is always on the axis, AY ; for this line, bisecting F£, must bisect 
every other line, FD, drawn to £D from F ; it follows, therefore, that 
o tangent and a perpendicular to it from the focm alwa^^e mtenect on 
the principal second axis ; therefore the square of the perpendicular is 
equal to the product of the distances of the point of contact and vertex 
from the focus, that is, FQ« = FP • FA = FR • FA. 

From this property we may derive an easy method of drawing a 
tangent to a parabola from a point either within or without the curve 
Thus, let P be a point either within or without the 
curve, through which it is required to draw a 
tangent. Draw PF, upon which describe a semi- 
cirele, and through the point Q, where it meets 
the second axis, AY, draw PQ, which will be the 
tangent required. 

If the point be in the curve, the semicircle will 
meet the axis in but one point ; but, if it be with- 
out the curve, there will be two points of inter- 
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section. For^ in the former case, since FP = PD, a parallel, OQ, 
through the middle of FP must be equal to PO, and at the same time 
less than zay other line drawn from O to the axis AY. In the latter 
case, the circle on PF must cut AY in another point beside Q, for, if 
AY were a tangent to both circles at this point, the circles would 
touch there, which is impossible, since they meet also in F ; hence 
from any point without a parabola two tangents may be drawn to the 
curve, a fact which might obviously have been inferred from the 
expression for the subtangent, which, being independent of the sign 
of y, shows that for the same abscissa there are two tangents, the one 
above and the other below the diameter, passing through the proposed 
point. 

When the directrix is given, another means of drawing the tangent 
is suggested from (108). Thus from the given point, P, as a centre, 
with a radius equal to PF, describe an arc, cutting the directrix in D, 
fiom which point draw a parallel to the diameter, and it will cut the 
curve in the point of tangence. 

We shall conclude this chapter with the following problem : 

(109.) Pairs of "tangents to a parabola being always supposed to 
intersect at right angles, to find the locus of the points of intersection. 

Let PD, P'D be any pair of tangents intersecting at right angles 
in D, and parallel thereto draw FQ', FQ 
from the focus, then (108) the points Q, Q' , d^ 

will be on the second axis, AY, which will "^ -^ ^ 

divide the rectangle, FD, into two equal ^ 
triangles, DQQ,' FQQ', therefore D(2, the D^ 
altitude of the former, is equal to FA, the h 
altitude of the latter ; hence Xht locus ofDU ^C " 
the directrix, I V 

Since D' is a right angle, and the angle N^ 

DPF = DPD', and PF = PD', .-. DFP is \ 

a right angle. In like manner, DFP' is a right angle ; hence, first, 
the part oj the tangent intercepted between the point of contact and the 
directrix y subtends a right angle at the focus; second, the line joining 
the points of contact of perpendicular tangents always passes through 
the focus, 

G 3 
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ON POLAR COORDINATES. 



(110.) In order to determine the analytical representation of a curve 
line, our object has hitherto been to obtain an equation between the 
rectilineal coordinates of any point in it. But besides this method 
there is another, and which consists in first assuming a point upon a 
fixed straight line, and then determining the position of any point in 
the curve, by means of an equation between its distance from the as- 
sumed point and the angle formed by this distance and the fixed line. 
The assumed point is called the pole ; its distance from any point in 
the curve the radius vector ; and the radius vector, together with its 
angle of inclination to the fixed line, are called the polar coordinates 
of the point. 

Thus assuming the point A on the fixed line, AX, 
as pole, then the polar coordinates of any point, P, 
will be the radius vector, AP, and the angle PAX. 
To deduce the polar equation of a curve firom the 
rectilineal is an easy operation ; Thus : -^ ^ 

Let P be a point in a curve related to the rectangular axes AX, AY, 
then AM, MP will be the coordinates of this point ; but, if the same 
curve be related to polar coordinates, A' being the pole, and A'X' the 
fixed line, then will the coordinates of the same y 
point be A' P and PA' X'. Draw A' X" parallel to 
AX, and denote the radius vector. A' P, by r, the 
angle PA'X' by u, and the angle X'AX" by a, j^ 
then the angle PA' X" will be « -f «. Let, also, 
a, b represent the rectangular coordinates of the pole. Then, since, 
AM = AB -h A'Q, PM = A'B + PQ, 
and A'Q = A'P • cos. PA'Q; PQ = A'P • sin. PA'Q, 
we have, by substitution, 

jr = a -f r • cos. (« -f a) ; y = 6 + r • sin. (w-f- »).... (1) ; 
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therefore, by substituting these values for x and y, in the primitive 
equation of the curve, we shall obtain the transformation desired. 

If A'X' is parallel to AX, then a = 0, and the preceding formulas 
become 

or = a -j- r • cos. w ; y = 6 -|- r • sin. w . . . . (2). 
If the pole coincide with the origin of the primitive axes, and the 
original axis of a: be taken for the fixed line, then, in the last formulas, 
a and 6 are 0, so that, in this case. 

x-=.r COS. u; y = r sin. w . . . . (3). 
Let the curve proposed be a circle, of which A, the origin of the 
rectangular axes, is the centre, then the equation, in reference to these 
axes> is 

^ -I- j« = R», 
and the polar equation, in its most general form, is found, by means 
of formulas (1), to be 

r* -f 2r (i sin. [w -f «] -h a cos. [w 4- «]) + fl« + 6» = R^. 
We ^all now proceed to determine in succession the polar equa- 
tions of the three other curves. 




PROBLEM I. 

(111.) To find the polar equation of the ellipse, either focus being 
the pole. 

Let F be the pole, and AB the fixed axis ; 
then the coordinates of the pole are, in this 
case, a =^ c ^ Ae, 6 = 0; therefore the for- -^{^ F 
mulas (2) become 

X = Ae-{-r COS. u; y = r sin. « ; 
tiiese substituted for x and y, in the equation of the curve, 

y» = (l— OCA'-r'), 
transforms it to 

r» sin.« « = (1 — e^) [A* — (Ae + r cos. «)*] 
= (1 — e^) [A(l + c) + r COS. «] [A (1 — e) — r cos. w] 
= A' (1 — e^« — 2 Ae (1 — e») r cos. w — (1 — e^) ^ji ^os.^ «, 
or, since r* sin.* « = r* — r' cos.'* «, we have, by substitution, trans- 
position, &c. 
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2Ac(l— epcos. a; A«(l — c^ 

"*" 1— e'cos.^w '' "■ 1 — . e» COS.* •» 
This quadratic, solved, gives 

— ± A(l — e') — Ae(l — c»)co8.ft y 

"" 1 C* COS.* » 

Kf^ j\ ±1 — ec os. w 

^ ^(1 +ecos.«)(l — ccos. «) 

= A or — A J . . . . (1). 

1-fccos. « 1 — ecos. M 5 

It hence appears that there are two values of r measured in opposite 
directions^ for the first value is essentially positive, whether « be acute 
or obtuse, since both t and cos. » are always less than 1, and for like 
reasons the second value is essentially negative. These two values 
therefore represent the two portions into which the focus divides the 
focal chord, inclined at the angle a to the major diameter. 

If we disregard the signs of these portions, and consider only 
their absolute lengths, we shall have no occasion for the second 
expression, , since it will then be included in the first, provided we 
conceive tfie variable angle » to go through all the degrees of magni- 
tude from 0° to 360°, . while the radius vector revolves round the 
pole.* With tMs condition, therefore, 

r = A "^ \ . . . . (2), 

l+ecos.i*) ^ ' 

is iht polar equation of the ellipse, when the focus is the pole. 

The equation would have been similar if the other focas had been 
taken for the pole. 

The polar equation would have been obtained more expeditiously 
by employing the expression already found for r at (47), and sub- 
stituting therein Ae -f r cos. at for j:, as upon trial the student will find. 



PROBLEM II. 

(112.) To find the polar equation of the ellipse, when the centre is 
the pole. 



* Thus the angle BF'F will be a re-entrant angle equal to 180<* -f-w. 
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The solution of this problem is left for the student to perform. If 
the radius vector be denoted by f', and the variable angle by v\ the 
equation will be 



''"■^^ll--c«cos.«o/) 



PROBLEM III. 

(113.) To find the polar equation of the hyperbola, either focus 
being the pole. 
We shall solve this problem by the method indicated at (111). 
Taking F'* for the pole, put ta for the angle PF'X, then (79) we 
have 

r = e j: + A ; 
hence, substituting for x the value given in formula (1), where a = — 
c = — Ae, and 6 = 0, there results 

r'=-er cos. w — Ae* + A 
» .'. r (1 — c cos. «) = — A(e' — 1) 

.*. r = — A ^ ^ ~" > . . . . (1). 

1 — e COS. « > 

If the other focus had been taken for the pole, Ae would have 

been positive and A negative (79) so that, in the value of r A would 

have been positive, that is, we should have had 

r = A ( (2). 

1 — c COS. « 5 

In this case, however, it is customary to employ not the angle 

PFX, but its supplement, PFB = 180° — w, the cosine of which is 

— COS. a; ; hence, putting vl for the angle PFB, the last equation 

becomes 

r=:A ^ f~-^ , \ ....(3). 
l+ccos.«'5 

If, in these equations, » and vf be negative, the value of r will 

remain unaltered, because the cosine of a negative arc is the same as 



* See the diagram at p. 95. 
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the cosine of a positive arc ; hence the whole of the branch PE^ is 
represented by the equation (1) or (3), according as the pole is at 
F or F. 

If we transpose the poles, and then consider the angles u, and i/ 
measured in the opposite directions to those above, it is obvious, from 
the symmetry of the two branches, that the same equations will then 
characterize the other branch of the curve. 



PROBLEM IV. 

(114.) To find the polar equation of the hyperbola, when the centre 
is the pole. 

By substituting r' cos. of for x, and r' sin. u for y, in the equation 
of the curve, the expression for the radius vector will be found to he 

^ I e^ cos.* u — 1 ) 



PROBLEM V. 

(115.) To find the polar equation of the parabola, the focus being 
the pole. 

Put u for the angle PFA, then cos. PFM = — 
cos. a. Hence we shall have to substitute in the 
equation y* = 4mx of the curve m — r cos. u for 
jcy and r sin. u fory, which, after substituting 1 — 
cos.' u for sin.' ej, transforms it to 

(1 — cos.' «) r* + 4m cos. w r = 4m^ 

__ — 2m cos. Of ± \/4m' cos.' at -\- 4/n' (1 — cos.' «) 

1 — cos.' U 
— 2m ( — cos. Of ±1) 
~~ 1 — cos.' u 

.•.r=-- ^or — I (1). 

1 + COS. u 1 — cos. u S 

The first of these expressions is always positive, and the second 

always negative. The first denotes FP, and the second FP. The 
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second expression is incladed in the first, abstracting from the sign, 
provided we conceive the angle u to pass through all stages of nu^- 
nitude from to 360°, while the radius vector revolves round the 
pole, since then the sign of cos. u will change as soon as the radius 
vector descends below FM. 

We may here remark that, by adding together the two values of r, 
in equation (1), we obtain for the absolute length of any focal chord 
pp/ __ 2ffi 2»w Am 



1 + COS. u 1 — cos. u sin.* u 
This expression is identical with the coefficient of x, in equation (2,) 
p. 123 ; we may now, therefore, infer the property alluded to in art 
103, viz. that in the parabola the parameter of any diameter is always 
equal to the double ordinate passing through the focus. 

(116.) If from the focus there be drawn a perpendicular to the 
radius vector of any point to meet a tangent to the curve at that point, 
the part intercepted is called the polar subtangent of the curve at that 
point. We have already seen (108) that, in the parabola, the locus 
of the extremities of the polar subtangents is the directrix. Let us now 
investigate the locus when the curve is the ellipse or hyperbola. 

First. In the ellipse, the equation of FP, p 

passing through the two points ( — c, 0) and ^!<^^/ 

(— y,y)is ^ \%1^ 

3^ = -=1^(^-0).... (1), ^'"^ 

C — X 

ox, OY, originating at the centre, being the rectangular axes. The 
equation of a perpendicular to this line through the point F or ( — r, 0) is 

y = i^(x — c)....(2). 

Now, in order to find the abscissa of the point in which this last line 
intersects the tangent through P, we must equate y in the equation 

A«yy + B^iP'x = A» B« (3) 

of the tangent, with its value in equation (2). We shall then find, 
upon reduction, for the abscissa sought 

A3 A 

a: = OD'= — = - (4). 

c e 

This, being a constant quantity, shows that the hcusofthe extremities 
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of the polar tubt^tgerUs is a Hraight Une^ perpendietdar to the mnQw 

A 

diameter, and at the distance — from the centre. 

By analogy to the parabola, this line is called die directrix d the 
ellipse. There are obviously two directrices to the ellipse at equal 
distances from the centre, for if the semi-ellipse ADC be conceived to 
revolve round the axis, CD, till it coincide with the other semi-dlipae, 
taking the directrix along with it, this latter line will necessarily 
preserve its same distance from the centre. 

If the radius vector, PF, be produced.to P, then a tangent through 
P' must intersect that through P in D", because the polar subtangentB 
of the points P, F are both measured on the same line, viz. FD*. 

From the expression (4) we may infer that the distance of at^ point 
in an elUpse from thefrtcus has a constant ratio to the distance of the 
same point from the directrix. 

For the distance of any point in the curve from the directrix is 

X = and its distance from the focus is (47) A — ex, and 

e e 

these expressions are to each other as 1 is to e. Because e is less dian 
1, the distance of any point in the ellipse from the focus is less than 
its distance from the directrix. 

Second. In the hyperbola, the equation of FD, 
perpendicular to the radius vector FP, is, as before, 

5^= — ;— (^ — c), 

and, if we substitute this value ofy in the equation 

AYy — B« /x = — A*B* 
of the tangent, we shall obtain for x the value 

_ A« _ A 

~ c "" e 
hence, as in the ellipse, the locus sought is a straight line perpendicular 
to the transverse axis. This line is called the directrix of the hyper- 
bola. There are here, as in the ellipse, evidently two directrices one 
for each branch, and because here e 7 1 each directrix is situated 
between the centre and the branch to which it belongs. 
If FP be produced to P', the tangent at P' must meet that through 
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P on the directrix, as in the ellipse, and for a like reason. Com- 
paring the expression for the dbtance of any point in the curve from 

the directrix, viz. x = with ex — A, the distance of the 

e e 

j same point from the focus, vre find that their ratio i$ constant^ viz. as 

[ 1 to e ; e being y 1, the distance of any point from the focus is 

greater than its distance from the directrix. 

From what has now been said, we may define the directrix of either 

of the three curves to be the locus of the extremities of the polar sub' 

tangerUSy or else as the locus of the intersections of pairs of tangents at 

the extremities of the focal chords. In the parabola, the distance of 

any point from the focus is equal to its distance firom the directrix, but 

b the ellipse it is less, and in the hyperbola greater. 

i (117.) By referring to the value of p, the principal parameter in 

I each of the three curvles, we find that in the ellipse-^ = A (1 — e^, 
f m the hyperbola -^ = A (c' — 1), and in the parabola ^ = 2»i ; 

\ hence, by substituting -^ for these values in the polar equations of the 

respective curves, they will then all become comprehended in a single 
equation, viz. 



1 + c cos. u 

If we suppose r produced to meet the curve again behw the principal 
axis, we shall have the value of r% the radius vector of this second 
point, by changing a into 180^ + «^f that is 



/ = 



iP 



1 — e cos. u 
Hence, for any focal chord, we have 



1 — C* cos." M 

also 



rr' = 



1 — c^ cos.'* A^ 
consequently 
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(r + f^p = 4rr' 
rr' . 

•••;q:7 = *'' 

hence focal chords are to each other as the rectangles of the 
into which they are divided by the focus, likewise half the pri 
parameter is always an hannonical mean between the parts into 
any focal chord is divided by the focus. 



The three sections now completed comprise the first pri 
division of this work. It embraces a pretty comprehensive ti 
on the conic sections, as the curves we have been discussic 
usually called, for reasons to be hereafter given. In a future cl 
will be thrown together several interesting and very general pro{ 
of these curves, which we could not conveniently revert to in th 
ceding articles. 



SECTION IV. 



CBAPTSIt Z. 

ON THE LOCI OF INDETERMINATE EQUATIONS OP 

THE SECOND DEGREE. 



- - _«r 



-J? 






(118.) We have already seen that each of the curves whose pro- 
perties have now been investigated is analytically represented by an 
indeterminate equation of the second degree, and we now propose to 
Aow, conversely, that every indeterminate equation of the second 
degree is geometrically represented by one or other of these curves. 
We shall do this by first showing that any equation whose form agrees 
with that characterizing one of the preceding curves, must have that 
carve for its locus, we shall afterwards prove that any indeterminate 
equation of the second degree, of whatever form, may be transformed 
to one or other of those particular forms, already shown to characterize 
lines of the second order. 
(119.) First, let us seek the locus of the equation 

My + Nj^ = P (1), 

agreeing in form with the equation of the ellipse, M, N, and P bein^ 
positive. 

Assume a system of rectangular axes, 
XX', YY', in reference to which the 
locus of (1) is to be constructed. Then, 

since 

P 
for, V = we have x=: ± i/— 

N 

P 

and for a: = we havey = ± Vjur 




] 
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p 

If we make OB, OA each equal to t/=^, and OC, OD each equal to 

p 

^_ the points A, B, C, D> thus detennined will be those in which 

the locus cuts the axes. 

p 

Let us now represent t/=- , that is, the abscissa OB by A and 

P P 

t^iCf' ®^ *^® ordinate OC by B, then we shall have N = — ,andM = 

p 

^ and equation (1) will become, by substitution, 

5ii'' + J,^ = P'^'^A'3'' + B«r» = A«B«....(2.) 

Let us now suppose that upon the lines AB, CD, as principal 
diameters, an ellipse is constructed ; we know that this ellipse is ana- 
lytically represented by equation (2) ; in other words, that it is the 
locus of equation (3). But equations (1) and (2) are identical ; hence 

the same curve is the locus of equation (1). 

P P 

We have here proceeded upon the supposition that t^« 7 ^^ 

or M 7 N ; if, however, this be not the case, but N 7 M, then, putting 

X' for^, and Y^ for a^^ in equation (1), it would have become NP 

+ MX^ = P, which equation we should have shown, as above, to be 

the analytical representation of the ellipse constructed on the axes 3^ 

P P 

=-=and2v^-- 

P 
Secondly. When M = N, equation (1) reduces to ^ -f a:* = ^ 

p 
which represents a circle whose radius is Vi^' 

To express the distance, c, of the centre of the ellipse, which is the 
Qcus of equation (1), from the focus, we have 

A« = ^, B« = ?- .-. A«— B« = c»= ^^^,"'?y^ 
N M MN 

Let us now suppose that the equation proposed is 

M/-Na:«--=-P....(3) ^ 

6 

\ 
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greeiog in form with the equation of the hyperbola. 

nthis case 

p 

fory =: we have jt = ± 4/ — 

N 
p 
and for X = we have y—±.y/ — — - 

lence the locus of (3) cuts the axis of x in two points, equally distant 

from the origin, but it does not meet the axis of ^. 

P P 

^^ l/fj ^ represented by A, and v'— ^ by t/— ^S then N = 

P P 

-, and M = — , and equation (3) becomes, by substitution, &c. 

?-^y» — ?-^x = — PorA«y« — B«3^ = — A«B« (4). 

p 
If, now, upon the principal diameters, AB = 2 ^ _ , or 2A and 

p 
CD = 2 t/^rj* or 2B, an hyperbola be supposed to be constructed, 

it will be analytically represented by the equation (4), that is, this 
carve will be the locus of equation (4); therefore, since equations 
(4) and (3) are identical, the hyperbola is also the locus of equa- 
tion (3). 

If, in equation (3), P had been positive, instead of negative, the 
locus would still have been an hyperbola, for then by putting X' for 
f, and Y' for x^, the equation becomes, by changing the sides, — P = 
NY' — MX', the locus of which has just been shown to be an hyper- 
bola 

The distance, c, between the centre and focus of the hyperbola, which 

is the locus of equation (3), is found, as in the preceding case, to be 

^^ PCM+JO 

"^^ MN 

Thirdly. Let the equation to be constructed be 

y* =z Qj. . . . (5), 

Corresponding in form to the equation of the parabola. 

Then from the origin O of the given rectangular axes 

take two distances, OF, OG, each equal to JQ ; then, 

having drawn the perpendicular, GD, if on the proposed 
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axes a parabola be described, haviDg F for its focas, and GD far ii 
directrix, its equation will obviously be identical with eqoatioD (5^ 
the locus of this equation is therefore a parabola. 

(120.) It must here be remarked that the generalitj of the 
going conclusions is not in the least diminished, because theaiBli 
which the several loci are referred have been supposed ledsBfrift 
For, if they had been in each case oblique, we migfat, bj em^kf^ 
the formulas at (38), have obtained the eqnatioii of die same 
ibr rectangular axes, after which we could, as id articles (48)^ (■( 
&c. have so determined the angles a and » as to have puism ed fc 
form of the equation unaltered. 

It must be further observed that if, in equation (1), P be sup pa d 
negative, the locus will not be an ellipse, bat an imaginaiy an, 
since the general value for any ordinate is in this die 
expression. 

This imaginary curve, as also a circle, and a point, all arising hm 
equation (1), under different modifications, are called varieUatffk 
ellipse. 

By supposing N as well as P negative, in equation (1), thiseqiott* 
becomes identical with (3), characterizing an hyperbola. It wiD sot 
however represent an hyperbola, if P = 0, but a system of two stnig^ 
lines intersecting at the origin, for any ordinate of the locus will then b( 

80 that the varieties of the hyperbola are an equilateral hyperbola, or ^ 
system of two intersecting straight lines. 

The equation (5) of the parabola furnishes no variety ; the dianf 
in the sign of Q merely changes the position of the curve from tb 
right to the left of the axis of ^. 

(121.) It has been shown (44) that the equation of the ellipse, ^ 
terras of the parameter, the origin being at the vertex, is 

if, in this equation, we suppose A to increase indefinitely, while f' 
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the value of , remains constant, it is plain that the coefficient 

A 

will continually diminish, and will at length vanbh, when A 

comes infinite, that is, the equation will then become 

y = P^i 
reeing in form with equation (5), above, which belongs to a para- 
la. It follows, therefore, that the parabola may be considered as a 
ecies of the ellipse, since it is the form the ellipse takes, when the 
ijor diameter becomes infinite. Considering the parabola in this light, 
veral properties of it established in sect. iii. chap. iv. might have been 
iduced from the properties of the ellipse. Thus, for instance, since 
was sbown in (66) that the locus of the intersections of tangents to 
e ellipse, with the perpendiculars drawn to them from the focus, was 
le circumference of a circle described on the major diameter, we 
light have inferred that, when the centre of this circle became 
ifinitely distant from the vertex. A, any finite portion of the circum- 
srence might be considered as a straight line ; and have thence con- 
luded that the locus becomes a straight line, when the ellipse becomes 
I parabola. As, however, this mode of deduction is both objection- 
ible and unnecessary, we have in no instance thought proper to resort 
jQ it. Many of the properties of the parabola demonstrated in that 
chapter have been established, by independent processes, in a manner 
much more simple than the corresponding properties of the ellipse ; 
on this account, therefore, it would have been wrong to have made 
them depend upon these latter. The property here referred to is an 
illustration of this remark. 

(122.) We now proceed to show that the locus of every indetermi- 
nate equation of the second degree, containing two variables, can be 
no other than one of the curves already considered. The proof of this 
will be established, provided we can show that the general equation 

Ay» + Bjry -i- Car* + Dy + Ej? + F = (1) 

niay always be transformed into another, either of the form 

M3r*-i-Nj?*= P, ory=Qj:, 
by merely altering the axes to which the locus of (1) is referred. 

It is obvious that we are at liberty to consider (1) as the equation 
of the locus, in reference to rectangular axes, since, if the axes were 
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oblique, we should, by employinjg; the formulas (4), p. 60, be* 
to transform the equation into another, referring the cunrc toied* 
gular axes; and, as this transformed equation would ha?etbta« 
form as the primitive, we may therefore consider equation (l)«** 
result. 



I. To remove the Term containing the Product of the Varidh- 



For X and ^ in equation (1) substitute the values 

x = jrcos. a — ^ sin. » ^ 
y -=. X sin. « + y cos. a, S ' ' ' ' ^ ' 
by means of which values we pass from one system of 
coordinates to another, having the same origin. The result d •■ 
substitution is 



A COS.* » 
— B sin. a cos. a 
C sin.' a 



ay -|- A sin.* a 

B sin. a cos. • 
Ccos.*a 



y^ + 2A sin. » cos. a 
B cos.' a 
— B sin.' » 
2C sin. » cos. a 
+ D cos. « I y + D sin. » j: -f- F = ^ /-ox 

— E sin. a I Ecos.a ^ .... 

Now the value of a is arbitrary ; we may therefore assume it of w* 
value, that the second term of the transformed equation may vaniik: 
this value will be determined by the equation 

2A sin. a cos. « + B cos.' a — B sin.' « + 2C sin. a, cos. • = 0, 
or 

(A — C) 2 sin. a. cos. « -f B (cos.' a — sin.* «) = ; 
which by substituting sin. 2a for 2 sin. a cos. a and cos. 2 a forces.'* 
— sin.' a, becomes 

(A — C) sin. 2a -f B cos. 2« = O, 
from which we obtain 

tan. 2 a = — J . . . . (4). 

If, therefore, in the formulas (2), we give to the angle « a value soi 

that the tangent of double that angle may be the number — ^-^ ^ 

A — C 
tenn containiiig *y can appear in the transformed equation. W 
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n^ therefore, is removed, by changing |the directions of the rcctan- 
ar axes, and the transformed equation then takes the form 
My* -f Nj:* + % + Sj + F = . . . . (5). 

II. To Remove the terms containing the first power of the variables. 

For X and y in equation (5) substitute the values 

X = a -]- X 

means of vvhich the locus of (5) will become referred to new axes, 

-aUel to the primitive; .equation (5) will thus be transformed to 

5r» + Nj:^ -i- 2M6 v-f-2Nfl I X + M^'* -h Na« -j- R6 -|. Sa + F;= 
R S I 

9vhich equation, in order that the terms containing x and y may 

appear, there must exist the conditions 

2M& -i- R = 0, and 2Na + S = 0, 
ich give 

= -, and fl = :r: 

2M 2N 

ese values of a and 6, therefore, reduce equation (5) to the form 

My^ + Nj-" = P, 
being put for — M6» — Na« — • R6 — Sa ■— F. 
^123.) We have here proceeded upon the supposition that neither of 
» terms My^ Nj?' is absent from equation (5). If, however, one 
these, as Njt*, is absent, that is, if N = 0, then the coefficient of .r, 
the transformed equation, will be simply S, and consequently 
» term containing the first power of x can in this case vanish only 
len S = 0, that is, when it is also absent from equation (5). If 
m this term be not absent from equation (5), neither can it be 
noved from the transformed equation when N = 0. We can, 
wever, in this case, remove the term which is independent of the 
riables, for when N = this term is M6* -|- R6 + So + F, and, in 
ier to find what value must be given to the arbitrary quantity, «, 
It this expression may be 0, we must determine a from the condition 

M/>» + R6 -f Sfl + F = 0, 

licb gives 

M62 + R6 -f F 



a = 



S 



R 
Ih this value of fl, therefore, and the value — for 6, equatimi 
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(5)^io thectieprapoMd, itieducedlodieiDni !» 

M^4-&r = 0,ory = Qr, Irs 

Q being pot In — --• I* 

. I ■ 

If we bad supposed 11 = 0, instead of N = 0^ Ifaeieiittfipl | 
tion would bare been Nj;* + By = 0, a gree in g wifli tte ftv* | \ 
fonuy wben the axes are tiansposed. 

^ We cannot suppose tiiat, in eqoation (5), bodi If s aiil^ 1 1 
at the same time, or, wbidi b the same thing, tint dietbeeiBtf^ 
vanish from equation (3). For, from inspediDg die ooeSosli^ 
these terms, it is obrioos that the first and third cannot ynmA,^ 
A =: — C, and B = 0, and upon this supposition the seeosi 
must remain, mdess we moreorer suppose that A and C skM 
when equation (1) will no longer be of the second degress Mil 
firtt, which is contrary to the hypothesis ; so that the suppo*li* 
both M and N disappearing fttnn equation (5) is inadmissibfei 

If both the first and second powos of one of the vaiiaUa^ >^ 

and Jfj^f are absent firom equation (5), then the Ibrm of te ^ 

tion is 

M5^H-BfH-F=:0, 

which is no longer an equation containing two rariables, and icp 

tents not a curye, but a system of two parallel straight lines, fx^ 

are two constant values for each ordinate, viz. 

V = — — ± — i/R«— 4FM. 

The two parallels characterized by this equation coincide, if R' = ^' 
and they become imaginary, if 4FM 7 R*. 

This variety of the general equation, arising from the sa^ifosut 
that N = and S = 0, in its transformed state (5), is cons^denl* 
a variety of the parabola, because, in the equation of this cunf«»^* 
always likewise 0. 

(124.) We have now shown that every indeterminate equaW»* 

the second degree, containing two variables, may, by means rf 

double transformation of coordinates, be always reduced to one of 4 
forms 

My + Nj» = P, ory» = 2 X, 
except m the particular case, where the removal of jy by Ae * 
transformation takes away also the terms containing the first i 
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ond powers of one of the variables, in which case, the locus is a 
tern of parallel straight lines. Hence the locus of (1) can he no 
er curve but one of the three already discussed, that is, this locus 
Lst be either. An ellipse, having for varieties a circle, a point, or 
imaginary carve. An hyperbola, having for varieties an equilateral 
)erbola, or a system of two straight lines, intersecting at the origin. 
a parabola, having for varieties a system of two parallel straight 
», a single straight line, or two imaginary straight lines. 
t is of importance to be able to ascertain readily when any equa- 
1 of the second degree is given to which of the three curves it 
ongs. The following process will lead to a criterion for this 
pose: 

3y adding and subtracting the values of M and N, and substituting, 
lie first result, 1 for sin.' a + cos.' a, we have 

M = A COS.* a — B sin. a cos. a-\-C sin.' a 
N = A sin.' tt + B sin. » cos. ot-\-Q cos.' ec 
M + N=~A +C 

M — N = ( A — C) (cos.' a — sin.' ») — B 2 sin. a cos. a, 
= (A — C) COS. 2« — B sin. 2a. 
in this last equation, we substitute for cos. 2a, sin. 2a, their 

lues in terms of tan. 2a = — -, which are 

A— C' 

o A~C . ^ — B 

''''^' ^* - i/KA-C)'~+B'}' ''°- ^* - ^{(A-C)'-f B'} 

J have 

t/{(A— Q' + B"} 



= V'{(A-C)» + B='}; 



nsequently 



M = 1 [(A + C) ± 1/ {(A - C)» + B«}] 
N = i[(A + C) T • {(A - C)« + B»}]. 
J multiplying these two expressions together, we have 
M • N = i[(A + C)'— {(A — C)' + B'}] = i(4A • C — B^). 
From this equation it follows that M and N must have the same 
jn, so long as 4A • C T B', that they must have different signs, 
len 4A . C jl B*, and that one of these coefficients must be 0, when 
L ■ C = B'. Hence the general equation of the second de^e^ Cy\ 
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characterizes, when , 

B« — 4A • C z. 0, the ellipse, and its varieti^ ; 
B2 — 4A • C -7 0, the hyperbola, and its varieties; 
B* — 4A • C = 0, the parabola, and its varieties ; 
From the equation M + N = A + Cit follows, that, if A=-t 

then M + N = 0, that is, M = — N ; the equation, thercfoie,*i^ 

an equilateral hyperbola. ,. 

Since, when the general equation belongs to the parabola* 
varieties, there must be B« = 4A • C, the preceding express* 
M and N become, in this casp, 

M = i[(A + C) ± (A4- C)] = A -h C, or 0, 
N=i[(A + C)::F(A + C)]=0,orA4-C. ^ 

The upper sign of the quantity, ± -/{(A — C)" + ^'' . 
occurs in the general expressions for M and N, is to be used w» 
is negative, and the lower sign when this coefficient is positive, 
the sine of an angle being positive, whether the angle be ac** 
obtuse, it follows that the above quantity which forms the denooi^ 
in the expression for sin. 2«, above, must agree in sign wp 
numerator. 

(125.) Having thus determined the coefficients, M, N, of tbee^ 
lion 

My^ ^- Nj^ + % -|- Sj: -h F = 0, 
we may thence obtain the values of R and S. We shall, in orfff' 
this, have to substitute for sin. a, cos. «, in the coefficients of jajni'- 
in equation (3) their respective values 

ro« .V -. ,1-f-cos. 2a . ,1 — cos. 2a 
cos. ex. =z y/ — . sm. a, =. -*/_ — 

2 ^2 

and, as cos. 2a has already been expressed in terms of the coeS^ 
of the proposed equation, we shall thus obtain known values ^^ I 
the coefficients of the above equation, which may then be simi*^ ' 
by art. (122) or (123). 

When the locus of the proposed equation is not a parabola, ^^ 

w len B« ^ 0, It is plain, from tiie foregoing expressions forco*-^ 

that the above values of cos. «, sin. « will be rather compli^ 
much more so than when fh^ i ' Z itfJ 

niece the expre^ion fo" t, T IT "^ '''^^°'''' "" "'f ^^t 

cos. 2a becomes tiien free from ^^ 
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lis account it will be found more convenient, when we have 

ly to construct the equation in the cases B' — 4AC = ^ 0, 

) remove the terms containing the first power of the variables 
flerwards to remove that containing their product. The two 
i comprised in these cases are called central curves, to distinguish 
Toni parabolas, which have no centre, their diameters being in- 
We shall now proceed to determine formulas for the construc- 
f central curves, by reversing the order of transformation before 



Construction of Central Curves, 

6.) Resuming the general equation, 

Ay« -i- Bjry + Ca^ -f Di/ +;Er -j- F - (1), 

remove the origin of coordinates, by means of the formulas ' 

x = a + x,y= b + 1/, 
\ie transformed equation becomes , 



Bty-fCjr«+2A6 

Ba 

D 



y-|-2Ca 
Bb 
E 



x-\r^l^-\'Bab+Ca*-h'Db +Ea+F=0. 



ier that the terms containing x and y may disappear from this 
ion, we must have the conditions 

2A6 + Bfl + D = (2) 

2Ca+B6-t-E=0 (3); 

ce 

__ 2AE— BD 2CD--BE 

**"" B«— 4AC' " B*— 4AC 
i values of a and b therefore reduce the transformed equation 
i form 

Ajr* -i- Bjtj^ + Ca:* + F' = (4), 

bich the three first coefficients are the same as those in the pri- 
e equation, and where 

F' = A6« + Ba6 + Ca« + D6H-Efl + F. 
expression for F' may be simplified by means of the conditions 
ad (3), for, multiplying the first by b, and the second by a, we 
for their sum 
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2Ai' + SBofr + 2 Co' + D6 + Ea = 

■•■F=F + °^ + ^ 
2 

TIk innsfbrmation just employed brings the origin or thewk 
Ihu centra of the curva, for equatioD (4) will lemain muM' 
lor J wc mbsiiiute — x, provided we at the same time chai 
— >, to ihul, if (jf', y) be toie point in the curre, ( — «", — /]* 
«lwity* be aoother, and the line joining them will obnoul]fi 
ihri^UjA, and be bisected by, (he origin; as, thefefore, theoiigialiM 
all the choid) passing through it, it most be at the cenlie. Eqiu 
{*\ IS thertfoie the genenl equatioa of central curres, wbenlhea 
iviiiinate at the c««ti«. and hare any inclination whatercr to «t 
t>ihcr. Had we kiMWB that the eUipae and hyperbola were ibe n^ 
i-urx«* tivttiuj: unJiT this denoouDation, the same thing m^ tM 
biSMi iufrmil from the (wo«a] equatkMS of them in (48) aDd(lt 
A)i)hMt(h iMjuauoa |,4^ is entirely independent of the .incline' 
lh« asto, viN, ^i( siiupbcitx'. m shall, as in the former mode oft*' 
&vnMU.Mi, sNttwiJfr ih* ivs as Kvtuiinilar. To pass fit>m these a4 
*\ri ,i|' I V t"«r\*v wv shiJl h«iw tv> r«mo** bom equation (4) tk W 
iSMii«i;j;i>^ I-,, >>j, j, i-uisKimutka iiludii has in (122) already te 
rftvit^ f.-j iSi- ,;s4j«»l njiua.<*i. wiA which eqoatiim (4) ipi 
"iiiuO . .\ V - t\ 4sJ r= f; wdW^ Dutsformed eqatii 
,.A 1; t\ !*,>,».;, >„;^ >^ 

Xlt»*Xi»=P ^,s\ 

»«\ m AfiK ^^^ •"■» tP—AAC z. 0,iii 
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1. Formulas to be employed for removing the terms Dy» £jr. 

_ 2AE— BD 2Cp--BE ^^ D6-|-Ea 

"*" B«— 4AC'*" B«— 4AC' "" "^ 2 

II. Resulting Equation, 
The origin of the rectangular axes being at the centre, 

Ay« + Bay + Cd:» + F = 0. 

2. Formulas for the removal of the term Bjy, (see art, 124^^ 

tan. 2» = — t;, 

A — C 

M = J[(A + C) ± ^ {(A - C)' + B«}] 

N = i[(A + C) T •{(A - C)' + B*}] 

P=— F. 

III. Resulting Equation, 
The axes being the principal diameters of the curve 

M5^ + N:r« = P. 

Since P = — F', it follows from (120), that, when F = 0, the 
locos will be two intersecting straight lines, if B' — 4AC z. 0, and a 
point, if B« — . 4AC 7 0. In the case B« — 4AC z. 0, the locus will 
be an imaginary curve, provided F' be positive. 



EXAMPLES. 

(128.) 1. Construct the locus of the equation 

y — 2iy4-3ar* + 2y — 4j? — 3 = 0. 
Comparing this with the general equation (1), we find 

A = 1, Bn— 2, C = 3, D = 2, E = — 4, F = —3; 
hence, substituting these values in the first class of formulas, above, 
we have 
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therefore ihe equation of the curre, when the origin is remoTed to the 

y— ajy + ar*— f = 0. 

By the second class of formulas we have 

tan. 2« = — 1, M = 2 + V2. N = 2— ^2, P = i; 
hence the equation of the curve, when leUted to its principal dia- 
meter), is 

(2 + l/2)y + (2-t/2)j:' = f. 
To determine the values of the diameters 3A, and 3 B, we have, bf 
supposing ^ = 0, in ibis equation, 

J(2 + ^2).-.A = 4i/(2+i/2) = 2-7, 



2(2 — v'2) 
also for * = we have 



The 



2(2 + */2) 



of the curve, is therefore, as follows : 




Let AX, AY he the original : 
which the curve is referred. Mate AC = 
|, CO = — ^ then O will be the centre 
of the curve, and OX', OY', parallel to the 
primitive axes, will be the axes to which 
the Qrst transformed equation refers the 

Front O draw the straight line OB, 
making with OX' aa angle of which the 
tangent is — 1, that is, an angle of 135*. 
Bisect this angle by the line OX", then OX* and the perpendiculv U 
it, OY", will be the axes to which the second transfbrmed equao* 
refers the curve ; therefore, taking on these axes OE,OF, each Vf^ 
to 2 ■ 7, and OD, OG, each equal to 1 - 1 ; the principal diametin 
of the ellipse will be determined, and thence the curve easily trac«d<' 

2. Construct the locus of the equation 



" The Bipreision for the distance between the w 
.t (p. 140). 
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2y» — 2xy — jr* + y-i-4j: — 10=0. 
Here 

A = 2, B = — 2, C = — 1, D = 1, E = 4, F = — 10, 
andy since B* — 4AC 7 0, the loiius is an hyberbola ; also 

hence, when the origin is removed to the centre, the equation is 

25/*— 2xy — jr*— y =0. 
Again, 

tan. 2« = f, M = i 4. i t/13, N = i — i |/13, P = y, 
therefore the equation of the curve, "when referred to its principal 
dometers, is 

a+iv'i3)x»-*-a-4i/i3)y = y, 

or 

(n-Vi3)i-«+(i — |/i3)y= v- 

When 3^ = 0, 

-when X = Of 

v2=-7— ^ ^,=—1(1/13+1)= — 5-18 = B2. 

^ 2(1—^13) '^^ ^ 

Hence, as in the preceding example, there are given the axes of the 

curve to construct it. 

3. Determine the axes of the curve of which the equation is 

23^* — 4j;y -f 5r» — 3jr = 0. 
Am. The curve is an ellipse, whose axes are ^3 and i |/2. 

4. Required the axes of the curve which is the locus of the equation 

53^«-|- 2xy + 5r» + 25^ — 2j: — 4 = 0. 
Ans, The curve is an ellipse, whose axes are 2 ^{ and 2\/|. 

5. Required the axes of the curve which is the locus of equation 

t/^ — 6jy -{- x^ -^ 2y '^ 6x -\- 5 -=: 0, 
Am. The curve is an hyperbola, whose axes are 2 y^ 2 and 2. 

6. What is the locus of the equation 

y — 6ay 4- r» + 2y — 60:4-1 =P? 
Am, Two straight lines, characterized by the equation y = x \/^. 

7. What is the geometrical representation of the equation 

y_-4jy4.5jr«4-2i'4-l =0? 

Am. A point (:— t , — 1\ 
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8. What is the locus of the equation 

2r»4-2/ — 3jr-H4y — 1 =0? 

Ans, A circle, whose radius isjV^^* 

9. What is the locus of the equation 

y — 2j:y 4- 2x* — 2 J -f 4 = ? 

Ans. An imaginary cune. 

10. What is the locus of the equation 

y-i-2jry — 2j« — 4y — Jr4-10 = 0? 
Am, An hyperbola, in which the second axis is taken for 
the axis of abscissas. The axes are 1 • 7 and 2*1. 

11. What is the geometrical representation of the equation 

' 2y + 3x«--3j:-- 2^4-2 = 0? 
^715. The equation has no geometrical representation. 

12. What is the locus of the equation j 

3/ 4- ex* — 24j: -I- 6 =0, 
the axes of reference being oblique ? 

Ans. An ellipse in which the semi-conjugates parallel to the ■ 

axes of reference are v^3 and |/6. j 

(129.) Before we proceed to the construction of parabolas, we shall I 
remark, that if, in the equations of condition (2), (3), p. 149, we sub- I 
stitute for the constants a, b, the variables x, y, the equations I 

2Ay + Bx + D = (1) 

2Cj: 4- By -f E = (2) 

will characterize two straight lines, passing through the centre of the 
locus, as is evident, since a, h, the coordinates of this centre, satisiy \ 
both equations. Were we to suppose these lines to be parallel, or 
the centre of the locus to be infinitely distant, as in the parabola, we 
could infer, from the equations (1), (2), that in the equation of the 
locus there must be B' — 4AC = 0. For these equations give 

^ " 2A ^ B > ^ ^ • 

and since, when the lines are parallel, the difference of the ordinate* : 
corresponding to every abscissa must be constant, we have, by 
reducing these expressions to the same denominator, 

B* X* 4- BD — 4 ACx — 2AE = constant 
or (B« -— 4AC) J- + BD — 2 AE = constant, 
which can only happen when B' — 4AC = 0. 
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If the lines (1) and (2) coincide^ we must conclude that the locus 
las an infinite number of centres, and all situated in the line (1) or 
2). The locus therefore can be no other than a system of parallel 
ttraij^t lines^ as GH, KL, equally distant 
^m the line through the centres, for then 
irery chord of the locus must be bisected 
»y this line. We already know that this 
xas is a variety of the parabola. £qua* 
ions (1) and (2) will also show this to be the case, and will moreover 
Ornish an additional criterion, whereby we may readily ascertain, by 
nspecting the coefficients of the proposed equation, when that equa* 
ion characterizes a system of parallels, and when it does not. For, 
ince, in this case, equations (1) and (2) represent the same line, we 
ave, equation (3), 

Bx 4- D _ 20 + E 
2A " B . 
.-. B« X + BD = 4ACj: + 2AE, 
whatever be the value of x ; consequently (Alg. p. 143^ 

B« = 4AC, and BD = 2AE; 
so that, when the indeterminate equation of the second degree repre- 
sents a system of parallels, there must exist among its coefficients the 
conditions 

B«— .4AC = 0, and BD — 2AE = 0. 
These lines may be at once determined from the given equation, 
fer, being parallel, the coefficient of x must necessarily be the same in 
the equation of each, that is, these equations will be of the form 

y + pj -f ^ = and y + jw -|- r = ; 
so that the proposed equation, after having freed y from its coefficient, 
nay always, in the case we are considering, be decomposed into two 
Victors of this form, where p, the coefficient of x, in each must be 
equal to half the coefficients of xi/y in the proposed equation, after this 
has been divided by A the coefficient of the first term ; hence p = 

—-, With regard to q and r, it is plain that their sum must be equal 
to -, the coefficient of y, in the proposed, and their product must 
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I 

F 

make the last term, — . Having thus the sum aud the product of 9 and 

r we shall get their difference, by subtracting four times the product 
from the square of the sum, and extracting the square root, that is, 

therefore, adding the half sum to the half difference, we have, for the 
greater, 



9 = 4(D + 1/D«-4AP); 

and, by subtracting the same, we get the less. Now it is plain, from 
this expression, that, if D* = 4AF, then y = r ; hence the two equa- 
tions (129) become, in this case, identical, and the parallels therefore 
coincide, and become a single straight line. If D* ^ 4AF, then the 
values of q and r become imaginary, so that, in this case, the locus of 
(1, 2) is two imaginary lines. From what has now been said, we may 
conclude that the equation 

A/ + Bxi/ -i- Cj^ + Dy + Ej? + F = 
represents a system of parallel lines when 

B»— 4AC = and BD — 2AE = 0, 
these coincide, and form but one straight line ; when also ' 

D«— 4AF = 0, 
and they become imaginary when, instead of this, 

D« — 4AFZ.0. 
When the lines are real, their equations are 



and 



y + ^^+^(X>'^V^'-'^^) = ^' 



^ + :S^ + A(l>-i/l>=-4AF) = o. 



2A 2A 
When they coincide, the equation is 

yj X+— =0. 

(130.) As, in the case we are discussing, the factors of the original 
equation consist of the sum and difference of the same two quantities^ 
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heir product muit be the difference of the aquarei of these quantities ; 

ience,when the proposed equation represents two straight lines, it must 

::on8ist of the difference of two squares, or at least of one square, minus 

: k number. On the contrary, when tlie lines represented are imaginary, the 

. squation must consist of the sum of two squares, or at least of one square 

ind a number. And the equation will l>c a ])erfcct equarc when only 

yne straight line is represented Hence we may frequently discover 

it a glance when the equation denotes a variety of the parabola, without 

^en trying whether UD — 2AE = 0. Thus we see at once Uiat the 

equation 

y» — 2x1/ -f j:' — 1=0 

ia the difference of two squares, viz. (y — jc)\ and 1, tlie locus of it, 
is therefore two parallel straight lines, the equations of which are 

y — r -f 1 =0 andy — x — 1 = 0. 
Alio, the equation 

is immediately seen to consist of tlie two squares (y — 2xf, and 9, 
therefore, tlie locus, is imaginary. 
In like manner, since the equation 

y + 42^ + 4a'» -i- 2y 4- 4a: -f 1 =0 
is obviously a perfect square, viz. (y + 2j: -f 1)^, its locus is a straight 
liney the equation of which is 

7/ + 2x -h 1 = 0. 

Let now the equation 

y»4-6iy + 9x» — 2y — Gj— 1.5 = 
be proposed, which is a variety of tlie parabola, because li* — 4 AC = 
O ; and since, moreover, HD — 2AE = 0, this variety is a system of 
parallels, of which the equations are 

y -f 3j: -I- 3 = and y + 3x — 5=0. 
XAStly, let the equation be 

y« — 4jy + 4jf» + 2^ — 4d: -f 4 = 0, 
the coefficients of which furnish beside the conditions above the rela- 
tion D" — 4AF ^ 0, therefore the locus is imaginary. 

(131.) We shall now proceed to furnish formulas for the construc- 
tion of parabolas, as we liave already done fur tlie central curves. In 
the piesent case, our object will be first to remove xy from the equa- 
tioD| and afterwards to remove the term containing tlie first power of 
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one of the variables, and the absolute number. The first transforma- 
tion, as we have already seen (122), brings the equation to the fonn 

My -f % -f Sx -f F = 0, or N^+ % + S* + F = 0, 
where 

R = D cos. a — £ sin. a, S = D sin. a + £ cos. a. 
Now, since 

_ ,1+ COS. 2a , . A — COS. 2a 

COS. a = V 9 and sm. a = i/ 

2 ' ^2 

and since also the expression given at (124) for the cos. 2a becomes, 

when B« = 4AC, 

A — C A— C 

cos. 2a = — — rrrj or 



f(A + C)' -(A+C) 
accordingly, as B is negative or positive, we have, by substitution, the 
following expressions for R and S, viz. when B is negative, 
_ D ^A — E|/C _ D|/C + E\/A 
^" V(A-hC) '^- i/(A + C) 
and when B is positive, 

Dt/C — E v^A g _ D|/A4- Ey ^C 

(132.) The values of M and N have already been determined (124), 
as also the values of a and b, employed in the second transformatioD 
(122); hence, collecting these formulas together, we have 

I. Proposed Equation of the Curve 
Ay + B^ + Ca:« -I- Dj^ -f Ex -f F = 0. 

Formttlas to be employed for removing the Terms containing the 
Product of the Variables and the Square of one of them, 

1. When B is negative, 

tan. 2a = — -, M=A + C, N = 

E = Pt/A — Et/C - Dt/C + Ey^A 

^(A + C) ' V(A + C) 
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n. Resulting Equation, 
The rectangular axes being parallel to the axes of the curve, 

M5^+Ry + &r-|-F = 0. 

Fornndatfor the removal of the terms Ry and F. 

_ R_ _ My + R6-hF _ R»— 4MF 
"■ 2M''* S "~ 4MS 

III. Resulting Equation, 
The axes being those of the curve, 

My«-fSx = 0. 

2. When B is positivey 
The first class of formulas is ' 

tan. 2a = — -, M=A + C,N=:0 

"- ./(A + C) ' t/(A + C) 

and the resulting equation 

Nj*-|-Rj^ + Sx4-F = 0, 
The second class of formulas is 

= — 1. A- S« — 4NF 
^"" 2N* ■" 4NR 
and the final equation is Nj:^ -f Ry = 0. 

EXAMPLES. 

1. Construct the curve, which is the locus of the equation 
y* — 4j:^ -|- ^^ + 2y — 7'x — 1 =0. 
HereA=l,B = — 4,C = 4,D = 2,E=--7,F = --1, and, as 
B is negative, we must employ the first collection of formulas, which 

tan. 2« = — f, M = 5, N = 0, R = V V5, S = — I ^ 5. 



l<SO 
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e ponlld to those ol 



J,« + lj«V'3» — l^ix — 1 = 0. 

liMW. thuMJUK. m th« ocdiiate and aboeisn of tbe pilnD[«l« 
vr 'M <Mr^, lae «>^^iacua to which, ia K&ruice to ihe mb" 

IV >.v<Emv>.-c<.-a jt :fii» coire is tho^bre as Sdlows : 

{■uar «»»• On tne tbrmer take AC 
. t. Mki aauuCH pcrpimiLcntic.CD 

In.V\ - I* ■->* iw ina >Oi ; thim Uie 
:»^•^allS«iJ^ *\i-j, ,\.V, AV. iro nuse 



Aifuo 




IOC ?A = — ^ »"5. ituBi the «MS A'5',At 
■i -Wkv .m ^'.iT'e cviisirMiEd. 



"« X . :t -;. C =:.I'= — =. E = 4,F = 9, 



■*•• ^* ^ « X = v\ S = t. a = — J » 
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uttion if 

Jj* — 3 t/2y = 0, or jr* = I y/2y, 
f at in the precfiding example, the curve may be constructed, 
firit traniformation of axes^ since tan. 2m i» inftnitei 2» if a 
ngle, fo that in thif tranfformation the new axif of x will be 
low the primitive* 
*he equation of a {Hirabola being 

5^—413/ + 4j:« — Hj^ + 3jr — 2 = 0, 
viU it become whc*n the curve i« referred to itf axef ? 

Am, y'= 13 ^5x, 
iequired the principal parameter of the parabola whofe equa- 

4y* — 4ay + «• — 25^ — 4r 4- 1 = 0. 

Aui, p= ^ ^, 
«^liat if the principal parameter of tlie parabola repretented by 
ation 

y9 — 2xy + ar»— 35^ = ? 

, Am, p = — 1— 

'^ 4^2 

) The ftudent muft bear in roind, that the variouf fonnulan 
I thif chapter for the conttruction of linee of the iiecond order, 
tily when the different equationf refer the curvef to rectangular 
hidh| indeed, are in mo»t ca»e« employed. With regard, how- 
» the varietki of tlie three curvet , the tettt by which they nuiy 
dftredy and the formulat for their conttruction, apply generally, 
» in difcufting thete varietiet we have contidered the axet to 
ly inclination whatever, and becaute moreover the criteria 
)i by which the three clattet of curvet are dit tinguithed, ap])Iy 
y inclination of axet, at we are about to thow in the following 
p which hat for itt object tlie determination of the locut of th<: 
equation when the axet are oblique. 
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Xx 



Hence, when the axes are parallel to those of the curve, the equation 
becomes 

V+ VV5y — ii/5j: — l = 0. 
Again, formulas II. give 

these, therefore, are the ordinate and abscissa of the principal vertex 

of the curve, the equation to which, in Deference to the axes of the 

curve is * 

5j^2_|l/5 jr=0, or5^« = ^\ ^bx. 

The construction of this curve is therefore as follows : 

Let AX, AY be the primitive rectan- 
gular axes. On the former take AC 
= 1, and make the perpendicular, CD 
= — J. Draw DAB, and bisect the angle 
BAX = 2a by the line AX' ; then the 
rectangular axes, AX', AY', are those 
to which the first transformed equation 
refers the curve. 

Again take AE = — ^ ^5, and 
the perpendicular EA' = — ^ V^> then the axes A'X", A'Y', 
parallel to the former, will be those of the curve. Having thus the 
axes and the parameter ^ \/ 5, the focus and directrix are readily 
determined, and thence the curve constructed. 

2. Construct the locus of the equation 

y + 2^3^ + jr» — 6y 4- 9 = 0. 
Here A = 1, B = 2, C = 1, D = — 6, E = 4, F = 9, 
and, as B is positive, the second collection of formulas must be used, 
which give 

tan. 2» = "^ i:M = 0, N = 2, R = — 3t/2, S = — 3^2. 

Hence the equation of the curve, when the axes are parallel to those 
of the curve, is 

21-2— 3|/2j/ — 3 |/2ar+9 = 0; 
and when they coincide with the axes of the curve, the coordinates of 
whose origin are 
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he equation is 

2j:»— 3 t/2y = 0, or j« = I ^1y, 
Hence, as in the preceding example, the curve may be constructed. 
In the first transformation of axes, since tan. 2» is infinite, 2» is a 
right angle, so that in this transformation the new axis of x will be 
45** below the primitive. 

3. The equation of a parabola being 

5^ — ^xy + 4jr» — 8y -f. 3j: — 2 = 0, 
what will it become when the curve is referred to its axes ? 

Am, y = 13 ^Sx, 

4. Required the principal parameter of the parabola whose equa- 
tion is 

4^ — 4jy-f«' — 2y — 4x-|-10 = 0. 

Am, p = ^ J^. 

5. What is the principal parameter of the parabola represented by 
the equation 

y» — 2jy-|- r»— 3y = 0? 

, Am. p = 

^ 4^2 

(133.) The student must bear in mind, that the various formulas 

given in this chapter for the construction of lines of the second order, 

apply only when the different equations refer the curves to rectangular 

axes, which, indeed, are in most cases employed. With regard, how- 

e?er, to the varieties of the three curves, the tests by which they may 

be discovered, and the formulas for their construction, apply generally, 

because in discussing these varieties we have considered the axes to 

have any inclination whatever, and because moreover the criteria 

(p. 148), by which the three classes of curves are distinguished, apply 

for every inclination of axes, as we are about to show in the following 

chapter, which has for its object the determination of the locus of the 

general equation when the axes are oblique. 



162 



DISCUSSION OF THE GENERAL EQUATION 

Ay -j-'Bj-y -f. Cjr» 4- Dy + Ej- + F = 0, 
By the separation of the variables, 

(134.) This equation may be put under the form 

which, solved as a quadratic, gives for y the expression 

. — 4AF} (1). 

In like manner, we have for x, in terms of y, the expression 

— 4CF} (2). 

Either of these expressions will furnish an indefinite number of 
points in the locus, when this is not imaginary, since the first will give 
the ordinates corresponding to any assumed abscissa, and the second 
will give the abscissas corresponding to any assumed ordinate. If we 
wish to determine points in the curve firom the equation (2), we must 
first, for any assumed abscissa, a*, draw an ordinate 

equal to — — ^ determining some point, P ; 

then, if this ordinate be prolonged, and the distances 
PM, PM' be taken thereon, each equal to the line represented by the 
remaining part of the expression for y, two points of the locus will 
thus be determined. P therefore is the middle of the chord M, M'. 
The same construction for another value of x will determine another 
point, F, and two new points, wi, m', of the curve, which will, as 
before, be equally distant firom P'. Hence, calling the variable ordi- 
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nates of these points P, P', &c. Y, since we must always have 

y_ Bx + D 
2A 
it follows that the locus of these points is a straight line^ which, because 
it bisects all the chords in the curve drawn parallel to the axis of 5^, is 
called a diameter of the curve. Similar reasoning applied to the 
expression (2) will show that the straight line represented by the 
equation 

^_ By-hE 
2C 
is a diameter, bisecting the chords dravm parallel to the a^ds of x. 
These diameters are obviously the same as those represented at (129). 
Having thus the equations of two diameters, we can always readily 
find the centre of any locus of the second order, to whatever axes it 
be referred ; for, representing the coordinates of the centre by a, &, we 
shall have, by substituting these for the coordinates in each of the 
preceding equations, and solving them, as at (126), the values 

_ 2AE~BD , _ 2CD— BE 
''"B«— 4AC' " B«— 4AC 
(135.) From these remarks it appears that the nature of the curve 
depends upon the irrational part of the expression (1), or (2), and 
that it cannot exist when this irrational part becomes 0, or imagi- 
lary for every value of the variable it contains. Let us examine the 
circumstances under which these irrational expressions can become 
real, imaginary, or nothing. We shall first take the [expression (1), 
and shall suppose that the quantity under the radical is decomposed 
into two factors, each containing or; in other words, we shall suppose 
the solution of the equation 

^ . 2(BD — 2AE) , D«^4AF _^ 
^+ (B« — 4AC) ^"+"(B« — 4AC)""^""^^-' 
to be effected, and that the resulting values of j: are or = j3 and szzff, 
then we know {Alg,p, 165) that the multiplication of the factors 
(jr — /5), {x — ff) will produce this equation, and consequently the 
quantity under the radical (1) will be 

(B» — 4AC) (J^ — jS) (J^ — /SO (4). 

If, however, B^ — 4AC = 0, then the expression under the radical 
will have only one factor containing x, discoverable by solving the 

6 
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simple equation 

D» — 4AF 

^■^2(BD — 2AE)-"' 

so that, putting i for the value of x, in this equation, the expressioa 

under the radical will be 

2 (BD — 2AE) {x — ^). 

The form (4) therefore only exists when B' — 4 AC ^0, orB*— 

4AC 7 0; let us examine the expression in the first case, viz. 

(1 36.) When B« — 4AC Z 0. 

There are three circumstances to consider in this case : 

1, When the roots p, ff, are real and unequal. 

2, When the roots are real and equal. 

3, and lastly, When they are imaginary. 

Suppose, first, that the roots are real and unequal, |S being greater 
than ff, then (Alg. p, 170^ if in the expression 

(B« — 4AC) (i^ — 13) (a: — 190 
any quantity greater than |3, or less than jS', be substituted for j:, the 
product (x — p) (x — jS') will be positive, and since, by ^pothesis, 
B* — 4AC is negative, the whole expression will be negative, and 
therefore, for all such values of ;r, the expression for y will be imaginaiy. 
But, if we substitute for x any value between ^ and ^, then the product 
(x — P) (x — 19') will be negative, and consequently the expression 
(4) will be positive; for all such values of x, therefore, there correspond 
real values of ^. 

From this discussion it follows, that, under the conditions we have 
supposed, the curve always exists, and that it is comprised between, 
or limited, by two parallels 'to the axis of ordinates drawn at the 
respective distances of ff and |? from the origin, for between these 
parallels all the values of x which give possible values for y are com- 
prehended. By applying precisely similar reasoning to the expression 
(2), it would result that the curve is also limited by two parallels to 
the axis of x ; as, therefore, these parallels meet the former, and form 
a parallelogram, circumscribing the curve, it 
follows that the curve must be limited in all direc- 
tions, as in the annexed diagram. The curve, 
therefore, must necessarily be an eWii^^e. 
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Suppose, secondly, that the roots &' are real and equal, then the 
expression (4) is 

where, since it is impossible to substitute any value for x between the 
roots and ^, it is, by the preceding reasoning, also impossible to 
render the expression for y real by any substitution for x, except in 
the single case jr = ft which renders the irrational part of the expression 
0, and reduces the value of ^ to 

Bg + D 

^ ^A" 

hence, when the roots ft &' are equal, the curve *is reduced to a point, 
of which the coordinates are 

2A 

If, lastly, the roots be imaginary, then whatever value we substitute 
for or, in the equation containing them, the result will be positive 
{Alg, p. 173^ ; hence every value oSf y will be imaginary, so that, in 
tus case, the curve cannot exist. We may now therefore infer, that 
wfa^ in the general equation, B — 4AC ^ 0, whatever be the inclination 
of Uie axes, the locus is an ellipse, if the roots of the irrational part of 
the expression for y be real and unequal ; but it is merely a point, if 
these roots be equal, and it is imaginary, if the roots be so. 

(137.) Let us now discuss the equation upon the second hypothesis, 
viz. 

When B^ — 4AC T 0. 

Resuming the expression 

(B» — 4AC) (^x '-&){x-^ &), 
and reasoning as before, in reference to the roots ^ and ff, we find 
that here, when these roots are real, and fi greater than ^', every value 
of X greater than ft or less than jS', will, because B* — 4AC is positive, 
render the expression for y real ; while, on the tontrary, every value 
comprised between the limits jS and ff will render the expression for 
y imaginary. As, therefore, without these limits x may increase in- 
definitely, both positively and negatively, it follows that the curve 
must consist of two infinite detached branches, proceeding in opposite 
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directions, and separated from each other by the distance between twc 
parallels to the axis of ^, of which the abscissas are respectively and 
^, for within these limits there exist no possible 
value of y. 

This curve therefore is the hyperbola. 

If* the roots ft & are equal, the expression 
above is I / I 

(B« — 4 AC) {x — ey ; — 

and hence the value of y becomes 

_ Bi' + D , ^B2— 4AC, o^ 

or 





_ -.B± VB«— •4AC D±g VB» — 4AC 

-^" 2A "^ 2A 

hence the locus is a si/stem of two straight lines, which interseet, since 
the coefficient of x is not the same in both. 

When the roots fc jS' are imaginary, then, since every value given 
to X, in the equation containing them, gives a positive result^ the 
whole expression under the radical will be positive, and, therefore, 
the value of i/ will be always real. As, therefore, x may take any 
value from to infinity, in both directions, it follows' that the corre 
is unlimited in both directions. It moreover consists of two distinct 
branches ; for, as each double ordinate, or chord drawn parallel to the 
axis of ^, is bisected by the diameter whose equation is 

Bx + T> 

y = 2A- 

one half of the curve must be situated entirely below this line, and the 
other half above it ; neither can have a point in common with this 
diameter, because the irrational part of the value 
of y can never vanish; hence the curve must 
be an hyperbola. 

(137.) There is a particular form of the 
general equation which ought here to be noticed, 
it is that where the squares of the variables are 
absent, when the equation becomes 

Bj:y + Dj/ -f Ei- + F = (5), 





ANALYTICAL GEOMETRY. 167 

hieh gives for y the expression 

_ Er-f F 
^~ Rr + D 
Dd, as this value of ^ will always be real, whatever be the value of x, 
t follows that the curve extends indefinitely in opposite directions, 
b each value of x furnishes but one value of y, each ordinate meets 
'le curve in but one point. If the 

alue — ^ t>e given to j*, the corres* 

mding value of y will be infinite, that 
s, if a parallel to the axes of 3/ be drawn 

It the distance of — ^ from the origin, 

t will never meet the curve ; but, as every parallel drawn on either 
fide of this must necessarily meet the curve, because no abscissa but 

f = — ^can render the ordinate infinite, it follows that the curve 
15 

:onsists of two distinct branches, separated by the parallel whose 
ibscissa is — — . The curve, therefore, is an hyperbola; and the 

parallel, whose abscissa is — —, is obviously one of the asymptotes, 

as this parallel has been seen to be the only one which does not meet 
the curve. 
By solving the equation (5), with regard to x we have 

By + £ 

E . 
in which expression — ^ is the only value that can be given to y, 

that will render x infinite ; hence we infer here, that a parallel to the 

E 

axis of J", of which the ordinate is — - , is the other asymptote of the 

B 

2urve. Hence equation (5) represents an hyperbola whose asymptotes 

ire parallel to the axes of coordinates, the coordinates (/, y') of the 

point of intersection of the asymptotes being 
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D . E 



^ " B'^ ■" B 
The asymptotes are therefore easily determined when the equation o f 
the hyperbola takes the form (5). 

If the term kx* had appeared in the equation (5) the same reason- 
ing with regard to the expression for y would apply ; so that then 

also the parallel to the axis of y, of which the abscissa is — — , is an 

B 

asymptote. If Cy* appear in the equation, instead oiAj^, then, r^son- 

ing as above on the expression for jr, we find that a parallel to the 

E 
axis of JT, of which the ordinate is — — , is also an asymptote. If 

both C =: and D = 0, the axis of y cohicides with an asymptote. 
If both A = and E == 0, the axis of x coincides with an asymptote. 
If both D = and E = 0, the origin coincides with the intersection of 
the asymptotes ; and when, in addition to this, the squares of the 
variables are absent, both axes coincide with the asymptotes, and the 
equation takes the form "Bxy + F = 0. ^ 

To determine the asymptotes from the general equation, let us 
actually extract the root of the expression under the radical, in the 
general valilie of the ordinate (1), we shall find this root to be of 
the form 

BD — 2AE K K' , 

.VB^-..4AC + ^-^==+-+^+&c. 

therefore 



Bx + D V^'— 4AC BD — 2AE K , K' ,„ 

^ 2A ^ 2A ^2At/B^— 4AC 2Ar^2Ajr« 

IT 

Now it is here obvious that as x increases the term , and all that 

2Ar 

follow will diminish, while those that precede will increase, and to 

these first terms the expression is finally reduced, when x becomes 

infinite. Hence the curve continually approaches the two straight 

lines denoted by 

V Bj: + D ^ VB'"— 4AC' , BD — 2AE, 

2A "^ 2 A ^ B« — 4AC^ 

these lines are therefore the asymptotes to the cuive. • 
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Comparing this equation with the equation at p. 166, which represents 

the locus when it hecomes a system of two straight lines, we shall 

find them to he identical. For, as that equation takes place only 

when the roots ff, P are equal, it follows that then j? must he equal 

to minus half the coefficient of x, in the equation (3), which contains 

tbeni^ that is, we must have 

BD-~2A E 

^ B« —4 AC" 

which value of j3 renders the equation (p. 166) identical with that ahove 

for the asymptotes. We may^therefore say that, when the equation 

represents a system of straight lines, the hyperhola degenerates into 

its asymptotes. 

(138.) We already know that the asymptotes intersect at the centre, 

this is also readily ascertained from their equation ahove ; for since 

at their intersection the two values of Y coincide, we must have for 

r, at that point, the value 

_ 2AE— BD 

*"" B«— 4AC' 

which (134) is the ahscissa of the centre, and the corresponding value 

ofYis 

B.rH-D _ 2CD — BE 

-^ 2A " B»— 4AC 
which (134) is the ordinate of the centre. Hence, when we wish to 
construct the asymptotes, when the equation of the hyperhola appears 
under the general form, we shall have first to determine the centre 
from these formulas, and then to draw through this point two straight 
lines inclined to the axis of x, at angles «, « , whose tangents* are 
respectively ^ — ^*— ....^^ 
tan.«= y^ andtan.« = ^^ 

The product of these two tangents is 

, ,_4AC C 
tan. Ob ' tan. a =i — -- = -- 

4A* A 

which, when C = — A, becomes 

* tan. « • tan, «' = — 1, 

an equation which indicates (when the axes of reference are rec- 



* We are here supposing the axes to be rectangular ; if they are oblique, 
then for tan. substitute ratio of the siaest 
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(angular) that the asymptotes are perpendicular to each other (11). 
Hence, if, in the general equation, B' — 4AC T 0, and C = — A, 
when the locus is referred to rectangular axes, we may conclude that 
the equation represents an equilateral hyperbola. 

It^must be here remarked, that, when A = 0, the preceding expres- 
sion for tan. a becomes — , which is not a definite result ; bul^ by 

multiplying numerator and denominator by B -j- <^ B'* — 4AC, it re- 
duces to 

— 2C C , . ^ 

tan. u = n = — , when A = 0. 

B + i/B^— 4AC B 

(139.) We shall now examine the general equation upon the third 

hypothesis, viz. 

Wfien B* — 4AC = 0. 

Under this condition, the general expression for any ordinate of tbe 
locus is 

■Rr 4- "n 1 

y = -^p'±l V{2(BD-2AE)*+D»_4AF}. 

If we put 

flf D' — 4AF 

'^ 2 (BD — 2AE) 

the quantity under the radical will be 

2(BD — 2AE)(.r — 0), 
in which the factor 2 (BD — 2AE) may be either positive, negative, 
or nothing. 

If this factor be positive, the whole expression will be positive for 
every value of j? greater than g, but negative for every value less than 
; hence, in this case, the locus extends indefinitely to the right of a 
parallel to the axis of y drawn through the abscissa j* = g ; therefore 
this parallel is a tangent to the curve, to the left of which no point in 
the locus can be situated. 

If the factor 2(BD — 2AE) be negative, then, on the contrary, the 
locus would extend indefinitely to the left of the parallel, whose 
abscissa is 0, and no point in the curve could be 
situated to the right of it. 

In each of these cases, therefore, the curve will 
he limited in one direction, but unlimited in the 
opposite direction; itinusttheTeioie\>e^^^T^o\^< 
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If, lastly, 2(BD — 2AE) = 0, then the expression 
for^ becomes 



Bjt + D 1 




denoting a system of parallel straight lines, which, 
howerer^ coincide, when D* — 4AF = 0, and which 
become imaginary, when D' — 4AF z. 0. 

Because the condition B^ = 4 AC or B = 2 v^AC characterizes the 
parabola and its varieties, the three first terms in the general equation 
of this curve will always form a perfect square, viz, (y */A-}-x */Cy 

= Ay* -f 2VAC • jey + Cx^. 

(140.) We might now proceed to inquire into the form of the general 
equation when it represents one of the varieties of the three curves, 
and thence derive, as in the preceding chapter, criteria by means of 
which tlffise varieties may be distinguished. For the varieties of the 
parabola the tests of their existence which have been given in the pre- 
ceding chapter are the simplest that can be employed, and may be 
veadily applied in any case of doubt. But for the other cu rves, the shortest 
and most direct way of proceeding will generally be to solve the equa- 
tk)n, with regard to one of the variables, and then to find the roots of 
that part of the resulting expression which is under the radical, the 
oatare of these roots will make known the nature of the locus conform- 
ably to the preceding discussion. The examples we shall here give 
will further illustrate this. 

Construction of Curves of tfte second order. 

EXAMPLE I. 

To determine the position of the curve of which the equation is 

y — 2xy -f Sx'-^ -{-ly — 4j: — 3 = 0. 
As, in this example, B* — 4AC z. 0, the curve must be an ellipse ; 
let us therefore first proceed to determine its limits. For this purpose 
let us put the equation under the following form, viz. 

y— 2 (jr— l)j^ = - 3j» + 4jr + 3 (1), 

^hich, solved first for y and then for x, gives 

j^ = X — 1 ± i/— 2j:«-h2a:-f4 (2^) 

11 
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Equating the irrational part of (2) to 0, we ha 



consequently, the 

e = a, and ^ = 

HaX the curve exists, and that it is included 

betvreen two parallels, IX', MM', to the 

axis of y, of which the abscissa, AG, of the 

one is equal to — 1 , and the abscissa, AH, 

of the other equal to 3. 

Solring, ID like nianaer, the equation 
2j' + 2y— 13 = 0, 
we obtain for the roots Ihe values 



the curre is also comprehended between ti 
X, of which Ihe ordinate, AK, of the • 

ordinate, AK', of the other Z±=l^''. 



of this equation being real and uneqna], m. 
we know (136) 







) parallels to the axis of 



The curve is therafon dt- 

cumscribed by (he parallelogram LM'. 

To find the points of contact of the parallels LL', HH', we nat 
construct .the diameter, Y =x — 1 (134); for, as the abscinu^ 
and ff of these points render the irrational part of the eqnatioa (1) 
nothing, the corresponding ordinales roust belong as well to tkt 
diameter as to the curve. This diameter cuts the axes in the poipti 
t = 1 and y = — 1 ; if, therefore, through these points the line D' 
be drawn, the two points of contact will be determined. CoDStractiiig 
_y+2 



aUo the second diameter, X = 



istheai 



otbepciiai) 



X = \ and y = — 2, we obtain the other two points of contact, F, F- 
To lind the points where the curve intersects the axis of y, sappoM 
x = 0, in equation (3), and we have (or the ordinates of tbose. 
points y = 1 and y z: ■ — - 3 ; hence these points, D, ly, are leadil) 
detentiiaed. In like manner, aov¥°^™% i) -= Q, ia eqaation (3), 
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we have for the abscissas of the points £, £', where tlie curve cuts 
the axis of j, the values x = f + 4 v^l3 and j: = J — J v^l3. The 
ei^ points thus determined are amply sufficient to make known the 
position of the curve. 

Bat there is another mode of proceeding by which an indefinite 
immber of points in the curve may be determined. Thus : 

Draw, as before, the parallels LL', MM', and then construct the 
diameter, IT, from its equation, Y = x — 1. The middle point, O, 
oC tills diameter is the centre of the curve, therefore the abscissa, Atti, 

fl -+- fl' 2 — 1 

of die centre is . = = ^, because /9 and & are the 

abscissas of the extremities of the same diameter. Hence, drawing the 
ordinate mN, we shall have the direction of the diameter conjugate to 
n', since this ordinate will be parallel to the tangent at the vertex of 
that dSneter ; therefore, putting for x the value x = ), in the expres- 
sion (2), the irrational part gives for the semi-diameter, ON, 



3v^2 



V — 2j:« +^2x + 4 = -— - = ON ; 

2 

hence we have a system of conjugate diameters given in length and 
direction to construct the ellipse. This construction is as follows : 

On the given diameters, AB, CD, taken ...^- c 

as principal axes, construct an ellipse; '[yy^x '-Xl 

dien, if the double ordinates, ahy CD, cd, y Of yJo yv^ 
fcc. of this ellipse be inclined to AB, in the J<Ci^^iAf^^>i 
given angle, while their length remains ^^^r«^- 

uichanged, their extremities, o', 6', C, D', c', d', &c. will be all upon 
te required curve, which may therefore be drawn through them. The 
trotii of this is obvious, for the curve thus traced will, by construction, 
iie such, that the squares of the chords parallel to one diameter, CD', 
are as the rectangles of the parts into which they divide the other, 
AB» and AB, CD', are the given conjugates, both as to length and 
direction. 

EXAMPLE II. 

To construct the curve of which the equation is 

y^ — 2xy — Sjt' — 2^ + 7d: — 1=0. 
Since here B'^ — 4AC 7 0, the curve is an h^pexboVau 
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We shall proceed first to determine the asymptotes, because, when 
these are known, and a single point in the curve found, we can easily 
obtain as many more points in the curve as we please (97). The 
equation of the asymptotes is given at (137) ; but as it is advisable 
to proceed independently of the general formulas, we shall here deduce 
the equation of the asymptotes from the given equation of the curve 
which furnishes for y the vahie 

y = xJ{.l± y/4^Z:^5x'\- 2 = X + 1 ± (2j — 1 + - -|- ^ + &c.) 

Hence, for the two asymptotes we have the equation 
¥=^• + 1 ±(2j: — J). 

For J? = we have Y = — i, and Y = 2^; 
therefore, making AS = — J, and AS^z= 2^, 
the points S, S' will be those in which the 
asymptotes cut the axis of y. In like 
manner, for Y = we have x = -^y, and x 
= 2\ ; therefore, making As = -^y and As' 
= 2i, the points «, s* will be those iu 
which the asymptotes cut the axis of x ; 
.consequently the lines SS", «V' are the asymptotes sought. It 
remains now to determine a point in the curve, and for this purpose 
suppose X zzO, in the proposed equation, and there results for the 
ordinates of the points where the curve intersects the axis of y, the 
values j^ = 1 ± \/ 2 ; therefore, making AP = 1 + i/ 2, and KV = 1 
— t/2, two points, P, P', in th6 curve will be determined and thence 
as many more as we please (97). 

When the axes of reference do not meet the curve, a point must he 
detennined, by constructing the value of y, corresponding to an 
assumed value of x. 



EXAMPLE III. 

To construct the curve of which the equation is 

xy — 2y+j: — 1 =0. 
This equation represents an hyperbola, the axes of coordinates being 
parallel to the asymptotes ^'^)' '^^ ex^w&wixi tot -y x^ 
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wltidi becomes inlinite odI^ when i = 2 . 

tbenfoK, if AB be made equal to a, the "J'"' -^'yg 

line LBL', parallel to Ihe axis of y, will be lljyg^ O ^— H" 

(me of the Ufmptotes. In like mannerj z^,-'-'"'' 

the expressioD for r, viz. " 

becomes infinite only when y = — 1 ; hence, if AC = — 1, Ihe lioe 
HCH', parallel to the axis of r, will be the other asymptote. 
. To find a poiat in the curve, suppose 3? = 0, in the proposed equa- 
tioD, then y = — 1 ; therefore, makin(5 AP = — 1, the point P will 
be in the curve, and the construcliou nill be effected as before. 



EXAMPLE IV. 

To construct the locus of the equation 

y'— 4jy + 4r' + 2y — 7i — 1 = 0. 
This curve is a parabola, because D' — 4AC = 0. 
By solving the equation, first for y, and then for x, w 
y = 2^ — 1 ±v /3j + a (1) 

, E9Datiiig the irrational part of (1) to 0, we have 
3x4-2 = 0.'. !■=— |; 
cODsequently the ordinate, LL', of which the abscissa, AG, is — f, 
will be a tangent to the curve, which will be aitoated to the right of 
this tangent, because the coefflcieat S of x under the radical iipotilive. 

To find the point of contact we must construct y j. _, 
the diameter Y — ax — 1; for, as the abscissa, 
ff, of this point renders the irrational part of (1) -^ 
nothing, the corresponding ordinate must belong 
as well to this diameter as to the curve. Hence, ® 
sapposing first x =■ 0, and then y = o, in the 
equation of the diameter, we have for the points 

-^where it cuts the aies, Y = — 1, and x = i • p^ 
^refore, making AC = — 1, and AD = J, and X 
then, drawing the diameter, EP, we shall ba\e liie ^ial tA 
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Equating^, in like manner, the irratiooal part of the expiagoi{ 
(2) to 0, vfe have 

hence a parallel to the axis of x, drawn throagfa the point Vyfi^ 
the ordinate if ^ 2 ^, will be also a tangent to the cunt b 
point of contact will be determined bj coostrueting the Mb( 
E'P, from its equation, X = Jj/ + }. 

To determine the points where the curve intersects the am^^ 
suppose y = 0, in the proposed equation, and there result! kit 

abscissas of those points the values x = — =. ll ? ; henee li 

o 

points, I, r, are readily determined. In like manDer, puttiif xsV 
we have for the ordinates of the points K, K', where the evie i 
the axis of y, the values y = — 1 ± ^2. The points thgi talM 

sufficient to determine the track of the curve, but others, if fftM 
may be found by assuming different values for x, in (1), aiii i 
structing the resulting values for y. 

(141.) We shall terminate this chapter with a table of the 
ditions which must exist among the coefficients of the general flf 
tion of the second degree, in order that the locus may meet the i0 
of reference. The necessity of the several conditions in the vaiice 
cases is obvious, from an inspection of the general values of x aiKi> 
exhibited in art. (134). 

When E* — 4CF 7 0, the locus has two points of intersection fia 
the axis of x. 

When E* — 4CF = 0, the locus has one point of contact withik 
axis of X. 

When E^ — 4CF ^ 0, the locus has no point of intersection w^ 
the axis of x. 

When D^ — 4 AF 7 0, the locus has two points of intersecWi 
with the axis of i/. 

When D^ — 4AF = 0, the locus has one point of contact with the 
axis of ^. 

When D^ — 4AF ^ 0, the locus has no point of intersection witi 
the axis- of y. 
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PROBLEM I. 

(142.) iGriyen the base of a triangle and the sum of the tangents of 
the angles at the base, to determine the locus of the vertex. 

Let AB be the given base, through M, the 
middle of which, draw the perpendicular, MY; 
thegijj|king MX, MY for axes, and denoting 
the vertex of the triangle by (jr, y\ half the 
base by 6, and the sum of the tangents by f , 
we have 

tan. z. A = 7-T— > tan. y B = 

h-\-x ^ h 







consequently 



s6. 



«jr* + 26y — «6' = 0, or sx* + 26 (y — -) = 0. 

Hence the locus is a parabola. 
By remoylng the origin to a point, P, in the axis of y, of which 

the ordinate is — , that is, by substituting y -\ — for y, in the equation 

oi the locus, it becomes 

8x*-\-2by = 0yOTx* = ^ —y; 

80 that P is the vertex of the curve, and PM, PX', its principal axes. 

sb 
If we substitute for v, there result for x the values x = ±b; 

hence the curve passes through the extremities of the base. A, 6. 

i3 
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PBOBLEM II. 



(\4X) Ghentbebue and the 6iSaeoce of die taBffsIt^^ 
angles at the base, to detemune die locos of die Tcitex. 
Taking die same ases as 



f 

^ being put Ibr die diAereDoe of die tangents. ^wSi if i 1 , 
Hencetfaeeqoatioooftfaelociis is ^\Tn ■ ^ 

whicfa beloogs to an hjperbob, and, since die ^' 

teims containing y* 2nd y are absent from diis ec|iiaftioD, it *^| 
(137) that the axis of 5 coiiicides intfa an asjrmptote, and l i o tt iJ ^I 
orer the term containing X is also absoit, tbe origin is at tbe 11^! 
If i: 6 be snbstitotai for x, in tbe equation of the locos, tfaeioA 
▼aloe of 5 is 0; benoe die corre passes throogfa the extranitkscl^ 
base. 

Tbe other asjrmptote may be constructed by means of the ezpR^ 
at (138;, which gires for the tangent of the angle a, which il O^ 

with the axis of x, the raloe tan. oi = • 



PnOBLEM III. 

(144.) Given the base of a triangle and the difference of the iDi 
a: the base, to determine the locus of the vertex. 

Taking the same axes as before, and putting a, a% for tbe tangt 
of the angles at the base, and t for the tangent of their difference, 
have Y 



t = 



■a 



aa •\' 1 

or substitutiDg for a, tf', their respective values in 
terms of the coordinates of the vertex, as given 
in the first problem, the expression becomes 
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t=z 



5^»— j« + 6* 



2 

,\x^-\ xy — ^2 — 6* = 0. 

Consequently the locus is an hyperbola, and, because the terms 
ntaining the first power of the variables is absent, the origin is at the 
ntre. Also, since the coefficients of x' and y^ are equal, and opposite 
sign, the hyperbola is equilateral (138). It passes through the 
tremities of the base, since for ar = ± 6, y = 0. When the vertex 
inddes witli B, the angle A is 0, and the angle B is that contained 
AB, and a tangent to the curve at AB; this angle therefore is equal 
the given difference ; consequently, if MC make an angle with AM, 
ual to the difference of the angles at the base of the triangle, MC, 
ing parallel to a tangent at B, will be in the direction of the confu- 
te to AB, therefore the lines which bisect the angles CMA, CMB, 
U be the asymptotes to the curve (85). 



PROBLEM IV. 

(145.) It is required to find the locus of a given point in a straight 

16 of given length, of which the extremities move along the sides of 

^ven angle. 

Let AX, AY, be the sides of the given 

igle, BC the given line, and P the given 

>iot ; then, drawing the ordinate PM = 

and putting CP = a, PB = 6, and the 

sine of the angle A = c, we have (Trig. 

54) 

a2 = MC«-f3^« — 2MC-cy; 

It 

ax 




b: a :: X : MC = 

6 



lice, by substitution. 



b^ ^^ b 
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... flS .r« — 2ahcxy -f- h^f — a^b^ = 0. 
IleDce the locus is an ellipse, of which the centre is at the origin. 
If the angle A is right, then c = 0, and the equation is 

in this case, therefore, the principal diameters of the curve coincide 
with the sides of the given angle. Hence is suggested an easy method 
of tracing an ellipse ; thus, having drawn the perpendicular lines, 
AX, AY, apply to them the extremities of a rule, EC, of which the 
parts BP, PC, are respectively equal to the semi-minor and semiHoaa^ 
axes of the proposed curve, then in every such position of BC, P will 
mark a point in the curve. 



PROBLEM V. 



(146.) Two straight lines are given in position, from any point, in 
one of which, a perpendicular is drawn to the other, and from a giveQ 
point in this latter, with a radius equal to the perpendicular, an arc, 
cutting the perpendicular in P, is described. It is required to fiod 
the locus of the point P. 

Let DX, DN, be the lines given in position NM, a perpendicular 
from the latter to the former, and A the given point ; then we must 
always have AP = NM. 

Put NM = Y, PM =3^, AD = p, and the 
tangent of the angle D = a ; then, taking the rec- 
tangular axes, AX, AY, we have for the equation 
of DN passing through the point ( — p, 0). 

Y = a (x -f-p) .-. Y' = a^r^ + 2a^px + a^p; 
but 

.-. JT* +y« = flS x' + 2a^px + a'p ; 
hence the equation of the locus is 

3/» + (1 — a^ x^ — %a^px — a^f = 0. 
If the angle D is 45<^, then a = 1, and the equation is 

y* = Ipx 4-i?» = 2p (x-f- f.), 
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!h characterizes a parabola, of which the abscissa of the vertex is 
—y that is, the vertex is at the middle of AD, and, since p is also 

semi-parameter, it follows that A is the focus, 
f the angle D is less than 45^, then a ^^ 1, and the locus is an 
)se, and because y enters in the equation only in its second power, 
e are two equal values of y for one value of x ; hence the axis of 
a principal diameter of the curve. If the equation be solved for 
le rational part of the resulting expression will be 

a*p 

, therefore, (134) is the value of the abscissa of the centre, by sub- 
iting it for x, in the equation of the locus, twice the resulting 
le of y, viz. 

t/1 — a» 
I be the length of the diameter, parallel to the axis of ^. For the 
ph of the other principal diameter, take the difference of the two 
ues of x, which the equation gives for y = 0, and we obtain the 
>ression 

1— a« 
This diameter may however be found rather more easily, for since, 
the equation of the locus, when the origin of tibe axes is removed 
the centre, x* will preserve the same coefficient, it follows that, 
noting the transformed by . 

B* 4a* p* 

' must have -:- = 1 — a\ but we have found B* = — i- ; hence 
A* 1- -• 

A«= ^""'^ 



(l-a»)« 

If the angle D is greater than 45°, the locus of P is an hyperbola, 
^hich the centre and axes may be determined as in the case of the 
pse. 

^hen the given lines are parallel the locus is obviously a circle, 
^use then MN or AF is constant* 
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PROBLEM VI. 

(147.) To find the locus of the vertex of a parabola which shalf 
touch a given straight line, and have a given focus. 

Let AB be the given straight line, and F, the focus; 
draw the perpendicular, FP, and through a vertex, 
V, draw FVA, join also PV. Then (108) FA • FV 
= FP*, therefore PVF must be a right angle ; con- 
sequently the locus of V is a circle, of which the 
diameter is FP. 




PROBLEM vxi. 

(148.) To find the locus of the focus of a parabola which shall touch 
a given straight line, and have a given vertex. 

Let V be the given vertex, and AB the given 
tangent ; then, for every position^ F, of the focus, 
the perpendicular, FP, subtends a right angle at 
the vertex, V. Let VY, parallel to AB, be taken 
for the axis oiy, and VX, perpendicular to it, for 
the axis of x ; then, by similar triangles, VDF, 
PDV, we have 

VD = 5/ : DF = X :: PD = a : 5^ 
.♦. y^ = ax. 
Hence the locus is a parabola, of which the axes are VX, V Y, and 
parameter PD or VE. 







PROBLEM VIIl. 



(149.) Given the base and altitude of a triangle to find the locnJ 
of the intersection of perpiendiculars from the angles to the opposite 
sides. 



\ 
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jet c represent the base, AB, of the triangle, then y 

altitude, a, being constant, the locus of the vertex, 

is a parallel to AB. Hence, taking AB, AY, for 

rectangular axes, and putting (/, t/) for any point ^1 

the locus of C, we have always y = fl, and for the / ^ ^ 

lation of BC, passing through the points (r, 0) and (/, /), 

x — c 
1 for the equation of a perpendicular to this, through the origin, 
have 

he point P, where this line intersects the perpendicular, CD, x =l x'; 
refore, substituting x for x% and a for y, in the foregoing equation, 

have for the locus of P the equation 

fly = cx^- x^y 
lich characterizes a parabola. 

For j: = we have y = ; therefore the curve passes through A, 
t does not again meet AY ; so that AY is a diameter. For y = 

have not only a: = 0, but also x = c; therefore, the curve passes 
ough B ; hence the principal diameter bisects AB at right angles ; 

irefore, to find the vertex, put x = ^c, which gives y = — . By 

noving the origin of the axes (38) to the vertex, that is, to the 

tint ^— , — \ the equation becomes 

;refore the parameter is a = CD. 



PROBLEM IX. 



(150.) Given the base and the sum of the sides of a triangle, to find 
i locus of the point of intersection of lines from the angles bisect- 
; the opposite sides. 
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Let M be the middle of the base, AB, and 
take MB, MY, for rectangular axes. Put 
(x', y) for the vertex, C, of the triangle, and 
(f , y) for F, one of the points in the locus^ 

then (19) 

v' a! 

y=^ •••^= -J ••• (^'> y) = (3j^, 3y). 

Now the locus of {x', y") is an ellipse, of which the principal dia- 
meter, 2A, is equal to the sum of the given sides of the triangle, and 
the foci A and B. The equation of the locus of (/, y,) is theism 

A«y« + B2y« = A«B«; 

hence, by substitution, we have for the locus of (x, y,) the equation 

A*R» 

Aay+B2:r«=li-^ 

or 

(t)v+(f)»'' = (t)= •(?)'. 

an ellipse, of which the principal diameters are one third those of the 
former. 

If, instead of the sum, the difference of the sides had been giveD^ 
the locus would have been an hyperbola, since, in that case, the locos V 
of (/, y',) would have been an hyperbola. 

But, if the sum of the tangents of the angles at the base had beta 
constant, then the locus would have been a parabola, (Prob» l.J 



PROBLEM X. 

(151.) Given the base and sum of the sides of a triangle, to find the 
locus of the centre of the inscribed circle. 

Let AB be the given base, and P the centre of one of the circles, 
of which p is the point of contact with the base ; then it is known 
that the distance of j9 from M, the middle of the T^ 
base, is always equal to half the difference of the 
sides. This is easily proved; for, since two 
tangents drawn to a circle from any point are A^ 
equal, we have AC — CB = Ap' — • :E^" = Ap — - *' 
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Ip = 2Mp. This being premised, take MB, MY, for rectangular 
xes, put MB = c, C = (y, y,) and P = (x, y\ then the area of the 
riangle, ABC = y'c^ or putting A for the given sum, AC + BC, the 
irea of the eame triangle is j/ (A + Oi consequently 

yc=y(A + c).-.y = ^i^-±i) 

C 

^w, since the locus of C is an ellipse, of which A, B, are the foci, 
Dd 2A the major diameter, we have (47) 

J(AC — CB) = e/ = a- /.y = - = — 

e c 

Icnce, substituting these values of j/ and y, in the equation of the 

)cus of (or', y), viz. in 

A»y« + B2j'2=:A'BV 

re have, for the locus of P, the equation 

(A + c)»y +B»x'=B»c2, 

rhich characterizes an ellipse, of which the axes coincide with the 

Be 
Drmer. For j: = we have y = — — , and for v = we have x = 

-^ A -I- c ^ 

; these values of x and^ are those of the principal semi-diameters 
^the locus. 

If, instead of the sum, the difference of the sides had been given, 
ken, since half this difference, that is, x, would have been constant, 
he locus of P would have been a straight line through p, perpenr 
iicular to the base. 



PROBLEM XI. 

(152.) Given the base and the sum of the sides of a triangle to find 
he locus of the centre of the circle touching the base, and the prolon*- 
"ation of the other two sides. 

Taking the same axes as in the last problem, 
it P be the centre of one of the circles, and p its 
oint of contact with the base ; then, as before, 

fy = — j: = i (AC — CB) = ex' .-. x' = -.— 

Now, as the centre of the circle must always 
e on the line bisecting the angle C, that is, on 
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the normal, through the point (/, y), we have, by substituting this 
value of /, in the equation of the normal, the expression • 
_ By — Acy — AV _ _ (A + c)^' _ J- 

to determine y, which is 



^ B« A*— c« A — c-^ 



, A — c 

c 
These values of x^ and y, substituted in the locus of (/, y), give 
for the locus sought the equation, 

(A — c)V+B«J» = B»c«, 
which is that of an ellipse, of which the minor diameter is 2c = A!B, 

J . J. , Be i/A* — c^ ,c yA-fc 

and major diameter = - — = ^ ^ • c. 

A — c A — c A — c 

If, instead of the sum, the difference of the sides had been giTeo, 

then, since x would have been constant, the locus of P would have 

been a straight line through p, perpendicular to the base. 



PROBLEM XII. 

(153.) Given the base and the difference of the sides of a trians^ 
to find the locus of the centre of the circle touching one side, and tM 
prolongation of the base and of the other side. 

Let P be the centre of one of the circles, 
and p, p\ p" the several points of contact ; 
then Ap" = Ap, or AC + Cp' = AB + 
Bp' .-. Ap = 1 (AB + AC + BC), and, ^ 
^king AM or } AB from each side, we 
have Mj? = i (AC + BC) = x. 

Now, since the locus of C is an hyperbola, of which AC, BC, aie 
radii vectores, we have (79) 

i (AC + BC) = ijy = X .• . / = ~ . 

c 

Also, since P must always be on the line bisecting the angle BCP^) 

that is to say, on the normal through the point (i', y), we shall have 

to determine the value of y from the equation of the normali when 
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Ax 
x' is replaced by — . This equation is 

c 

^,(BV + A cy^AV _ (A-c)c c_ 

^ B« "" A^ — c' ^ ""A+c^' 

/ A + c 

c 

These values of y and y, substituted in the locus of (j', y), give 

for the locus sought the equation 

(A + c)«y — B'o: = — B*c», 

which cbsuracterizes an hyperbola, whose principal axes are 

- 2Bc - 
2c and a/ — 1. 

A-fc ^ 

If, instead of the difference, the sum of the sides had been given, 
tben^ since half this sum, or x, is constant, the locus would have been 
a straight line perpendicular to, and through the extremity of^ the 
major diameter of the ellipse, which is the locus of C. 



PROBLEM XIII. 

(154.) Two straight lines are perpendicular to each other, and 
through two given points in one, straight lines are drawn, forming, 
^th the other, angles, the product of whose tangents is constant : 
^hat is the locus of their intersection ? 

Let the perpendicular lines be taken for axes, and the equations of 
^ny pair of the intersecting lines be 

y =z ax -\- b 

y zzax -\- p. 

Ilien, by the conditions of the problem, the quantities a», b, and /9, 

^re constant; hence, multiplying the two equations together, and 

■Cueing, we have for the equation of the locus 

y — fl<tJ^» — (6 + fty + 6^ = 0, . 
^hich characterizes an hyperbola, if act is positive, and an ellipse if 
i» is negative. 

Because x enters into this equation only in its second power, there 
ire for every value o£y two equal values of x; therefore the axis of ^ 
s a principal diameter of the curve. If we put x^Oy the resulting 
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values of y are obviously b and /?, the difference of dieseiiik^ 
of die diameter, which coincides with die axis ofy, that is 

2 

Also the sum of the same values gives twice the ordinate of (kfl^j 
therefore 

Y=Ltf . 
2 

To find the other principal diameter, put this valoe of Tfa)^' 

the equation of the locus, and there results 

x= B = — ==. 

2^ — act 

If a« = -f- 1, the locus is an equilateral h3rpeibola, and, if iss- 
it is a circle. In every case, the part of the axis inteieepiri 
given points is a principal diameter of the curve, as the 
of A proves. 



i 



PROBLEM XIV. 

(155.) From two given points two straight lines are drawn ib'' 
intercept a given portion of a straight line given in position : ^] 
the locus of the intersection of those lines ? 

Let £F be the line given in position, and A, B, 
the given points ; let also AP, BP, be two lines 
intercepting the given portion, CD = wi, then P j- q g/ |b y 



is a point in the locus. Draw the axes, AX, AY, 

the one parallel and the other perpendicular to EF, A. 

put AO =p and (x', 3/') for the point B, then the equation of APs 

y ■=z ax .'.when y '=-'p, OC = — 

a 

also the equation of BP is 

y — 3/' = fl' (or — jO» ••• when y = p, OD = 2jr^±jLi 



.-. OD — OC = CD = 



_ j3 — y + a'x' 



a 



= iw. 



that is, substituting -^ for a, and - — ^„ for aV 



X — X 
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y—y y 

this equation becomes, after reduction, 

(x' — f«)5^« — y'j^^-f. (wi/ — py)3f ^rlp^/x = 0. 
Heoce the locus is an hyperbola. 

As, in this equation, the square of one of the variables, Tiz. or*, is 
absent, the axis of jr is parallel to an asymptote (137), the ordinate of 

ivhich is ^ = p ; hence the line £F is that asymptote. 

To determine the centre, we may solve the equation of the locus with 
fegard to ^, and, by omitting the irrational part, in the resulting expres- 
sion for y, we shall hare the equation of a diameter, in which, hy putting « 
p for y, we shall obtain for x the abscissa of the centre, which is there- 
foe thus determined. Having found the centre, we may construct the 
other asymptote ; thus, assume any value for or, and construct the two 
'valnes of y corresponding; two points of the curve will be thus deter- 
mined, either of which is at the same distance from the known asymptote 
that the other is from the asymptote sought, the distances being 
measured along the line passing through the two points, and in oppo- 
site directions ; hence the centre, and a pcfint in the asymptote, being 
ftund, the line may be drawn. Or, without first finding the centre, 
"we may determine in this way two points in the required asymptote, 
^hich will determine its position. 



PROBLEM XV. 



(156.) Tangents to a parabola form a given angle with each other : 
%hat is the locus of their point of intersection ? 

Let t represent the tangent of the given angle, and (x,y,) any point 
of intersection ; then, if the equation of the parabola be y^ = 27njr, the 
equations of tangents through any points (/, y), (/', y") of the curve 
^11 be (105) 

yy' = m (jT H- x'\ yy" = m (j: + x".) 
As the angles which these tangents form with the axis of x are 

1 
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respectively — , -7;, we have for t the tangent of 

y y 

their difference the expression 

it remains therefore to determine y, y'\ in terms 

of x, y. For this purpose, substitute for 2»i/, 

2my, in the equations of the tangents, their equals y, y"\ and we 

have the two equations 

y 2 __ 23,y + <irnx = 0, y* — 2yy" + 2»ix = 0, 
in which the roots of the one are the same as those of the other; 
therefore, by the theory of equations, 

yy = Imx and y' -|- y" = 2j^ .\ (2j^)* — 8»m? = (y" -— yO* > 
hence, substituting, in the square of the expression, for ty we have 

m'' (4y^ — 8»ijr) 4y' — 8otj: 
^ "" {^mx + »»2)2 ~ (2ar + m)^ 
... y — <2 x* — (2 + t^) WM? — i /» m'* = ; 
consequently the locus is an hyperbola, of which a principal diameter 
coincides with the axis of Xy since there are two equal values of y for 
J? = 0. If we put 3^ = 0, in the equation, the difference of the roots 
will be the length of this diameter, and half their sura, the abscissa of 
the centre ; this abscissa therefore is 

— (^ + *)'» = -(cot.'P + i) w = AO. 

By substituting at for a:, in the equation of the locus, we get for the 
square of the semidiameter parallel to the axis oiy the expression 

y = — m« (1- + 1) = — OT«(cot.« P + 1) = —■ m^ cosec.« P. 

Now, instead of determining the other diameter by taking the dififer- 
ence of the roots of the equation, as above suggested, we shall obtain 
it more readily from these considerations. We know that if we had 
removed the origin of the axes to the centre of the curve, that is, if, io 
the equation of the locus, we had substituted x — (cot.' P -{- J) m for 
X, the equation would have been transformed to the form 

B' 
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y in this transformed equation, the coefficient of j:' will be the 
e as in the primitive, viz. — t^; consequently 

» -- = tan.» P, and B« = m« cosec* P, 
. A' 

., jw'cosec.'P . wtcosec. P 

tan.« P ' tan. P 

' =: I9 that is, if the given angle be 45^, the locUs will be an equi* 

ral hyperbola. 

f ^ = infinite, that is, if the given angle be 90^, then the denomina- 

, in the expression for i*, must be ; that is, 2x -{-m = 0, or 4: i: 

— ; in this case, therefore, the locus is the directrix of the proposed 

abola. 

f ^ is negative, that is, if the given angle is obtuse, the equation of 
locus will remain unaltered, since t enters only in its second power. 
Dce we infer that, if any pair of tangents intersect at an angle, P, 
[ any other pair intersect at an angle, P', supplementary to the 
ner, the locus of P will be one branch of the hyperbola, and the 
IS of P' the other branch. 

PROBLEM XVI. 

157.) Tangents to a parabola form angles with the principal 
meter, the product of whose tangents is given : what is the locus 
the points of intersection ? 

Let one of the points of intersection be (j*, y), and one of the points 
contact (j/, y') ; then from the equation of the curve 

y«=2wy.-./='?!^ \ (1), 

\ from the equation of the tangent, 

yy* =: wix + mx' = mj? + '— > .... (2). 

o, for the value of a, the tangent of the angle which the tangent 

3agh (j/, y) makes with the principal diameter, we have 

m . m 
az= -,\y =-. 
y a 

}stituting this value o£y*, in equation (2), and reducm^^ 7(^ W<^ 
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y .. . ^ 



a«— ^ a A =0. 

X 2x 



The two values of a contained in this equation belong to the two 
tangents drawn from the point {xy y), and, as their product, p, is given, 
we have, by the theory of equations, 



p =z — .', 2px = wi, orjT = — . 
^ 2x ^ ' 2p 



Hence the locus sought is a straight line, perpendicular to the prin* 

cipal diameter, and at the distance — from the vertex. 
^ 2/, 



PROBLEM XVIt. 



(158.) To find the locus of the intersections of pairs of tangents to 
any line of the second order, when they make angles with the principal 
diameter, such that the product of their tangents may be a given 
quantity. 

This problem has just been solved for the parabola, and may, by 
employing a similar process, be extended to the other two curves. 
Thus, representing a point of intersection by (i*, 3^), and a point rf 
contact by (/, y), we should have, from the equation of the curve, 

A»y--|- B»/« = A«B» (1), 

and from the equation of the tangent, 

A»yy + B'a-/ = A« B« (2). 

Moreover, the expression for a, the trigonometrical tangent of the 
angle, this line makes with the principal diameter is 

a = |;^J....(3.) 

Hence, by determining x' and y, from equations (I) and (2), and 
substituting their values in (3), we shall ultimately obtain, as in last 
problem, an equation between x, y, and a, and tiie locus will then be 
determined, as in the case referred to. As, however, this process will 
be encumbered with some very complicated expressions, we shall 
employ the following more simple and elegant method of investigatioB) 
MDcluding in it the preceding pioVA^m, 
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The general equation of a line of the second order, when referred to 
the principal diameter, and tangent through its vertex, is y = mx -{- 
112* ; therefore, from the equation of the curve, we have 

y » = »MP' -h w^ » (1), 

and for the tangent, a, of the angle, formed by the axis of x, and a 
straight line through the points (x,7/) and {^,y')y we have the expression 

a = ^ ^ , ,'.y* z=y — ax -^ oaf , . , , (2). 

X — X 

Sabstituting this value of y in (1), and arranging the result according 
to the powers of y, we have the equation 

(a«— n)y» + (2ay — 2a*jr — jw)x'+y--2ary + a«j^ = . ..(3). 
lliis equation gives two values for x; but, since, by the conditions 
of the problem, the line through the points (j, y), (jr', y) must have 
only one point, viz. (j^, y), in common with the curve, the two values 
of y, in (3), must be equal; in other words, the equation must be a 
complete square. Hence, by the theory of equations, 

4(««— n) (y — 2ajy -\-a^3p)=. (2ay — 2a«a: — • my, 
Seducing this equation, and arranging the result according to the 
powers of a, we obtain finally 

^, m y + 271X1/ ^ m»-f 4«y __ ^^ 
mx + nx^ 4 {mx + nar^ 

The two values of a, contained in this equation, belong to the two 
tangents drawn from the point (x, y) ; and, since their product, j9, is 
given, we have, by the theory of equations, 

_ m* + 4ny 

4 (rnx -f nx^) 

hence 

m^ 
ny^-^frnx* — pmx H = . . . . (4), 

tlie equation of the locus required, which is, therefore, an hyperbola, 
Or an ellipse, according as ]? is positive or negative. When, how- 
Jrer, w = 0, that is, when the proposed curve is a parabola, this locus 

becomes a straight line in which 

^ m 

X = — 
4p 

thowing that it is perpendicular to the axis, and that it coincides with 

he directrix when p = — 1, or when the intersecting tangents 

IS. 
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• 

include a right angle. Since equation (4) gives two equal Takes 
of ^ for j: = 0, it follows that a principal diameter of the locus 
coincides with the axis of x. If we put y = 0, in the equation, 
half the sum of the roots of the resulting equation in x will he the 

ahscissa of the centre ; this ahscissa is therefore . Suhstituting 

this ahscissa for x, in (4), we have for the square of the semi-diamefer; 
parallel to the axis of y, 

4»i* 
But (see prob. 15) -— = — ^ = — p, consequently, dividing the 

expressioA for B* by — p, we have 

A» = ^ ^^' (P + n) 
4r^p 

therefore, if n be positive, and p negative, but numerically less tbaa 
n, the locus will be impossible, for, in this case, the foregoing expres- 
sions for the squares of the semi-axes will both be negative. 

lfp = — 1, that is, if the intersecting tangents to the ellipse oi 
hyperbola form a right angle, the locus will be a circle, of which the 
radius is 



. f 



A = B = V^\_zz!^ 

2n 

But, if j9 = -f- Ij the locus will be an equilateral hyperbola, of which 

the principal semi-transverse is given by the same expression. 

If we suppose the intersecting tangents to be parallel to conjugate 

diameters, then p^n (82) = T — ; putting a and b for the principal 

semi-conjugates of the proposed ellipse, or hyperbola, also m = —i 
therefore, by these substitutions, in equation (4), the locus becomes 

c? a 

which characterizes an ellipse, when the proposed curve is an ellipsai 
that is, when p is negative, but when tiie original curve is an bype^ ^ 
bola, then this equation being the same as 



S 
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y-(-^^ + by = .'.y = ± (~x + b). 

^[uation characterizes the asymptotes^ which are, therefore, the 
the intersections. 



PROBLEM XVIII. 

>.) What is the locus of the centres of all the circles which pass 
h a given point and touch a given straight line ? 

Ant. A parabola. 

PROBLEM XIX. 

it is the locus of the centres of all the circles which may touch 
\ren circles ? Aru. An hyperbola. 

PROBLEM XX. 

directrix and a point in a parabola being given to determine the 
)f the vertex. Am. An ellipse. 

PROBLEM XXI. 

en the base and vertical angle of a plane triangle to determine 
:us of the centre of the inscribed circle. Ans. A circle. 

PROBLEM XXII. 

>n a given base triangles are constructed having always one 
\i the base double the other ; what is the locus of their vertices ? 

Ans. An hyperbola. 

PROBLEM XXIII. 

n any point in a given straight line two straight lines are drawn, 
e perpendicular to the given line, and the other to a given point; 
Derpendicular be made equal to the other, what will be the locus 
ixtremity ? Ans. An equilateral hyperbola. 



J 
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Within the tides of a ^ted angle i* J Bie nh e J mtbm^^i 
prw length; what U the loctuoT die poHtwidebdmlaiBii 

F BOB LEX II*. 

T'l dpiitmiini! the cutre of nhich c 
llic cdimponding ordinates of two given stiaigtit lioes. 



MISf;KLI,ANK0U9 PROPOSITIONS OX THE THRttCl 

(100.) If to any line of the teeond ordet two wcaDtSipaiaUl 
■Idn of a given angle, be drawn, then the t«ro lectan^e* ccaoa 
the parti intercepted between their point of intenectioD and Ac 
will hare a conilant ratio, wherever that point of inteiaectiaii ■ 

let AX, AY be paTsllel to the lidet of a given ai^le, 
A', and Inteneet anjr line of the tecond order, in the y 
pointi P, P" and p, p'. 

The equation of the curve referred to these lines as\ . 
aXM ti \J 

Av'+ Biy + Ca" + Py + E*+ F = 0, X ' 

in which, if we put y = 0, the rciuliing values of t will be theal 
AP, AP', that is, these lines will be given by the footatrfthee 
C«' + Ei + r=0, 
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.•.APAP = ^ 

like manner^ putting x =: 0, in the equation of the curve, the 
niting values of y will detennine the ordinates Ap, \p\ that is, 
se lines will be determined bj the roots of the equation 

5^+aJ^ + T = 0» 



isequently 



/• Aj> • Ap' = -. 
A 



AP-AF:ApAp'::^ :| ::A:C. 

C A 



Now no diange can take place in the coefficients A and C of y and 
, by removii^ the origin^ A, without altmng the inclination of the 
eS| that is to say, these coefficients will remain the same, although 
' puty + b for y^ and x 4- a for jr ; consequently, so long as the two 
sants remain paralld to the two given lines, the ratio of the rectangles 
P * AP, hp * hp' will be the same, wherever A may be. . 



PROBLEM. 



(161.) To determine the general equation of the tangent to a line 
the second order. 

^^ (^> !/)i (*"> yO ^ ^^® points on the curve, then, for the secant 
using through them, we have the equation 

id from the equation of the curve, 

Ay» + Bj:y + Cx"+D/ + Ey + F = 0> .^. 

Ay* + B/y + Cx"» + Dy" + Ex" -h F = J ^^' 

iking the difference, 

(y'»-y'«) 4- B(iy-yy') +c (x'»-x"«) + D(y-yo +e 

(/ — a<') = 0. 
ibstituting, in this equation, 

(y'+y')(y-y')fory«-y'»,: 

(y + *") {/ — af') for if* — *"«, » 
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and y (y—yO ■!"/'(*' — *") ^^ </—*''/» 
it becomes 

(y-yo [A (y +yo + b/+d] + (^'-o [c(y+o+y' 

+ E] = 0, 
from which we obtain 

}/-}/' ^ C(y4-04-By--|-E 
j'— j""" A(y+y') + Ba?' + D 

By substituting this value of ^7^^,, ^ in (1% and then, soppoi^ 

points (y, yO* (*"> yO to coincide, we have for the equstioarf**! 
tangent passing through (jr', y), 

. 2Cy + %l±E ^ ,. 

If the tangent is to pass through a given point (», /?), wiAfliil 
curve, then, in this equation, we must substitute for the geneiil tf^ I 
t and^, the particular values a and /3, and the unknown pM^'j 
contact, (y, y), maj be determined, analytically, by means of ^ 
tions (2) and (3), or geometrically, by constructing the loci of ^ 
equations. 

M. Puissant* has given a simple and elegant method of armi^^ 
the general equation of the tangent. He refers the curve to ^ 
coordinates, assuming the pole on the curve, and then inquires ^ 
angle the revolving line must make with the fixed axis, wfaeD ^ 
radius vector becomes 0, that is, when the line becomes a tangent. 

Thus if it be required to draw a tangent through any pomt, P, » 
a line of the second order, represented by the equation 

y = wu: 4- ^^ .... (4), 
let there be substituted for x and y the values 
a: = J?' + r cos. «, y = y + ** sin. w, 
or rather, for simplicity, 

X = jT* -f rp,i/ = y + r^ . . . . (5), 
in which a;/' and y are the coordinates of the point P, and we 
*^e the transformed equation 

(y + r9)« = iii(y + rp) + n(y 4-77))» (6), 
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^aracterizing the propoiied curve, when related to polar coordinates, 
which the origin is P> and the fixed line parallel to the primitive 
lis off. 

If this equation be developed, and the terms arranged according to 
le powers of r, the result will evidently be of the form 

Mr» + Br + C = 0. 
Now it is easy to perceive that the term C, which is independent of 
must represent y'^ — my — n^'', and this being equal to 0^ by 
^nation (4), the transformed equation will be simply 

Mr -h B = 0. 
When, therefore, r =^ 0, that is, when the radius vector becomes a 
ingent at the point P, there must exist the condition 

B = 0; 
> that, by equating the coefficient of the first power of r, in the 
evdopement of (6), with 0, we have 

^^q — mp — 7,npx' = 0, .. 

rhence 

a sin. w , i» + 2nx' 

-^ = = tan. u = ; — 

p cos.*» 2y 

rhis then is the expression for the trigonometrical tangent of the 

ingle formed by the tangent to the curve at P, and the axis of jt, and 

ionsequently the equation of the tangent is 

n which (a, 0,) denotes any given point in the tangent, and {x\ y') 
he point of contact. If this latter be the given pointy the equation is 

^_y=?!!^(x-x0....(7). 

rhe same reasoning, applied to the more general equation. 

Ay + Bj^ + C j:« 4- Dy 4- Ej: + F = 0, 
hows that, after substituting the values (5) for x and y, we need 
ttend in the result only to the coefficient of the first power of r, 

vhich being equated to 0, will furnish the value of -5l, or tan. a;. 

nils equation will be 

iky'q -f B ((^y + ly ) + 2Cpy + D J + Ep = 0, 
rhence 
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«.-» aCr- + By- + E 

p " aiy + Rr' + D 

and therefore tiie equation of the tangent through the pi)i«[^ijl' 

^ -'^ aAy + BZ + D^ 

Ibe same as wax determinined by ifae first method (3). 

By reduction, this ecjuation becomes 
(2Ay + Bi' +V)y + (2Cj' + By + E)i + Py' + E/ t*=* 
in which may be observed this analogy to the equation of i» 
rit. thai, if the accents be effaced, each term in the eqiaut«'"j 
curve will appeal twice in thai of the laagem, from wiiidi > 
(he following rule has be^n contrived for arriving at ihi 
the tangent, with the proper accents, by meatu of the eqaaw*' 

Subitiiute, in the equation of the curve, *** for Ay'j**]'' 
/or ly, and x", y fo( x, y. 

Repeat the equation thus written, taking care, however, 
*" into X, and x into jf, as alv>y inloy, and y intoy. 'B*' 
the»e two equations will be the equation of Ihe tangent. 

Thus, let the parabola of which the equation isy" = iwbepi^' 
ihen the two equations to be added will be 

andyy — pj; 
therefore ayy = p f r" + t) is the equatioD sooghL 
If we take the general equation y" = mi + »w», we shall haw »'*' 
the equations 

jgi' = mx +nix'; 

^^he^natw, of the tangent, and to this ftttm equation (7) «!» 



THEOBEN. 

•^^■X^'^y^'" I""". <l»ri. TOdn™ io.l« J 
nL^.I"'^ ■» ■??« to Ihd, , 
straight Upe. 
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Let the coordinates of the giTen point hea,b, and let (x', y), ix",^^, 
epresent the extremities of either of the chords passing through it, let 
ilso (ay 0), be one of the points of intersection. Then for the equa- 
ions of tangents passing through these points we have, by employing 
the expression at the conclusion of last problem, 

2y/S = (i» 4- 211^) a + wm/ (1) 

V^ =3 («i +2w*") a +WI*" (2). 

Now the equation of the line joining the points of contact of these 
angents must be 

2yfi = (m 4- 2nx) a -j- mx, 
for this equation must represent some straight line, being of the first 
legree ; and it passes through the two points (jr*, y), and {x^, %/"), 
3ecause equations X^) ^u^d (2) subsist; therefore it can represent no 
3ther than the chord of contact. As (a, 6), is always a point on this 
chord, we have 

26|S = (m + 2no) a + ww, 
this equation being of the first degree in a and fi shows that the point 
(a, ff) is always on a straight line. 

THEOREM. 

(163.) If sTcurve of the second order be referred to a system of con- 
jugate axes, and a point in its plane be found, such that its distance 
from any point whatever in the curve be a rational function of the 
abscissa of that point, then the point thus found can be no other than 
a focus of the curve. 

Firityfor the ellipse. 

Let (/, y') denote the fixed point found, then for its distance from 
any point {x, y) in the curve, we have (14), 

D' = (j? — y)« 4- {y — y)= + 2 (!• — x') (y—y') cos. A, 
where A is the inclination of the axes. 

Or, developing this expression, and putting for y its equal 



V 



B* , we have 



K 3 
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D« = ^-^ «•— 2j<* + y« +y»+ B« — 2/('— 0»A 



+ {2 (x—jO «»• A — 3^}^B» — 



A* 



Now it is olmoiuly impoinble that D can be a latkMnl faadSmif 

while die inatiofial fanctton aI B* ^ lemains in Aot 

hence the tenn in which it enters nmst disappear, that is, hif^' 
(/, y) most be such that 

2(x— jO<^ A—- 2/=0 . 
for ereiy ndoe of x. 
This condition gives the equation 

COS.A 

Bat the first side of this equation is indeterminate^ iiiasnndi>'| 
is ; the second side therefore must also be iDdeterminate, iiUliiwi^ly | 
hypodiesis, y,and cos. A, have certain fixed Taloes, these Yshaii^i 
fore can be no odier than ^ = 0, and cos. A = 0, or A '= ^t* 
which case alone 

X — jr' = — = an indeterminate quantity. 

It follows, therefore, that the conjugate axes must be theprmaii 
axes of the curve, and that (since y = 0) the fixed point must be* 
one of them. With this condition the expression for D* becomes 

A« B* 



D« = 



A« 



and we have now to inquire in what circumstances the root of ths 
square can be a rational function of or. In order to this, assume D 
= 6j: -|- a, 

/. 6«ar» + 2bax -|- o« = ^* "" ^' :r» — 2j'x -f (x'* + B«), 

then, comparing the coefficients of the like powers of x, we have fo 
the determination of j/ the conditions 

b^ = ^^~^\ 2ba = — 2/, o« = /« -f B». 
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From the first two we get c? = ^ — ^ and this value of a', sub- 
siitated in the third gives 



Hence a/ has two values that will satisfy the proposed condition, viz. 
/ = -f- c and y = — c, showing that the points sought are no other 
than the foci. 

The same process applies to the hyperbola when the sign of B' is 
changed. 

Second, for the Parabola, 

Since, in the parabola, y = V^P^f therefore 

D« = a?«-^ (2jr'— 2j>) x + x'* -i-y»— 2/ (x — j^ cos- A 
-f {2 (x — y) cos. A — 2^} ^px; 
hence we must conclude, as before, that 

2 (x — of) COS. A — 2y = .'. X — x' = ^ , = — , as before, 
^ ' ^ COS. A 

.-. D« = x« + 2(p — xOa: + J^'. 

PutD» = (x + 9)» = x« + 2^x +9« = x»-f 2(p— y)x-f *'», then, 
comparing the coefficients, 

q = p — x' and^' = y, 
.*. 5 = x', .•. p = 2x', .'. x' = Jp, the abscissa of the focus. 

PROBLEM. 

(164.) To determine a cube which shall be double a given cube. 
Let the side of the given cube be a, and that of the required cube 
X, then we are to determine x from the equation 

x' = 2a', 

or 

;r* = 2ff'x. 

Substitute, in this equation, for x' 

j^ = fly . , . . (1), 

and it becomes 

a'y = 2a' X 
or J/' = 2flx .... (2). 
Now equations (1) and (2) represent parabolas referred to the same 
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axes, the parameter of the one being a, and that of the other 2a. At 
the point where these parabolas intersect the abscissa will be common 
to both, therefore this value of x, satisfying both the equations (l)aiid 
(2), must also satisfy the proposed, so that the side AM of the required 
cube may be determined by construction. 



PROBLEM. 

(165.) To trisect an angle. 

By trigonometry, p. 43, 

4 cos. A« — 3R» COS. A 
cos. 3A = g5 

or, putting cos. 3A = a, and cos. A = x, we have 

, 3R« R'a ^ 

from which equation we are to determine the values of x by construc- 
tion. 

Multiplying the terms by x, it becomes 

x* X* X = 0. 

4 4 

In this equation assume 

.r« = iRy .... (1), 

and it becomes 

3R 
y— yy — ar = (2). 

If these two equations which denote parabolas be constructed in 
reference to the same axes, the abscissas of their points of intersection 
will be the three values of the cosine of A to radius R. 
These values correspond to the three analytical values 
COS. A, cos. (f «• + A), cos. (f «• + A), 
since the given cosine, a, belongs equally to either of the three arcs 

3A, (2 « + 3A), (4«r-f 3A).* 



* The same cosine equally belongs to the arcs {69-^ 3 A), (8 v -f- 3A)t 
&c. but the cosine of the third part of either of these will always be the same 
as one of the three cosines in the text *, thus cos. (2ir -^ A] = cos* A, cos. 
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The two last problems may senre to show the applicatioD of curves 
the solution o£ equations. If the equation do not exceed the fourth 
gree, the roots may always be determined geometrically by the inter- 
ctioDS of two lines of the second order. But this mode of determining 
e roots of equations is never employed in practice^ the most accurate 
; well as most eipeditioui method being that of numerical approxima- 
m. The best method of approximating to the roots of equations is 
at discovered by Mr. Homer, and printed in the FhUotopkkal 
\imsactum» for 1810, (see also my Algebra, chap, vi.) For further 
pplicatioDs of the theory of curves to the construction of equations 
lie student is refbrred to Bourdon^ AppUeation de VAlglhre a la 
ihometrie, Lacroix, TrigonomUrief andLardner^$ Algebraic Geometry, 
1 sections xx and xxi of which will be found many interesting remarks 
n this subject. 

THEOREM. 

(166.) Five points being given on a plane, of which no three are 
situated on the same straight line, it is possible to describe a line of 
he second order which shall pass through them all. 

For, let the general equation 

Ay«-f Bjy 4- Cx* + Dy -h Ex = F (1) 

be divided by A, and it will then assume the form 

y«-f bxy-^cj^ + dy +ex =/ (2), 

>o that the equation of the second degree, in its most general form, 
Contains five coefficients, b, c, d, e, and^ the values of which may 
be arbitrarily assumed, they may, therefore, be so determined as to 
Subject the curve, into whose equation they enter, to pass through the 



^ 2« -f I V -f '^) =^ cos* (} ^ + A), &c. Also, since the cosine a will remain 
ihe same, although 3A be negative, it will remain the same also for every 
lie in the series, ~ 3A, (2ir — 3A), (49r — 3A), (6flr — 3 A), &c. but for 
hese also the same remarks apply, that is, the cosine of the third part of 
iither will be one of the cosines in the text ; thus : cos. (| « — A) = cos. 
;2ir — (fr— A)]=cos.(f»+A),cos,(f»— A) = cos.(|flr+A)&c. 



im 
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hn^ At Ail poipose, the fire simple equatiouK I 

. ^ .+ i. 3 4- ™' + d3 + " =/ 
■>< ■ ^ + W|9' + c«" + rfS* + m' =/ 

^ + i»"|8" + ™™ + ''iS" + «" =/ 
e™ + ba.'" ff" + <•»"" + d&" + r*"' =,f 
fl™> + i."" 3"- + c»""' + d^'" + e»'"' =/ 
team whidi the nlues of ihe anknowns, b, c, d, c, ><"}< 
pbtkmij be drtemined, and these values subsliwied ineq* 
IliU noder ihtt winatiOD the representative of the requiwd nw 
man Qot KMrieted in Ibe choice of axes of coordiaates, t)ii]' 
WVnaBMd M to TttiiJer some of the preceding eqiialiona oft" 
Ofciaiplarfenii; Thus, by taking one of the points, as (*(]■*'' 
origin, we ihall ha*e for the first equation merely =/, itA*H 
Koa be drawn Ibroi^h a separate point, as (»', 3'), and (»", 8^1 
neit two equatiom will be B" + i/S' =/, and ca'" + ea" =/ " 
cam lODgfat ou^ to be a parabola, only four arbitrary poioB' 
b« Mmnwd becaiufr, in the equation of this curve, only four"" 
art eoaffioeut* are arbitraiy, since between the two, a and h ' 
muM eziit the relation 

a' — 4i = ; 
as here a haa two valuet, a positive and a negative, for the suki 
of b, there may be two parabolas passing through the same fiw t* 
But no curve of the second order can intersect another in more p 
than four, since the coefficients determined by the five preceding! 
lions admit each of but one value. 



(167.) To detennine a curve which shall pass (hroiwh any m 
nnmber of given points. 

Le« IS represent the given points by 

»m.iti. ob3rto«a that several curves miffht be deseribed p 
"^ Wme expressible by equations, and oAo 
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; if def liable to know which of all the poMible curvee is the 
Mt) or admit! of the easiest description. Now those curves 
lost euily described of which any ordinate is a rational and 
id function of the abscissa, because the value of the ordinate 
(ponding to any assumed abscissa will, in this case, never be 
Qbered with radicals. These curves are included in the equation 

y = A 4- Bj? 4- C*> -f D J* 4- &c . 
aey are called parabolic curvet, because the parabola, of which 
loition is ^ = A + Bj 4- Cj*, is obviously one of them. The 
of the curve depends upon the highest power of s ; the common 
cla is of the second order, and that in which i* is the highest 
r of 47 is of the third order, &c. 

Qce, if we take the parabola whose order is equal to the number 
aposed points, we shall have to determine the same number of 
sients. A, B, C, &c. from the simple equations 

= A H- B» 4- C»" -h D»' + itc.^ 

0' =A4-B»' 4-C*'" -fD*'' 4-&cY ,.. 

0" =A + B*/' 4- C»"« + D»"» 4- &c.r " " ^^* 

0'" = A + B»'" 4- C»"« + D»'"» + &c. ) 
' this in the simplest manner, let each equation be subtracted 
he next, and we shall have 
3' — I?) = B (» ^») 4- C (»'^ •«) + 1) (•'» — «») 4- &c. 

— ff') = B (»'' — a') 4- C (»"» — »") + D (»"» - a») + &c. 

- /5") = B {»"' — •") + C («''" — •"«) 4- 1) {a'"' — »'") + &c. 
y division, 

? = B H- C (»' -I- ») -I- 1) («'» 4- »'» + »«) + &c. =: a 

a 

t = B 4- C: (»" + a') + D (»"» + a'W .j- «'«) + ficc. = a' >(2). 

i'l = B 4. C («'" + m") + D («'""+ »"'»" 4- »"") -h &c. =a" 
01 

alues /I, a', a'', are known, because the first member of each 

ion is known. 

w tliese equations are of the same form as those originally pro- 

, and A is found eliminated ; hence, by performing a similar 

IS with thcN equations as with the first group, we shall liave 
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In thcfe eqaatimify die stit codBcifloty B^ V ciivntedt M 

taming the pfoooi^ we ihill dteinirtn die imul i ii ii rtii «ati 

tUl we come to Ae Im^ tfie table of wfUch aagr d>» ^' 
mined fioin tfie Ibel nnple eqaadooi nod Aeooe an te oAtf 

Snppowy Ibr caample^ ddIj ^tluee pomH (m, ^ (•y ^ 
(mf;i^ ate propoeedy then the eqaatioD oiikt cnrve b 

and the equations (2), (3% become 

lr-?=B + C(*' + *) = a 

?^, = B + C(»*'+*') = '^ 
•" — or 

a"— « 
SabftitatiDg this talne of C, in equation (2), we hate 

B = fl— 6(»+«). 
Also, since from the proposed equation we have 

^ = A + Ba H- Ctf», 
we obtain for A, after having replaced B and C by the vali 
determined, the expression 

A = — aa •{■ haal. 
Having thus determined the values of the three coefficients, y 
for the equation of the required curve 

y = ^ — aa -^ baaf + (a — bet' — ba) x + bx^, 
or 

y = ^ + a (j? — a) -f 6(* — a) (x — «*). 
Lagrofigef after having given this solution from Newton, < 
that it may be muoh more simply obtained from the foUowi 
•iderations:* 



"■iiyiBti.Problfaiet de G^om^trie* 
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Since y ought to become jS, fffff'..,, when x becomes a, a', a" 
. . y it is obvious that the expression for y must be of the fonn 

y = A'0 + B'^ + C'lJ" + , 

the quantities A', "ff, C\ &c. must be functions of x^ such<thaty 
we put 

4f = fl^ we/must have A' = 1, B' = 0, C = . . . . 
*=:»', A' = 0, B' = 1 , C = . . . . 

*=:»^ A' = 0,B' = 0,C' = 1 

consequently the values of A^ B', C, &c. must necessarily take the 
fonn 



(« — of) (» — a") (« — «'") 






^here the number of fectors in each numerator and denominator is 
one less than tiie number of given points. Hence the general expres-> 
sion for y is 



__(jr — a)(ar — »"){x — O . 



+ 



+ 



(•— a') (*— O (a— a"0 • 
(x — a) (j: — aO (* — «"') . 



^ 



^' 



r 



Newton's method gives for the general expression for y ** 
y=z0-^a(x — ») + 6 (jr — a) (x — a') + c(ir — a) (x — a) {x — a"). 

These two expressions are different only in form, as may be 
ascertained by developing the values of a, b, c, &c. and arranging the 
terms according to the quantities, fi, ff, &", &c. 

Either of the preceding values of y maybe considered as a solution 
to this problem, viz. To determine the general relation which exists 
between two variable quantities, x, y, from knowing the relation which 
exists in the particular cases x = a, y = ^ ; x =: a*, y = $' ; x == «", 
y = B";kc. 

This is an important problem, being the foundation of the method 
of interpolation, since it enables us, from having a certain number of 
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terms of a series giren, the law of which is not known, toi 
an approximate expression for the general term of that m^JBka 
thence to interpolate between the giren terms as many bob a^H^ 
please, all goyemed by the same law. Of the two genenl 
for this purpose just given, the former is the more 
calcttlationy because the several terms may be compoted l7l<V^J 
Nevertheless, the latter expression leads to a very neat and < 
formula, when we suppose the quantities a, «', a", &c n^^ 
arithmetical progression, as is generally the case in piactioe. 
Let A be the common difference of the progression, diea 
«' = « + A, «" = « -f 2A, «" = « + 3A, &c. 
let also j: = a -f A', then 

X — « = A',x- a' = A' — A, x — •"= A' — 2A,to. 
Now, putting, for brevity, A^t Affy £^% &c. for the setenli 
rences, & —ft ff' — ^, ff" — &\ «tc. we have (2) 

putting, in like manner, ^^, A'^S &c* for the second diiaa*j 
2^ /S' — A 0, Z^ ^' — A ^, &c. we have 

1-2A»' 1-2A*' 

substituting also t^^y &c. for the third differences, A'^ — ^^'^ 
there results 

c = -, &c. 

1 • 2 • 3/*^ 

therefore the formula becomes 

As an application of this formula, the following example ^ 
frequently given. 



EXAMPLE. 



T o compute the logarithm of the number 3 • 1415926536 by me* 
of a table of logarithms from 1 to 1000, calculated to ten places 
decimals. 
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[legarding the logarithms in the table as the particular ralues of y, 
corresponding numbers being the values of Xy we shall have, by 
ing the successive differences, the following values 



= log. 3 • 14 = • 4969296481 
$» = log. 3 •. 15 = • 4983105538 
0' = log. 3 • 16 = • 4996870826 
ff" •= log. 3 • 17 = : 5010592622 
ff"' = log. 3 • 18 = • 5024271200 



£^B =-13809057 
A^' =-13765288 
A 13" ='13721796 
A ^" = '13678578 



A»^ = 274 



A*5 = — 3; 



A^ = — 43492 
^20'' = — 43218 

Qsequently 

lafi = • 0013809057, A'^ = — • 0000043769 
£^^B = • 0000000277, £^& = — • 0000000003. 

>w the constant difference, A, is * 01, and 3 * 14 being taken for a, 

d 3 • 1415926536 for jr, we have ^' = x — a = • 0015926536 ; 

ice 

4 = • 15926536 
h 

— -7~ = -- — i = — • 42036732 
2/* 2A 



3A ~ 3/« ^ 



61857821 



*1Z3^ = :^-J = -- 71018366. 
4A Ah ' 

ese values, substituted in the formula 

h h'2h 

V{hl^h){h^2K) h*(h'^h){h'^2h)(h'^3h) 

h'2h'3h ^ h'2h'3h'4h ^ '^' 

e 

y = log. 3 • 1415926536 = • 4971498726, 
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GENERAL SCHOLIUM. 



(168.) Having diwoMed piet^ Mtf Ae tviooi 
ciir?cfoftiMteooDd oidcr, it lemuns to niafce « isw gcMol 
QpoD the hig^ Olden of currety or tiioie of wUdi At 
adend beyond the fecond d«gne. 

If we have tn equation of die iitfi digiwr mil^ii^^ 
and which it not oompoonded o£ eqaatione of infiBiiflr^ 
cvfe whldi it lepiewnti if nid to be of tfw «A oidei* W 
equation if compounded of othenof inlBior degieei^ 
geometrical lepxeaentation eompidiends all die curvet 
the oomponeot eqnationa. Sodi an aaKmblage of linei m 
complex line* For instance, the locni of die culnceqaatioa 

y — ary*+6jy — a&r* — ly + tfcr = 0, 
which arises from the multiplication of the two eqaations 

y^-max'=-0,»'' (1) 
and 

y^-^-hx — c = . . . . (2), 
is not a iimple line of the third order, but a complex line, conwJ*!* 
the straight line represented by the equation (1% and die pi^^ 
represented by equation (2). For the coordinates, (*, y)^^^ 
pomt in the straight line rendering the factor y — or equal toO,* 

same coordinates must render the product (y or) (/ + k*-^ 

that is, they must always satisfy the proposed equation; be«« * 
•teaight line must belong to the locus, and in the same naniier • 

•bown that the paiabola must also belong to the locus, 
"wears, therefore, that for an equation of the nth degree 

Zr!^\^lf ^ """^ order, it must be such that, whenifl 

^«^al.in!^ """^ "^^' ^' "^y ^^^ ^"^^ of being ««* 

. ■"^ *»« of an equation between two variables oJ 



ANALYTICAL GEOMETRY. 213 

jToposed degree is that which, beside constant quantities, contains 
ivery possible combination of the variables, under the condition, that, 
■herever their product enters, the sum of their exponents shall not 
exceed the required degree. Thus the most general form of the equa- 
tion of the third degree is 

that of the fourth degree, 

+ Ly-fMyj: + Ndr«)>= 0; 
-h^y + Qr 
-f R 

4ix. so that the number of terms in a general equation of the nth degree 
^1 be equal to tliose in 

Now the expansion of any power of a binomial consists of as many 
terms as there are units in its exponent, and one more (Alg, p, 148) ; 
\eDce the sum of the terms in the above series of expansions is that of 
the arithmetical progression 

14.2 + 3+4-}- n + 1 =i(n + l)(7i + 2); 

176 infer, therefore, that, in the general equation of the nth degree, 
there are J (n + 1) (n + 2) terras, and consequently the same number 
of constant coefficients ; we may, however, without diminishing the 
generality of an equation, divide all its terms by the coefficient of any 
one of them, and thus reduce the number of arbitrary coefficients to 

J(»+l)(n + 2) — 1 = in(n + 3). 

It follows firom this, that a curve of the nth order may be made to 
pass through in(n-\' 3), points arbitarily assumed, for the coordinates 
of each point being successively substituted for x, y, in the general 
equation, will give rise to ^ n (n + 3), equations in which the general 
coefficients are the unknown quantities, and which these equations are 
sufficient to determine; the values of the coefficients being thus 
ascertained the locus of the equation will pass through the proposed 
points, but, if these are so assumed as to render it impossible for any 
simple curve of the proposed order to pass through them, then the 
locus determined as above will be a complex line of the proposed 
degree. If the points are all in the same straight line, the equation 

6 
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I 

of the locus will be found to be reducible to the form (y + ox -(- 6)i 
= Oy which represents n coinciding straight lines. 

Let us now inquire in how many points it is possible for a straight 
line to intersect a curve of the nth order. Taking the general equation 
of the nth order, and putting ^ = 0, we have the equation 

A'j* H-B'j*- « + C'j:»-a H P't + Q = 0, 

the roots of which are the values of so many abscissas of the poioto 
where the axis of x cuts the curve. As the values of tiie coefficients 
A', B', &c. are quite arbitrary, they may obviously be such as to 
render these n roots all possible and different from each other ; henoe 
a curve of the nth order may be cut by a straight line in n points, but 
not in more ; there are, however, not necessarily n points of intenee- 
tion ; the number may. be less, but cannot be more. If the tetin 
A' jr» be absent from the equation of a curve of the nth order, or canbjr 
any transformation be removed, then there can at most be but n — 1 
points of intersection between the curve and axis of or ; if also the term , 
B' ;r* — 1 be absent, then the number of intersections will be but n — 2f 
and so on. 

When any particular curve of the nth order is proposed, then the 
coefficients. A', B', &c. become fixed, and the number of intersections 
will be n, or n — 2, or n — 4, &c. according as the equation has %^ 
or n — 2, or n — 4, &c. possible roots. * 

Between the curves of the second order and those of the higte 
orders there exists a very intimate analogy. We can addiioe here only 
the two following instances : 1. If two straight lines, parallel to the 
axis of y, drawn in a curve of the nth order, be cut by the axis of jr, 
so that the sum of the ordinates on one side be in each case equal to 
the sum of the ordinates on the other side, then every other line 
parallel to these will be cut by the axis in the same manner. 

* If any of the roots of this equation are equal, it will intimate that t!ie 
straight line passes through a singular point of the curve. Thus, if twoiooli 
are equal, the corresponding point wiJl be either a point of contact or t 
double point, that is, a point in which two branches of the curve intersect 
If three roots be equal, the corresponding point will be either a point (A 
inflexion^ or a triple point, &c. The investigation of the singular points 
of curves belongs more properly to the Differential Calculti$» 



\ 
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Let the equation of the curve be 

Vn 4-(aF-f^)y"-'-f =0, 

nd those of the two parallels, x zzp, and x = q, then we have 

nd, since in each case the sum of the negative ordinates is equal to 
le sum of the positive, we have 

ap + bz=Ofaq'\'b = 0,\a(j) — q) = .\ a = 0; 
ence 6 = 0; consequently, whatever be the value of j:, we must 
iways have 

fltr + 6 = 0, 
rhich establishes the proposition. 
The line thus dividing parallel ordinates is called a diameter. 
2. If to any line of the nth order two secants, parallel to the sides 
»f a given angle, be drawn, then the continued products of the parts 
Qtercepted between their point of intersection and the curve will have 
I constant ratio. 

For, taking these two secants as axes, and putting successively y = 
), and X = 0, the equation gives 

A'x^ + B'x^-^ 4.Cj*-«4- P'x-fQ=o 

Ay» + B 5r-» + Cy«-* H- P jr-fQ = 0. 

The roots of these equations give the parts of the two secants inter- 
cepted between their intersection, that is, the origin, and the curve. 
Hence, dividing the first equation by A', we have for the product 

Q' 
>f its roots, or of the parts of one secant, the expression — . In like 

A. 

nanner, for the product of the parts of the other secant we have the 

ixpression —. Hence these products are to each other as — • - 
A A A 

»r as A : A', that is, they have a constant ratio. (See art. 160.^ 

For further particulars respecting the higher curves the student is 

eferred to the comprehensive summary given by Dr. Gregory in the 

bird volume of Hutton^s Mathematics, see also Lardner*8 Algebraic 

Ireomeiryy section xxi. 
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We here lerminiUe the second principal dinsion, o r nsf 
t the prMenl perfortnuice ; having now completed out ioqi 

le general theory and properties of lines of the second orda, 
»lk-d anaiutical gemaeCry of two dimeittioiu. 
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OF THREE DIMENSIONS. 



SECTION I. 

(169.) The preceding part of the present treatise has been occupied 
discussing the properties of plane curves, that is to say, of lines of 
ich all the points are situated in the same plane. In these inquiries 
have found nothing more to be necessary than to assume, in the 
oe plane with the curve proposed, two fixed lines, or axes, and then 
investigate the analytical expression which must characterize the 
sition of every point in the curve, relatively to the assumed axes, 
is analytical representSition of the proposed curve contains implicitly 
its properties. In this second part of our subject we propose to 
tend our inquiries to. the consideration of lines and surfaces not 
drely situated in one plane, and where it will be necessary to 
iploy three axes of reference, instead of two. We shall begin by 
termining the equation of a point situated in space. 



CBAVTBlt Z. 

H THE POINT AND STRAIGHT LINE SITUATED IN SPACE. 

Eqtiation of a Point, 

(170.) ZAX, ZAY, YAX, be three planes which, for simplicity, we 
dl suppose to intersect at right angles, so that the line ZA will be 
'pendicular to both AX and AY. Let, also, P be any point in 
ice, whose position it is required to determine relatively to the axes, 
k, AY, AZ. 
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UpOD «ach of the assumed planes let 
(all, from the point P, the perpen- 
diculars Pp, Pp*. Pp", then, if the 
lengths of these perpendiculars be given, 
the position of the point P will be 
detennined. For, conceive the planes 
PC, PB, PD, to be drawn, forming 
with the planes DC, DB, the rectan- 
gular paiallelopiped AP, then AD = 
Pp, AC = Pp, and AB = Pp", con- 
sequently the points B, C, D, are at given distances from t 
A ; if, therefore, through these points three planes paialk 
assumed planes be drawn, the point P will be that in which 




The tlitee planes, ZAX, 2AY, YAX, in reference to w 
position of the pobt has been determined, ate called the ci 
piatta, their intersections, AX, AY, AZ, are the axes of cot 
and the distances AB, AC, AD, of the three planes, paralli 
former, from the origin. A, are the three coordinates of the 
where they intersect. The coordinates of any point are s 
denoted by x, y, and z ; if these are known, the point, as we 1 
seen, is determinable ; hence the equations 

z = a,y = b,2 = c 
are the equations of a point. 

If the three coordinate planes be produced beyond their 
tions, there will obviously be formed about the point A eigh 
angles," four above the horiionlil plane YAX, and four below 
to express analytically in which of these angles the proposed 
situated, we must prefix to its ordinates the signs which tl 
take from considering the axes of ordinates as positive, in one d 
and as negative, in the opposite direction ; thus, regarding ih 
positive io the directions AX, AY, AZ, they will be negali' 
opposite directions, AX', AY', AZ'; hence we shall have the 1 
variations of tbe signs of the coordinates for eveiy possible pc 
the point P. 

* Angles formed bj lie rotwin^ t* ■inee i^tiw ™. > ^nl 
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Of y zz + b, 2 = -^ c, the point iiinthe angle AX YZ, 
a,5/=+6,ar=+c, AX'YZ, 

a,y = — 6,i=+c, AXY'Z, 

/I, y = + 6, a; = — c, AXYZ', 

a,y = — 6, -s = +c, AX'Y'Z, 

a, J/ = f 6, ^ = — c, AX'YZ', 

a, y = — 6, z = — f , AXY'Z', 

a, y = — 6, ar = — c, AXT'Z'. 

the three coordinate planet that which contains the aiei 
d \vhich is generally the horizontal plane, ii called the 
that which contains the axes AX, AZ, is called the p/an« 
ic third, containing the axes AY, AZ, is called the plane 
f proposed point be situated in the plane of xy, then its 
om this plane being 0, its equation will be 

a* = a, y = 6, <? = 0. 
3 axis of J, that is, on the intersection of the planes of xy 
its distance from each of these planes being 0, its posi-« 
xpressed by the equations 

X =^ a, y = 0, z =. 0. 
at the origin, that is, at the common intersection of the 
then, its distance from each being 0, the equations of the 

JT = 0, 3^ = 0, z = 0. 
iTf if the point be situated in the plane of xz, its equa- 

j: = fl, y = 0, -» = c ; 
n the axis of x, or on the axis of z,'yrQ have, respectively 

X =z a, y = 0, z =: Of 

* = 0, y = 0, 1 = c. 
point be in the plane of ^^, its equations are 

x = Ofyzzb,zzzc, 
points p, p\ p'\ where the perpendiculars from P meet 
! planes, are called the projectiom of P, on these planes. 
\ of any two of these projections were given, it would be 
determine the point P ; for a perpendicular from either 
the plane in which it is, necessarily passes through the 
hat P will be at the intersection of two such perpen- 

l2 
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diculan; ItDOwiog;, tberefbre, tno projections, ne can alwayi, 
required, determine the third. 

Suppose, for iDsUnce, the projection! p, p' , od the planes of jj ■ 
xz be known, or, which is the same thing, that ne have giren I 
equations of these points, viz. 

these tno equations give for the third projection, ji", the eqimiou 

and any two of these combined give the equations of P, rii. 
1 = 0,31 = 4, 2 = e. 
If the coordinate planes had been oblique, instead of lectaugsl 
the preceding equations would have been the same ; but the coori 
nates a, b, c, would then have been oblique, and the projections of I 
would have been given by lines drawn from P, parallel to the cm 
nale planes. 

On the EguatioH of tie Straight Line in Space. 

(173.) If, through any given straight line situated Id space, a pi 
perpendicular to either of the coordinate planes, bt drawn, Ihc u 
section of the two planes is called the prqjeefion of tlic proposed 
The plane thus drawn is called'the projecting plane ; there are, ll 
fore, three projecting planes, each of whidi contains the proposed 
and one of its projections consequently knowing two of the projection 
we may draw two of the projecting planes, and, since the propoMl 
line must be situated in each, tbeir intersection will deiErmuie 
hence, in the straight line, as in the point, two projectioi 
to determine it. 

Let MN be a straight line in space, of 
which the projections on the planes of tx 
and of jyare mnand m'ti, and let the equa- 
tions of these projections be 

r = «!+«.. :.(!), 

s^t'+e (2). 

Assume any point in the projecting plane, 
. Nm, and through it draw in this plane a 
/lorallel to AY, then everj ^mV ivi tbia 




\ 
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ptttUel beiifj equally distant from the plane of zy, and also equi- 
fttSDt from the plane of xy, it follows that for every point in this line 
B coordinates x, Zy are the same, and one of the points is in the line 
■ii}' but the coordinates x, z, for every point in mn are related, as in 
Vfution (1) ; hence also the coordinates x, z, of every point in the 
yvojecting plane, Nm, are related, as in equation (1). In a similar 
■uner, the coordinates y, z, of any point in the line tnfn' are the same 
Bi those of any point in the projecting plane, Nm'. Hence, at the 
intersection, MN, of these planes, both the relations (1) and (2) must 
nt, so that these equations which, taken separately, characterize the 
|fN> projections, represent, when taken together, the proposed line, 
peiefore 

X =: az -{- a 

y =: bz '\r B 

we the equations of the straight line in space. 

Hence any assumed value being given to one of the coordinates 
hese- equations will make known the other two, and thus the three 
90ordinates of any point in the line may be obtained. 

(174.) We have here supposed that the proposed line is projected 
II the two vertical planes ZX, ZY ; if, however, one had been the 
nrizontal plane, XY, then the equation of the projection on this plane 
UNdd have exhibited the relation between the coordinates, x, y, of 
|Dy point in the proposed line, and this, combined with either of the 
fuatioas, (1), (2), would have equally characterized the proposed line. 
kii the relation between x and y^ or the equation of the projection on 
CY is readily obtained by eliminating ^, in the equations (1), (2), this 
limination gives the relation 

h bob — a^ 

^ a a 

rhich is, therefore, the equation of the projection on the plane of xy^ 
ad in a similar manner may either projection be obtained from 
Dowing the other two. But the projections usually employed are 
KMie on the vertical planes represented by equations (1), (2), in which 
le 'vertical axis, AZ, is considered as the axis of abscissas; the 
3rizontal axis, AX, as the axis of ordinates for the projections on the 
lane of xz ; and the horizontal axis, AY, as the axis of ordinates for 
e projections on the plane of ^^. The constants, a^\i^ b, ^<^Ti<(^\<^'^<^ 
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tangents of the angles which the projections on the veiEtical planes 
make with the axis of z, and a, 0, express the distances of the origin 
from the points where these projections intersect the axes of j and of ^. 

PROBLEM I. 

(175.) To determine the points where the coordinate planes are 
pierced by a given straight line. 

Let the given straight line be represented by the equations 

X = oj? 4- » > 
y = bz-^ 0S 
Then at the point where this line pierces the plane of xy, 2 = 0, 
substituting therefore this value of z, in the above equations, we obtain 
for the coordinates, x, y, of the same point 

x=a,y = 0. 
At the point where the line pierces the plane of xz, ^ = 0; patting, 
therefore, this value of y, in the second equation, and substitatinf 
the resulting expression for z in the first, we have for the cooidinatesi 
X, z, of this point 

and lastly at the point where the line pierces the plane of ^jsr, x = 0, 

putting, therefore, this value of x, in the first equation and substituting 

the resulting value of z, in the second, we obtain for the coordinates) 

y, z, of the same point 

00 — ba a 

y = , z- 

a a 



PROBLEM II. 

(176.) To find the equations of a straight line passing through a 
given point. 

Let /, y, jz' be the coordinates of the given point, and let the equa- 
tions of the line sought be 



* 



3, = b2-va 



^ . . . . (1), 
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a 

tiien we must have the conditions 

wludi give for a and B the values 

a = / — fl^ and ^ = y — 6js:' ; 
heno^ by substitution, in equation (1), we have 

which are the equations sought, and characterize every straight line 
'fttt can be drawn through* the point (/, y, s^. If the given point be 
im origin, then r' = 0, y = 0, «' = 0, and the equations of a line 
jsssing through it are therefore 

PROBLEM HI. 

(177.) To find the equations of a straight line which passes through 
two given points. 

Let the two given points be (/, y, /), and (x", y, a:"), then the 
equations of the line passing through one of the points (/', y", ;3<')are 

ibd, in order that this line may pass also through the other point (/, 
jfy sT), there must exist the conditions 

y— y'=fl(/— Oandy— y'=*(^— A 

"Which determine for a and b the values 



a = 






These values of a and h being substituted in equations (1), or in 
equations (2), last problem, either of which characterizes a line through 
one of the points, will furnish the equations sought, which are, there- 
fore, indifferently either 

/ — x" 






or 
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If one of the points (j^y y , ^ ,) be the origin, then the first pair of 
equations become 

which remain the same, whether the other point be (s^^^ ^^ 
( — j/, — y, — /,) so that, if (j?*, y, /,) be a point on a straight line 
passing through the origin, ( — /, — y, — sf) will also be a point oa 
the line. 

PROBLEM IV. 

(178.) To find the equations of the straight line which passes through j 
a given point, and is parallel to a given line. 

Let (y, y , tT) be the given point, and let the equations of the giien 
straight line be 

Then the equations of any line passing through the given point are 

X — x'-=ia{z — /) > 

y-y = 6(^ — /)) 
and, in order that this line may be parallel to the former, its pro- 
jections on the vertical planes must be parallel to the projections of 
the former line, in other words, they must cut the axis of jt at the 
same angles, so that we must have a = a', 6 = V^ therefore the equa- 
tions required are 

X — X •=.€£ {z — ^z*) > 

y— y = 6'(^ — /)> 



PROBLEM v. 

(179.) To determine the conditions requisite for the intersection of 
two straight lines in space, and to find the coordinates of the point of 
i/it&isection. 
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If two straight lines of which the equations are 
j: = aarH-«> x = a'z + a* 'I 

intersect, the coordinates of the point of intersection will be the same 
for both lines ; hence, in order to discover what relation must exist 
amoDg the constants in these equations in this case, we must eliminate 
tfae variables, and we obtain, first by subtraction, 

(a — a)z •{• a — a = 

{b-^b')z + P^ff = 0, 
_ md then by division, 

^ a^af^b — b' 
hence the relation among the constants, when the lines intersect, is 
fixed by the equation 

(a - a)(b — O = (g' — g) (a — of). 
For the coordinates of the point of intersection we have, by substi- 
tuting the value of z, just deduced, in the expressions for x and y, 
__ a» — a a __ b^' — b'fi _ a* — a 
a — a — a — o' 

If a = a', and b = b\ these expressions. for the coordinates of the 
point of intersection become infinite, therefore, this point being infi- 
nitely distant, the proposed lines must be parallel. 



PROBLEM VI. 

(180.) To find the analytical expression for the distance betwet 
two given points in space. 

Let M and N be the given points, their co- 
ordinates being respectively ar', y /, and x^y 
y, -z*', then, if the points M, N, be projected 
on the plane of xy, the coordinates x, y, of the 
projections m, n, will be the same as those of 
the proposed points; hence for the distance 
mn we have the expression (14) 

m»a = (jT* — x'y + (y — yo'- 

c 3 





226 ANALYTICAL GEOMETRY. 

Now, if MP be drawn paiallel to mti, NPM will be a right angle ; 
hence MN« = iwn« + PN« = mn* + (Nn — Mm)*, that is, calling MN, 
D, we have 

If one of the points, as (/', y, z")j be the origin, then 

This shows that, in a right-angled parallelopiped, the square of Ae 
diagonal is equal to the sum of the squares of the' three edges. 

PROBLEM VII. 

(181.) To find the relation which exists among the angles whidi 
any straight line makes with the axes of coordinates. 

Parallel to any proposed line draw a line from the origin, and make 
its length, D, equal to the radius of the tables, or 1 ; then if from iti 
extremity parallels be drawn to the three axes terminating in the planes, 
these parallels will obviously be the cosines of the respective angles 
which they form with D, or, which is the same thing, they will be the 
cosines of the angles that D forms vnth the axes. But the same 
parallels are the coordinates of the point from which they are drawn ; 
hence we have, by substituting, in the expression for D, (last piol>.) 
COS. a for x, cos. for y, and cos. y for z, the remarkable relation 

COS.* a -f COS.* -h cos.* y = 1 • . . . (1), 
in which a, 0, X denote the angles which any straight line in space 
make v^th the axes of x, y, z. 

To determine the values of each cosine, let us suppose that a and ( 

are the tangents of the angles which the projections of the proposed 

line makes with the axis of z, then the equations of the line D will be 

X =i aZf y = bZy therefore 

COS. a == a cos. y, cos. = b cos. y ; 

substituting these values in 1, we obtain the expressions 

1 b 

cos. y = ,^ , cos. $ = — 

^ ^a* + 6* + l f^a'-h^+l 

a' 

cos. a = — - 

-/o9 + 6a+l 
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PROBLEM VIII. 

(182.) To find the expression for the angle of intersection of two 
tiaq^t lines in space. 

Lei the two straight lines be represented by 
le equations 

X == ojsr + a ^ * = a'j8r+a') 

Qd, parallel to them, draw, from the originy 
K two lines, AM, AN, then we have to deter- 
line the angle MAN. y" 

Make AM, AN, each equal to the radius, 1, of the tables, then, 
alliiig the coordinates of M, j/, y, /, and those of N, /', y, i", we 
aye for the distance, MN, the expression 

few because AM, AN, are each equal to 1, we have, by equation 1, 
Bst prob. the conditions 

/3-|.ya4. ;j/a - 1, and /'*-|-y '« + «"«= 1 ; 
lerefore, substituting these values in the developement of the expres- 
on for D', it becomes 

D» = 2 — . 2 {xx" + 'iff -f z's!'\ 
7 means of this expression, we arrive immediately at the expression 
r the cosine of [the angle MAN, which we shall call V, for, by tri- 
onometry, 

,, AM»-|-AN«-^MN» 2 — D» 

COS. V = = 

2 AM -AN 2 

'hich, by substituting the above value for D*, becomes 

COS. V = x'/' + yf + « V, 

ad this, by last prop, is the same as 

COS. V = COS. a COS. a! + cos. ^ cos. f^ + cos. y cos. yj. ... (1), 

rhere a, 1^, 7, denote the angles which AM make with the axes of 

) y, 2^ and »' /B', 7', denote the angles which AN make with the 

sune axes. 

By substituting for the cosines of these angles their values in terms 

6 
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of a, b, and of, b% as given in last proposition, the expression (1) 
takes the form 

^ aa' + bb' + t 

COS. ^ - ^(a*-{'b^ + l){(f'+b'^-^l) 

If the proposed lines are perpendicular to each other, that is, if cos. 
V,= 0, the numerator of this fraction must be 0, that is, we must have 
the condition 

oaf + 6^ + 1 = 0. 

It must be remarked that two straight lines in space may be indinei 
to each other without intersecting, although this is impossible wben 
both are in the same plane ; and the angle of inclination is always 
measured by that included by two parallels to them, drawn from one 
point; so'that the foregoing expressions for V, the inclination of two 
straight lines in space, apply, whether they actually intersect or not 

It is also important to observe that the results in this and in the 
preceding problem do not preserve the same form, when the axes of 
coordinates are oblique, since the expression for D, which enters into 
these results, becomes obviously more complicated, when the planes 
are not rectangular. In all the other problems^ the inclination of the 
axes will not affect the form of the results. 



ON THE PLANE. 

(183.) If a straight Ime move in a direction parallel to itself along 
another straight line, given in position, the surface generated will be 
z plane* 

The generating line is sometimes called Utie generatrix, and the line 
along whieh it moves the directrix. 

The intersections of any plane with the coordinate planes are called 
its traces. 
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PROBLEM I. 

(184.) To find the equation of the plane. 
Let BC9 BD, DC, be the traces of any 
proposed plane, which may, therefore, be 
supposed to be generated by the motion 
of DC along DB. 
Let. the equation of the trace BD be 

z = nuc +p » , . , (1), 
Old the equation of the trace DC, 

zz^ny-^p (2), 

p being = AD, the z of each trace at the 
oiigin^ A. 

Now, since the generating line is in every 
position D'C parallel to DC, the value of z in D'C will always be 

z = ni/-\-0 . . ., (3). 
At the point D', where this line meets the trace BD, y = 0, because 
this point is in the plane of xz, so that the value of z at the same point 
is, from equation (3), a: = |9. But, by equation (1), the value of z at 
this point is z = mx ^p; consequently 

^ = WW + p . . . . (4), 
X being the same for every point in D'C as for D*, because D'C is 
throughout equi-distant from the plane of yz. Hence, substituting 
this expression for 0, in equation (3), we shall have the following rela- 
tion among the coordinates of any point in the proposed plane, viz. 

2: = WW + ny + p . . . . (5). 
This, therefore, is the equation of the plane. 
If the coordinate planes are rectangular, as, hideed, we shall always 
suppose them, m and n will denote the tangents of the angles which 
the traces BD, DC, make with the axes of x and y respectively. The 
symbol p denotes the value of z at the origin ; if the proposed plane 
pass through the origin, then j? = 0, and the equation is 

z = mx •{• m/. 
The equation (5) is usually put under the form 

Ax + By + C^ + D = 0, 
being a complete equation of the first degree containing three variables, 



I 
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it comes firom equation (5) by multiplying by the arbitrary quantity C, 
substituting A for iwC, B for nC, D for pC, and then transposing all 
to oiie side. 



PROBLEM II. 

(185.) Having given the equation of a plane to determine the equ- 
tioDS of its traces. 
Let the equation of the plane be 

Ax -h By + Cjaf -h D = 0, 
then for every point in this plane, which is situated likewise in the 
plane of xy, that is, for every point in the trace on the plane of ry, we 
must have ;? = ; hence the equation of this trace is 

At 4- By + D = (1). 

In like manner, for every point in the trace on the plane of onr, we 
have ^ = ; therefore the equation of this trace is 

.Ax -|-Cz-i-D = (2). 

Andy similarly^ the equation of the trace on the plane oiyz is 

B5^ + C« + D = (3). 

If, in (1), ^e puty = 0, the resulting value of x, viz. x = — -- 

A 

will be the distance of the origin from the point where the axis of x 

D 

pierces the proposed plane ; or, putting x =: 0, we have y = — — for 

B 

the distance of the origin from the point where the axis of y pierces 

the plane. In like manner, for the point where the axis of z pierces 

the plane, we have z ^ — r^ ; hence, when D = 0, the plane must 

pass through the origin. 

As to the angles which the traces make with the axes of x, y, we 
hav^Tor their trigonometrical tangents, as given by the three preceding 
equations, the expressions 

_A _ A _B 
B' C C 
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PROBLEM III. 

(186.) To find the equation of the plane which passes through three 
giTen points. 
Let the three points he 

(/, y, y), x», y, o, and r, y, /")> 

then, the form of the equation of the plane being 

Aj:-|-By4.C5r + D = 0, 
or 

ABC 

5^+5^ + 5^ = — 1 — 0). 

we have to determine the values of A, B, C, D, so that the following 
conditions may be fulfilled, viz. 

ART 

D ^D''^ D 
By applying the common operations of algebra (9&e Alg, p, 69), we 

ABC 
find for the values of the unknowns, — -, — -, — -, the following ex- 
pressions, viz. 

A _ ^(y'_y-)-/'(y-.y") + ^"(y~yO 



D ~ ^ (yv" — y v) — Ay-s^"— y"^) + ^" (y^' — y-^') 

D - y (y V" -yv) -V' (y;^"' -yv) + r)^y:^'-y"^) 

C _ y (j^^ ^ /^^) >, y^ (^ _ /^^«4, y^ (^ — s:") 

D "■ a:' (yv" — y v) — of' (y^".— y V) + ^" (y^' — yv) 

hence the equation of the plane, fiilfilling the proposed condition, is 
determined by substituting these values in equation (1). 

If the plane is required to pass through but one point (jr', y, z% 
then the equation of every such plane is 

At + By -f C^ + D = Ai' + By + Cx* + D, 
or, rather, 

A(x — ^ + B(y-y)-fCCa;^a'>i=.Q, 
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PROBLEM IV. 

(187.) To determine th^ conditions which must subsist in order that 
a straight line may be parallel to a plane. 
Let the equation of the plane be 

Ax + By + C2 + D = 0, 
and the equations of the straight line 

X = a;? -}- a ^ 

y=bz + fiS 
If these expressions for x and y be substituted in the equation of 
the plane^ the resulting value of z will be that of a point common to 
both straight line and plane. This value is 

A« H- BjS + D 

^ "" Aa +B6 + C 
which, substituted for z, in the equations of the straight line, give the 
other two coordinates of the point where the straight line pierces the 
plane, on the supposition that they are noi parallel. If the straight line 
have an indefinite number of points in common with the plane, that is, 
if it be wholly in the plane then the foregoing expression for z is 
susceptible of an indefinite number of values, that is, we must have 

A« -f BjS + P _0 
Afl H- BJ + C ~ 
so that the conditions of coincidence are 

Aa + B/3 + D = 0, Aa + B6 -f C = (1). 

But, if the line is merely parallel to the plane, then, by drawing 
from the origin a line and plane, respectively parallel to the former, 
there will be coincidence, but then a = 0, ^ = 0, and D = ; hence 
the conditions (1) become simply 

Afl + B6 + C = (2), 

which is the condition of parallelism. 

Hence, if it be required to draw through a given point (y, y, /), a 
straight line parallel to a plane, we have only to substitute^ in equa- 
tions (2), p. 223, any assumed value for one of the coefficients, a, b, 
and then to determine the other from the condition (2). 
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PROBLEM V. 

(188.) To determine the conditions of parallelism of two planes. 
Let the equations of two planes be 

AxH-By-|-Ca:-|-D = 0, 
Kx + Wy + C'z -h D' = 0. 
If they intersect these equations, both exist for the line of intersec- 
tion ; hence, eliminating one of the variables, z for example, we have^ 
for the other two coordinates of any point in this line, the relation 

(AC — A'C) X + (BC— . B'C)y + {DC — D'C) = o (1). 

But (173) the relation between the coordinates x andy of any 
straight line in space, is the same as the relation between x and y in 
the projection of that line on the plane of xy^ consequently equation 
(1) is that of the projection of the intersection of the two planes on the 
plane of xy, and similarly, by eliminating x ov y from the proposed 
equations, we shall obtain the equations of the projection of the same 
intersection on the plane otyz, or oixz. 

When, however, the proposed planes are parallel, the intersection, 
and, consequently, the projection, of it is impossible, so that equation 
(1) cannot exist for any values of x and y. But so long as the coeffi- 
cients of X and y, in that equation, exist, the equation itself may be 
satisfied, for by giving any arbitrary value to one of the variables, that 
of the other becomes determinable, so that the equation becomes 
impossible only when the coefficients of x and y become 0, that is, in 
order that the planes may be parallel, there must exist the conditions 

AC— A'C = 0, BC — B'C = (2). 

The same conclusion is immediately derivable from the expressions 
at (185), for the tangents of the angles which the traces of a plane make 
with the axes, for as the traces of two planes on either of the coordinate 
planes must be parallel, if the planes themselves are, it follows, from 
the expressions referred to, that we must have 

A_A^ B__B' A_A^ 
' B^B" C " C C ""C 

The first and second of these conditions, which^ indeed, include the 
third, are the same as the conditions (2). 
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PROBLEM VI. 

(189.) A point being given in space, to draw through it a plane 
parallel to a given plane. 
Let the equation of the given plane be 

Aj?H-By+C5r + D = 0; 
then, representing the given point by {x'^ y", 2f), the equation of tbe 
required plane will take the form (186) 

A'(x — j^)-|-B'(y-y)+C'(^— 5:0 = 0. ] 

But, since the two planes are parallel, we have, by the conditions 
of parallelism, 

A' = ^C',B'=?C'; 

hence the equation becomes, by substitution, 

A (x — d?') 4- B(y — y) + C {z — z') = 0, 
or 

Ax + By -f C^ — (Ay + By + Czf) = 0. 
= At H- By + C<? + D' = 0, 
where ly is put for — (Ar' + By + Cz*) ; so that, if two planes are 
parallel, it is always possible. to render the three first coefficients in 
their equations the same in each. If the point (x^, y, z*) is the origin, 
then D' = 0, and the equation is 

Ajf+Bi/ + Cz=0, 

which characterizes every plane passing through the origin. 



PROBLEM VII. 

(190.) To determine the conditions which must subsist, in order 
that a straight line may be perpendicular to a plane. 

Let the equations of the projections of the straight line be 

X = a<8r + » . . . . (1), 

y=bz-\-p (2), 

and the equation of the plane 

Ac+By-i-C2:4-D = 0. 
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Then, since the line is perpendicular to the plane, every plane 
passing through the line must be also perpendicular to the same plane; 
hence the planes which project the line will each be perpendicular 
both to the proposed plane and to the coordinate plane on which the 
projection is made. But a plane which is perpendicular to two planes 
is perpendicular to their intersection ; hence the projecting planes are 
perpendicular to the traces of the proposed plane ; but, if a plane is 
perpendicular to a line, every line in that plane is perpendicular to 
the same line, and, as the projections of any line are in the projecting 
planes, it follows, therefore, that, if these latter are perpendicular to 
any traces, so also are the projections. Now for the traces of the pro- 
posed plane we have the equations 

Aj: + C;2r + D = 0^ C """^A "" 
By + Cz + B = o]^'l C 

jf B 

and we have to express that the lines represented by these equations 
are respectively perpendicular to those represented by equations (1), 
(2). Tliis is done by putting (11) 

a = — and 6 = - 
C C 

which are the conditions required. 



PROBLEM VIII. 

(191.) To draw a perpendicular from a given point to a plane, and 
to determine its length. 
Let the plane be represented by the equation 

Ar -f By + Cj: + D = (1), 

then, if the given point be (j/, y', z'y) the equations of the required 
line will take the form 

X — x* =z a{z — z')'% 
y— y = 6(5r — ^0 J 
But, for this line to be perpendicular to the plane, we must have, by 
last problem, 
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of tbe propOMd line an 

■'-»' = '('--'' 

V we kMW the point where diis perpendicular meets the {k 
tnMwttnet detenniDe ita length, from the expression at 
diMnealMtweeu two given points. Now since at this unkmni^ 
tta taariiaaUi are the same both for the perpenditular and lb(|M 
m dnB dMBiuinc it by tin ding what values of j-, y, and 2 villa 
II (1) and (2), when il will leioiui) only to mbaUlwM 



■ p=t/('-'')'+cj'-y)'+C'-")'-.-.C3)- 

At, boiwrer, the expressions j — j'jy — y', i — 
du •qnmtiotu (:) and (3), it will be best to find tlie \'4aaiiii 
■riuch ue coinmoii to those equations. 
For d^ purpose, assume 

Aj" + By + Cj' + D = ly, 
and nibtract it from (1), there results 

A(.j:^i')+B{y-y') + C(z~z-) + D'-- 
Subitituting here the values of .r — f*, y — y, in (3), w 



A' + ^' +C 



-y(A' + B' + C') 

Ay +By + Cz' + D 
- v'CA' + B' + C') 
If it were required to draw a plane through a given point (/,y, 
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hould be perpendicular to the line, through the same point then 
[uation to such plane would take the form (186) 

therefore, from the relations 

_A .B 

quation sought must be 

a(jr — a") + b{y — y) + (e — a;') = 0. 



PROBLEM IX. 

^2.) To determine the inclination of a given straight line to a 
I plane. 

t the projections of the given line be represented by the equations 

X = az -^ a 
y = 6^ -f ft 
quation of the given plane being 

Ax + By + Ca: + D = 0, 

if from any point in the line a perpendicular be drawn to the 

i, the angle included between this perpendicular and the other 

^ill be the complement of the inclination of the latter to the plane, 

fore the cosine of this angle will be the sine of the required inclina- 

Now, representing the perpendicular by the equations 

x = az -^ a' ■% 

y=l/z+e'S 
ave for the cosine of the included angle the expression (182) 

^ aa' +bb'- ^l 

cos. V - ^-^^3 ^ ^ 4. 1) (a/2 ^ in^ t) 

fore, substituting for c^, ^, the values 

C' C 

denoting the inclination of the proposed line and plane by I, we 

All H- B J + C 



sin. I =r 



(a» 4- 6« + c«) (A? + B» + C«) 
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If the line is parallel to the plane, sin. 1 = 0, therefore, is I 
determined, (187), the condition of parallelism is 

Afl 4- B6 + C = 0. 



PROBLEM X. 

(193.) To determine the inclination of two given planes. 
Let the equations of the given planes be 

Ar+By-fC^+D =0 (1), 

A'j: + B'j^ + C'^ + ly = (2); 

then, if to each plane a perpendicular line be drawn, the iocli 
of these perpendiculars will be the inclination of the planes; 
representing the perpendiculars by the equations 

X = fl-? + « > X =z afz -\- at' -h 
y =zbz + pS y ^Vz^af S 
we must have tlie relations 

A - B , A' , B' 

and, therefore, for the angle, V, of inclination sought we have 

aa + bb' -\- 1 



cos. V = 



y/{a^-\-b^^\){a"'+b"'^\) 
AA' -f BB' + CC 



~ t/(A2 -f- B' + C2) {M^ 4- B'» -f C) 
If the two planes are parallel, then cos. V = 1, and we hat 
condition 

(AA' + BB' 4- CC')' = (A^ + B» 4- C') (A« 4- B'» 4- C";i 
which reduces to 

(AB' — BA)'* 4- (AC — CA)* 4- (BC — CB')» = 0. 
But the square of any quantity being always positive, the si 
any number of squares can never be 0, unless they themselves : 
hence the final conditions are 

AB' — BA = 0, AC — CA = 0, BC — CB' = 0, 
as before determined (168). 

If the planes are perpendicular to each other, then cos. V = 
that, in this case, we have the condition 

AA' 4- BB' 4- CC = 0. 
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If one of the planes, the second, for instance, coincide with one of 
i« coordinate planes, as the plane of xy, then, in equation (2), z = 0, 
Kid X and y may be any values whatever, consequently that equation 
3jinot subsist, unless 

A' = 0, B' = 0, and C = ; 
lence, substituting these values in the expression for cos. V, we have 

COS. V = ^ 

t/A« + B« + C* 

:»e inclination of the plane (1) to the plane of j^. 

In like manner, 

COS. V" = ? = 

/ V^A» + B* + C» 

be inclination to the plane of xz. 

Lnd 

A 



cos. V" = 



^A«+B»-hC« 4^ 

be inclination to the plane of ^^. 

By adding the squares of these three last equations together, we 
obtain the relation 

COS.* V + COS.' V" + COS.* V" = 1, 
io that the relation (181) of the inclinations of a line to the coordinate 
ixes is analogous to that of the inclinations of a plane to the coordinate 
planes. 

The expressions for the inclinations of the second plane (2) to the 
coordinate planes will be obtained by accenting the letters A, B, C, 
in those just deduced, and if we represent them by cos. U', cos. U", 
and cos. U'", the expression for cos. V will be the same as 

cos. V = cos. V'U' 4- COS. V" cos. U" + cos. V" cos. U'", 
which result is also analogous to that at (182). 
When the angle V is right, we must have the condition 
cos. V COS. U' + cos. V" COS. U" + cos. V" cos. U'" = 0. 



SCHOLIUM. 

(194.) The results of the last four problems become much more 
complicated, when oblique coordinates are employed, \\i%\K^^ ^'i ^^R.- 
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HT ; bul of llie Other {iTobtems Id thit chaptet ihe rm 

tns ume form, whetlier ihe coordinates are rectangnlu ci 

Befon! we conclude the piesent chapter, it will be 

prove titc cuiiverse of the inference in prop. (1), riz. that 

lion lit l\\<- Tint degree contaiaing three variables, soch as 

Ai + % + tj + D = 
11 tb« iMlytical representation of some plane. 
For, pulling ihis equaiioB under the form 

__A B D 

■nil then cunstmcUng, on two verticat planes, pwrpcndii 
vttwr, and which may be designated as the planes of ii 

two lines, of which the equations are 



the lines llius cunstrucled may he regarded s 
pbne; hence, finding, by prob. 1, the plane i 
traces, we fall upon the equation 



A* + Bj + Cz + D = 0. 
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ON SURFACES OF THE SECOND ORDER. 

95.) A surface is said to be of the second order, when it may be 
ytically represented by an equation of the second degree, contain- 
ihree variables. 



THE SPHERE, AND ON CYLINDRICAL AND CONICAL 

SURFACES. 

PROBLEM I. 

96) To determine the equation of the sphere. 

et r represent the radius of a sphere, and a, |S, y, the coordinates 

s centre; let, also, (jt, y, z,) denote any point on the surface of the 

ire. 

len, r being the distance between the points (a, |S, y) and {x,y,z)y 

lave (180). 

(^-«)»-f(y-l3)» + (^-y)' = r«, 

►y developing, 

J.2 ^_y _|. z^'-2(tx — 2fy—2yz + a« -f jS^ -f y^ = r^, 
reneral equation of the sphere, when related to rectangular axes, 
the origin is on the surface of the sphere, then a* + /S* -f y' = 0, 
therefore, the equation becomes 

■r» + y' + '2* — 2«jr — 2g^ -V 27Z =0. 

-». 
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If flw origin ii It Uie antre, ihen, the coordiniKs <' ^ ^ 
img wd) 0, tha aqoitiOD is 

«'+i'' + :'-- ■ 
If one of the coordioatt plaan, as \he plan« ot'xy, p 
MBtn, tbcn y = 0. and the eqaalioD a 

ud, if one of dte uu, as t\-,e axis of f, p 
dun = 0, and y = 0, and the equation is 

- <*— .y+y + ^sH. 



(197.) To detennine the intctseclinn of a sphere vi 
Let p lepnsent the diaiauce of the intersecting pUnc ^ 
centre of the ipbeie, and constitute three coordinate plaws, ■< 
tiii|tattltecentie,aDeofwhic[i, as tlie plane of j^/, Eoajbcp*' 
Ae catting plane. Then ererj point in tbe inl«rsecting plm^ 
^Ten hy the equation i =p, and, consequently, by ibe eq 
bst problem, all the points on the sur&ce of the sphere, « 
also common to the plane, must be given by the equation 

which represents a circle ; liiis is, therefore, the interseclion- 



(198.) To detennine the equation of the tangent pliie ^ 
through a given point on the surfece of the spHere. 

Let the given point be {j/, y', sr*), then the equation of » l' 
prissin^ through it is 

A (i — y) + B (y -yO + C(J — !-) = . . . . 0), 
and, since the same point is on the surface of a sfdiere, we nnd 

(T- - «)' + (y- g)* + (z* - y)* = r» . . . . (2). 
Now, for the radius of this sphere, that is, for die line passing tti 
tb- (a, 0, y), and {x', tf, t'), ve have (ITT) the eqvaliaK 
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z* — y 
id it remains to express that this line is perpendicular to the 
aoe (1). By (190) the relations of perpendicularity are 

A = aC, B = fcC, 
U is 

A = ^ c, B = ^-;zi^ C. 

z — y z' — y 

ince, substituting these values in (1), and dividing by C, we have 
' the tangent plane sought the equation 

— •)(x-j7') + (y — ft(5/-y) + («' — y)(^ — ^0 = O..(3). 
! this equation must exist in conjunction with (2), which is the 
me as 

(y — •)(x'-«) + (y-ft(y-jS) + (/-y)(/-y)=r», 
i having, by adding it to (3), the equation 
(x--. )(*-«) + (y-|S)(y-^ + (a'-y)(2_y) = r», 
Uch alone cliaracterizes a plane touching a sphere, of which the 
iius is r, and the centre (at, |S, y), in the point (jt', y, zf). 
If the origin is at the centre, then « = 0, j8 = 0, and y = 0, and 
i equation of the tangent plane is 



Cylindrical Surfaces, 

(199.) The name cylindrical surface is given to every surface which 
ti be generated by a straight line moving parallel to itself, and, at the 
tne time, describing with its extremity a curve line. 
The curve described by the extremity of the generating line is called 
5 directrix, and, when it is a plane curve, is usually supposed, for 
npUcity, to be situated in one of the coordinate planes, the plane of 



14. *l 



. mc ^ visa, at c^ f-iksc of ry, naj be^ 
T^^ ever* fo^ ib tiic ivuxsEctiDf [!>* < 

7 --J - -j«lie r:t5= ir lie e^jtiuoa 



I of the caDgEui p'"'! 
- i< •--. -.^ - ? suriM* of ihe sj 
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-• — y 

imains to express Unit this line is perpendicular to tlic 
By (190) the relations of perpendicularity are 
A = aC, B = 6C, 

z' — y ^' — y 

bstituting these \*alues in (1), and dividing by C, wo have 
jjent plane soug^lit the equation 

'-^') + (y-i3)0/-y)+(*'-y)('--o==o..(3). 

quation must exist in conjunction with (2), which is the 

)(.r'-«) + (y_|5)(y-|3) + (c'~y)(y-y)r.r«, 
, by adding it to (3), the equation 

0(r-«) + Cv'- iS)ev-|^+(«'- 7) (-^ -?) = '••» 
ne clmraclerizes a plane touching a sphere, of which the 
, and the centre («, |S, y), in the point (i*', y, s'), 
rigin is at tins centre, then « = 0, /S = 0, and y - 0, and 
m of the tangent plane is 



L\t/lindrical Surfaces, 

■ ha name cylindrical surface is given to every surface wl 
erated by a straight line moving parallel to itsi?lf, and|i 
cfescribing witli its extremity a curve line. 
* described by the extremity of the generntinw lino U C»i 

Land, when it is a plane curve, is usually supposed, ^ 
^ situated in one of the coordinate planw, tln> plana <*- 



>\% 
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A»5^» -f B» x« = ("~~~y ^' ^'* 

A B 

we put Z for 2 — «', »n for — , and n for — , the equation of the 

iptic right cone takes this simple form ^ 

m^ y^ -\' n* a^ •=. m^ v? Z*. 
[204) Lastly, let it be required to find the equation of an oblique 
cular cone when the origin of the axes is not at the centre. 
Here the equation of the directrix is 

(»-«)' + (y-|3)' = r», 
which, if we substitute for x and y the values 

xz — xz' yz — yz 
z — s:* ' z — y 
I have for the equation of the surface 

'-y — x^ — « (^ — y)]' 4- \}fz—yzf —Qiz — z!)'^ =f^(z-- z'y. 
If the origin of the axes be on the circumference of the base, and 
le of them, as the axis of x, pass through the centre, then a = r, and 
= 0, and the equation of the directrix is 

X* + y* = 2rx ; 
erefore the equation of the conical surface is 

(/z — xzy + {y'z—y7ff = 2r (^ — z') {/z — xz*). 



CBAPTBIt 21. 

ON SURFACES OF REVOLUTION. 

(205.) Every curve surface generated by the revolution of a curve 

and a fixed ciis is called a surface of revolution. 

Hence the characteristic of surfaces of revolution is this, viz. that 

ery section made by a plane perpendicular to the fixed axis is a 

rcle, whose centre is in that axis. 

The equations to the several surfaces- of revolution will take the 
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most simple and commodious form^ by supposing the fixed axis (some* 
times called the axis of revolution) to coincide with one of the coor- 
dinate axes, as the axis of z. We shall here suppose this coincidence 
of the axis of revolution with the axis of z. 



Z 



A 




PROBLEM I. 

(206.) To determine the general equation of a sur£au^ of revolution. 

Let DC be any position of the generating curve, then, drawing 
DM, parallel to AZ, and joining AM, we shall have AM, MD, equal 
to the coordinates of the point D, as given by the 
equation of the plane curve, DC. Put AM = r, 
and MD = z, then, since in the equation of the 
curve one of the variables must be a function, F, 
of the other, we have 

j: = F : r. 
Now r is always equal to the radius of the circle 
described by the point D round the axis AZ, 
and it is therefore related to the x and y of that 
point by the equation 

hence the relation of the coordinates, x, y, z, of every point, D, in the 
surface of revolution, is given by the equation 

^=F:(j»4-y)i; 
this, then, is the general equation of a sur&ce of revolution. 

(207.) As a first example, let it be required to find the equatioD 
of the surface generated by the revolution of any straight line about 
the axis of z. 

Here the equation of the generating line in any position, when 
referred to the axis of ^ as axis of ordinates, and a perpendicular to 
it from the origin, as axis of abscissas, is 

zzzT ir = or -\-b, 

therefore, substituting ^r* -f y* for r, we have for the equation of the 

surface 

(ar— fc)»=a'(jr2+y«). 

Now, h is the ordinate, z'y of the generating line at the origin, and the 
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tangent a is the same as — ;* hence, by substitution, the equation 

becomes 

(j — a:')9 H = z'^ x« + 5/ V> 
'which agrees with the equation at prob. (5), as it ought, for the 
soi&ce here considered is obviously Aat of a right cone. 

(208.) Let it now be required to find tlie equation of the surface 
described by the revolution of an ellipse about one of its axes. 

1. Let the minor axis be the fixed axis, coinciding with the axis of 
If then the equation of the generating curve will be 

hence, substituting x* -f y for r*, we have 

A* -J* + B«(x» -f y>) = A« B*, 
the equation of the ellipsoid of revolution.' 

3. If the revolution be about the major axis, then the generating 
curve is represented by the equation 

B2;2:a+A«r» = A»B», 
and the surface by the equation 

B^ ^« + AHx« + 3^>) = A» B«. 
If A = B, we have 

jjs 4- j^a -I- y = A* 
for the equation of a sphere, as before found. 

The ellipsoid of revolution is generally called a spheroid; a prolate 
spheroid when the revolution is about the minor axis, and an oblate 
spheroid when the revolution is about the major axis. 

(209.) Let the surface be described by the revolution of an hyper- 
bola about one of its axes. 

Suppose, first, that the second or conjugate axis of the hyperbola is 
that which is fixed, then the equation of the generating curve is 

A'z' — B»r» = — A'BS 
and, putting jr' -f y* for r*, it becomes 

B»(r» -i-y) _ A' ^a _ A» B«, 

the equation of the hyperboloid of revolution of a single sheet. 



* r is obviously the abscissa of the point where the line cuts the axis 
of abscissas. 

m3 



250 



AVALTTICAL OKOMETRT. 



tiMo it 11 obnoui dnt the furfiMK gowntod wiH oooMk^fM^ 
TbecqaatHNioftbegeDentiiigciirfe will be 

and duit of die for&ce 

B^ j*^ A*(«» +/) = A* B^, 
die ecfuatioa of die lj|i|MfMoid ^f fg we fatfi e w ^tm 

If die a tjrmpt e t et lefolve widi die can% Aon ai eiAef I 
ding ceetf dimiviU begeBflnlad aeopiotl wufcmrf 
Mjrmptodc to die lijperiioloid. 

($10.) Let now die genenting enrve be a perebok leviMii 
iti prindpel diameter^ then the eqeatioa of dw 

and, oonseqoend jy fi>r the torfboe we lisve 

tbe equation of 



ft 



ON SURFACES OF THE SECOND ORDER IN GENERAL 

The equations which have just been shown to cbaiacterize v^ 
of revolution are obviously only so many particular forms of die i^ 
general equations 

Lr« -f Mya + N;r» = P (1), 

Lr» 4- My* = Qz (2). 

The first of these comprehends the ellipsoid and hypeibokJii • 
revolution, and the second contains the paraboloid of revolotioD. 
We here propose, by discussing these equations, to asceitia * 

A.iiir*'^ »«^fe about die crther azift, die surface gmtntai^^ 
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ineral the nature aod characteristics of the two classes of sur&ces to 
hich the preceding helongi leaving it to he shown in the next chapter 
at these two c]a$8es, together with the cylinder, comprehend all the 
ir&ces of the second order. 

(213.) Before we proceed to the discussion of the equations (1) and 
2)^ we shall remark that the surfaces which they represent naturally 
ivide themselves into two distinct classes ; those which have a centre 
ad those which have not The former class are represented hy equa- 
on (1) and the latter hy equation (2). This may he readily shown ; 
lus : Let (/, y', z^y he any point on a surface, represented by equa- 
ion (1), and from this point let there be drawn a straight line through 
he origin, then we know (177) that ( — jt', — y', — ^ will be also a 
>oint on this line ; but the same is likewise a point on the surface, for 
he equation (1) remains the same, whether the coordinates x, y, z, be 
>ositive or negative. Now these points are at the same distance from 

he origin, viz. D = ^ x'^ -f y* + ^S therefore every straight line 
Irawn through the origin, and terminating in the surface, is bisected 
Lt the origin, which point is, therefore, the centre of the surface. 

Equation (2) cannot represent any surface which has a centre ; for 
fit could, the origin of the rectangular axes might be removed to that 
centre. If the z of this proposed centre be c, then the z of any point 
n the surface would be ;? -f- c, so that the equation (2), when thus 
ransformed, would still have a term containing only the first power 
>f ^ ; hence, if thfbugh this new origin a straight line from any point 
X*, y, z'), in the surface be drawn, the point ( — jt', — y, — zf), in 
he same line, equally distant from the origin, cannot belong to the 
urface, for we cannot change z into — ;?, in the equation of the 
urface, without producing a change in the sign of the term involving z. 

(213.) If equation (1) be solved for x, we find two values numerically 
qual, but of contrary signs, so that the plane of yz divides into two 
qual parts every chord drawn parallel to the axis of x. What has 
een said of the plane of ^^ equally applies to the planes of xz, and of 
y ; viz. each of these bisects all the chords drawn parallel to the inter- 
action of the other two. Any three planes, each possessing this 
roperty of bisecting every chord drawn parallel to the intersection of 
16 other two, are called a system of diametral planes* Those which 
fe have just noticed are no other than the rectangular coordinate 
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planes ; they are distlDguished as the principal diametral planes.* 
The curves traced on these planes, by their intersections with the 
surface, are called the principal sections ; and the intersections of the 
same planes, that is, the axes of coordinates, are called the prinapal 
axes of the surface. 

(214.) As to the surfaces represented by equation (2), we find, hy 
proceeding as above, that they have but two principal diametral plaoes, 
viz. the planes of xy and of yz ; nevertheless the traces of the sin&ce 
on the three coordinate planes are called the principal sections, and 
the coordinate axes the principal axes of the surface. 



On Surfaces which Itave a Centre. 

(215.) We shall now proceed to the discussion of equation (1), 
which it will be convenient to consider under each of the three follow- 
ing forms, viz. 

Lr« 4- My 4- N;2:« = P 

I^ + Mf — liz^ = F 

Nz^ — Mf—Lx» = F 
which forms agree with those which we have already found to charac- 
terize the surges of revolution which have a centre. 



The Ellipsoid. 

Let us first take the form 

Lr« -i- My« -i- N^« = P, 
which characterizes a surface limited in every direction, for, if any 
straight line be drawn from the origin, its equations will be 

X :=z aZy y ■=■ bz. 
If these values of x and y be substituted in the equation of the 
surface, we shall have for the z of the point where the line pierces the 
surface the expression 



A 



* It will be hereafter proved that there can be but one system of rectan- 
gular diametral planes. 
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z=V. 



La« -{. M6> + N 

Nowy whatey^ values be given to a, b, the denominator of this 
xpTession can never become 0; hence the value of z, and consequently 
hose of X and y, are real and finite, so that every diameter meets the 
soi&ce. 

To determine the principal sections of the surface we must put 
tuccessively 

X = 0, y = 0, J? = 0, 
in the proposed equation, and we have ^ 

My -j- Nxr* = P, the trace on the plane ofyz, 

Lj* -I- N;?* = P xz, 

L:r*-FM3/« = P xi/. 

These equations characterize ellipses referred to their principal 

diameters, these diameters therefore coincide with the principal axes 

of the sur£su:e. If P = 0, each ellipse will be reduced to a point, viz. 

the origin of the axes. By supposing P negative, the sections become 

imaginary, showing that in this case no surface exists. 

Let us now examine the sections parallel to these principal sections, 
and made by planes, whose respective distances from the principal 
planes may be represented by 

x= ±»,!/= ±Pi ^= ±7- 
The equations of these sections will be 

L»' -f Jly* -j- N^2 = P, section parallel toi/z, 
Lr' + M/S* + N-?' = P xz, 

Lr» + M3^» + Ny» = P xi/. 

These equations also represent ellipses referred to their principal 
diameters ; hence their centres must be on the axes of coordinates. 
Now, in order that-these ellipses may exist, the quantities 

P — L«2, p _ M^, P — Ny« 
must be positive, for, if such values, positive or negative, be given to 
K, 0, and y, as to render these expressions 0, tlien each ellipse is re- 
duced to a point, and if greater values than these be given to a, 0, and y, 
the sections become impossible. Hence the surface is entirely comprised 
within six tangent planes, drawn parallel to the coordinate planes, 
and of which the distances from the origin or centre of the surface are 
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A, B, Cf being put for the distances of the oentre from the planes, 
which limit the surface in the directions of or, j^, z, xespectively; in other 
words. Ay B, C, represent the principal semi-aies of the sur&ce,* 
which, horn the nature of the several sections, is called the ellipswL 
From the foregoing expressions for the principal semi-axes, we get 

P P P 

hence the equation of the sur^e becomes, by substitution, 

A>B«^« -h A«C«y + B«C>x= = A»B» C% 
or 

X« «2 2^ 

A» ^ B« ^ C ' 
the equation of the elliptoidy related to its principal axes. 

If any two of the semi-axes, A, B, C, be equal, then also two of tbe 
coefficients, L, M^ N, will be equal ; and hence one system of puallel 
sections must be circles, and therefore the surface will be an ellipsoid 
of revolution. Thus, if B = C, then M =; N, and we have 

A« {z^ + y) 4- B« x« = A» B», or i! 4- 1-' -H -^^ = 1 
\ I jf y -r , A» B» B* 

for the equation of the ellipsoid of revobdion about the axis of x. If 

A = B = C, the surface is spherical, having the equation 

j^a 4. ^.a ^ ^8 - ^a^ ^ 

Hence the varieties of the ellipsoid are the elUpsoid of revohttm, 
tfte sphere, a point, and an imaginary surface. 



* The principal sQmidiametersare also immediately obtained from the pio- 

posed equation of the surface ; thus, at the point where the axis of x pierces 

the surface, y and z are 0; hence forjhis point the equation gives x^^ 

p Wp p 

= v' y* In like manner, y = B = v't^* and s = C = ^ — • 
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The Hyperboloid of a single Sheet. 

(216.) The second form of the general equation of central surfaces of 
cond order is 

Lj^ + My — N2* = P. 
The traces, or principsd sections of the surface here represented, are 
M^' — N^:' = P, the trace on the plane oiyz, 
Lr»—N2« = P xzy 

Lja + My = P xy. 

Of these sections the first two are hyperbolas, and the third an 
lipse ; and, as each curve is referred by its equation to its principal 
iameteis, these diameters coincide with the principal axes of the 
dr&ce. If P = 0, the hyperbolas each degenerate into a system of 
no intersecting straight lines, and the ellipse reduces to a point. The 
lu&ce in this case will be an elliptic cone, as will be seen presently. 
For the sections parallel to the principal sections, made by planes 
rhose distances from the origin are 

'e have the equations 

M^* — Njz* = P — La^ section parallel toy*, 
Lr»— N«»=:P — Mj3» xz, 

LiF» -h My = P + Ny» xy. 

Here, as before, the two former sections are hyperbolas, and the last 
I ellipse; and these sections are obviously always possible, however 
stant the intersecting planes may be fi:om the origin; so that this 
rface is unlimited in every direction ; it does not, however, meet the 
is of Zf for, putting both x and y = 0, in its equation, the resulting 
lue of z is imaginary, viz. 

But, for the other principal semi-axes of the surface, the same equa- 
>n gives f^ . 

P P 

lling these latter A, B, and the former C \/— 1, and introducing 
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these terms into the equation of the surface, which, from the nature of 

its sections, and the continuity of surface, is called the hyperboloid of 

a single sheet, we have 

A« Ba^' — A«C«y — B» C« *» = - A» B« C*, 
or 

a«"'"b« c« ' 

the equation of the hyperboloid of one sheet related to its principal axes. 
It has already been seen, that, when P = 0, in the proposed equa- 
tion, the trace of the surface on the plane of xy is merely a point, but 
every section parallel to this plane on either side of it is an ellipse 
given by the equation 

by making successively jr = 0, and y = 0, we find for the semi-axes 
of the ellipse the values 

these increase with y, that is, the elliptic sections increase as the inter- 
secting plane recedes from the plane of xy ; hence the surface can be 
no other than the elliptic right cone, haviQg its vertex at the origin. 

This conical surface is asymptotic to the hyperboloid, as may be tbus 
proved. 

Let the hyperboloid and cone be both cut, be a plane, parallel to 
the plane of xy, at the distance, y, from the origin, then the equations 
of the two elliptic sections will be, respectively, 

Lr* + My» = P + Ny* and Lj* ^ My» = Ny«. 

Now, if these sections have any point in common, the coordinates, 
Xy y, of that point will be the same in each ; hence we must have 

which is impossible, unless y be infinite. 

If A = B, in the equation of the hyperboloid, then L = M, and the 
sections parallel to the plane of xy become circles ; hence the equation 

C2(x« + 5/«)-A«;8« = A«0,or J^4-J,-J=l 

characterizes the hyperboloid of revolution of a single sheet about the 
axis of z. 
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Hence the yarieties of the hyperboloid of one sheet are the hyper- 
>loid of revolution, and the conical surface. 
It appears from the above that the equation of the elliptic right 
one, having its vertex at the origin, is 

I^ + M/ = N2*, 
)r, substituting for the coefficients of this equation their values 

P P P 

^ = A»'^ = ^'^ = C5 
nd dividing by P, it becomes 

x^ y* 2* 

A«CV H- B» C«:r« = A«B»;r«, 

1 which equation A, B, represent the semi-axes of the elliptic section, 

rhich is at the distance, C, from the vertex. 

A B 

IfweputfTifor— , and n for -p, the equation becomes 

m»y -f n* jr« = m^'n* ^', 
greeing with the form at (203). 

C - C 

Or, if we put p for --, and a for =-, the form is 

A B 

qy* + px^ = z^ ;• 
ence, if it were required to express the equation of an elliptic right 

>ne, of which the section, two feet from the vertex, has for principal 

!mi-diameters the lengths 5 feet and 7 feet ; then, since A = 7, 

= 5, and C = 2, the equation is 

Ij^a H- ^ j^ = ?». 

The Hyperboloid of two Sheets. 

(217.) The third species of central surfaces is represented by the 
juation 

N2« — M5^«— Lr»=P. 
For the principal sections we have the equations 

N«* — My* = P, the trace on the plane ofyz, 
Nj?* — Lr« = P xz, 

My« H- Ljr» = ■— P xy. 
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When P = 0, in the equation proposed, it may be proved, as in 
art. (216), that the equation then represents an elliptical conic surface 
asymptotic to the hyperboloid. 

. If A = B, then L = M, and the sections parallel to the plane of xy, 
become circles ; hence the equation 

A'*'-C'(jr» + y) = A»C«, or ^. + ^,- ^. = -1 

represents the hyperboloid of revolution of two $heets. Hence this and 
the elliptic right cone are the varieties of the surface. 



On Surfaces which have not a Centre. 

(218.) We now proceed to examine the second class of surfaces, 
and which are represented by the equation 

Lx* + Mj/2 = Q2 = 0. 
This equation involves in it the forms 

Lx» + M5/2 = Q^, 
and 

or 

My— .Lx»=Q^. 

The last two equations represent the same surfaces, the axes of r 
and i/ being merely interchanged, so that we need discuss only the 
first two equations. 



The Elliptic Paraboloid. 

By putting, in the equation 

Ljr» + My* = Os, 
the successive values 

a: = 0, ;y = 0, J? = 0, 
we have for the principal sections of the sur&ce the equations 

My* = Qzy the trace on the plane o{yz, 
L^ = Qz xZf 

Lx* -h Mj/* = xy. 

Hence the traces on the planes of yz and sz are parabolas, referred 
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to their principtl axes, which, therefore, coincide with the aia^l 
yurfoce. Of these traces the principal diameter of the fiisti 
with the axis of 2, and the second diameter with the axis rf|;^ 
principal diameter of the second trace coincides widi tbe 
and the second diameter with the axis of x. 

The third trace, or that on the plane of Vy, is merely spit* 
the origin of the axes. 

For the sections parallel to the traces, and whose distances! 
origin are respectively 

' = ± »> y = ± ft * = y> 

we have the equations 

My = Qz — La*, section parallel ioyz, 

Lx» -f My = Ny jy. 

The first two sections are, like their parallel traces, parabolas, ^ 
vertices are not on the axes of the surfiuie. The third sectiooBi 
ellipse, whose centre is on the axis of r, and principal darfl 
parallel to the axes of i and y, and it will always be possible, ii 
ever great the distance, y, ahovt the plane of xy may be; 8o4<^ 
surface has no limit above this plane, below it the sections W 
possible. 

From the nature of its sections, this surface is called the elB 
paraboloid. 

If L = M, the elliptic sections become circular, and then the so: 
is one of revolution about the axis of z ; hence tlie equation 

J-2 -f 3/2 _ p;.^ 

where p = - , represents the elliptic paraboloid 0/ revolution,y(^ 
the only variety of the elliptic paraboloid. 



The Hyperbolic Paraboloid, 

(2 1 9.) The surface represented by the equation 

Lr2 — M3/2 = Qx. 
has for its traces the equations 
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My* = — Qz, the trace on the plane oi yZy 

Lar* = Q.Z, xz, 

IjX^ — M^^* = 0, xy. 

The first two traces are parabolas, and the principal diameter of 

each coincides with the axis of Zy the origin is the common vertex of 

both parabolas; but that in the plane of 2:3/ is belov), and that in the plane 

of xar is above, the plane of xy. The trace on the plane of xy is merely 

at system of two straight lines intersecting at the origin, their equations 

l)eingx=±j/|/_. 

I'or the sections made by the planes 

3!-±ot,y^±&,Zz=z±yy 

'We have the equations 

My* = La* — Q^, section parallel to yz, 

Lr* = Mj3* + Or, xz. 

Li-* — M^* = 4: Qy xy. 

The first two sections are parabolas, whose vertices are not on the 

sues, but the principal diameter of each is parallel to the axis of z ; 

that of the first parabola is, however, in. the direction of z negative, 

and that of the second in the direction of z positive. But, let us 

examine these sections more narrowly, and, first, it may be remarked 

that the coordinates, y, z, of every point in the section parallel to yz 

are measured from the point x — ± a of the axis of j:; in other words, 

this point is the origin of the coordinates, y^ z, of the section. Let 

us then remove this origin to the vertex of the parabola, which is done 

La* 
by substituting z -\ r- for ^, in the equation, which then be- 

comes M^* = Q^ ; this equation being the same as that of the trace 
on the plane of ^^, it follows that all the sections parallel to this plane 
are equal parabolas. Similar remarks apply to the sections parallel 
to the plane of xz ; but in these the vertices of the parabolas are all 
below the plane of xy, while, in the former, the vertices are above that 
plane, as the transformation shows. Moreover, the vertices of the 
former series are all in the plane of xz, and those of the latter all in 
the plane o£yz. 

The third section, or that parallel to the plane of xy, is an hyperbola 
related to its principal diameters ; its centre is, therefore, on the axis of 
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2. The form of its equation, however, shows that when the section is 
ahove the plane of xy, the transverse diameter is parallel to the axis of 
X, and the conjugate parallel to the axis of^ ; hut, when the section is 
below the plane of xy, then, on the contrary, the transverse 2aa& is 
parallel to the axis of y, and the conjugate to the axis of x, andal 
equal distances, y and — y, above and below the plane of ly, the 
transverse axis of the one section is the same absolute length ai lint 
conjugate axis of the other, and vice versa. 

Of all the hyperbolic sections above the plane of xy the vertices aie 
situated dn the parabolic trace, on the plane of x?, for, putting y=0, 
in the equation 

Lr2 _ My = Qy, 
we have for the corresponding value of x, the semi-transverse axis of 
the hyperbola, or, which is the same thing, the distance of the veitez' 
from the axis of Zy the expression 

But, at the same distance, ^ = y, from the plane of xy, there is a 
point in the parabolic trace, of which the distance from the axis of i 
is given by the same expression, viz. 

hence these two points coincide. 

In a similar manner, it may be shown that of all the hypeibolic 
sections below the plane of xy the vertices are situated on the parabolic 
trace on the plane of yz. Having thus seen that all the sections 
parallel to the plane of yz are parabolas, that these parabolas are all 
equal, and that their vertices are all on the parabolic trace on tb« 
plane of xz, it follows that if the parabola in the plane of yz be moved 
parallel to itself, its vertex always being in contact with the parabola 
in the plane of x^, the surface we are now considering will be generated. 
It will be al^o generated by keeping fixed the parabola which we have 
here supposed to move, and moving the other under like restrictioos. 

From the nature of its sections, this surface is called the kyperMe 
paraboloid. 

The equation of the asymptotes of any hyperbolic section 

Li^ - My = ± Qy, 
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s known to be (71) 

M 
Lr* — M^* = 0, orx= ±.y V y~ 

X-i 

Eiencey if these two lines are constructed on the plane of .ry, the per- 
pendicular planes passing through them will be those which contain 
the asymptotes of all the hyperbolic sections. Now these lines to be 
constructed on the plane of xy are the very lines into which the 
hyperbolic section degenerates, when the cutting plane coincides with 
the plane of xy, as we have already seen by the equations of the 
traces ; therefore planes drawn through tliese, perpendicular to the 
plane of xy, continually approach, but never meet the surface, except 
Btt their intersections with the plane of xy. 

From articles (218) and (219) it appears that the traces on the 
planes oi yz and xz of surfaces which have not a centre are parabolas, 
'^vhose parameters are 

Q 1 , Q 

;>=±^,,andp-- 

.-. M = ± - , and L = —, 
P P 

■Hence, substituting these values in the general equation 

of these surfaces, and dividing by Q, we have 

x^ y^ _ 
-^ i — — z, 
V V 
or 

'px^ ± ify^ — pp'z, 

for the equation of the paAboloid, which is elliptic, or hyperbolic, 
according as the upper or lower sign of j»' has place. 

Tangent Planes to Surfaces of the Second Order, 

(220.) If a straight line meet a surface in but one point, it is said to 
be a linear tangent to the surface at that point, and, since an indefinite 
number of straight lines may be drawn through a given point, there 
is obviously no limit to the number of linear tangents at that point. 
The surface which is the locus of these tangents is called the tangent 
plane at the proposed point, and that it is a plane we shall presently see. 
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lineal tangents through (x', \f, /) are situated ; the surface is there- 
fore a plane. By developing diis equation, it takes the form 
Lj'jr H-Myy H- N^z = Lx^^ + My« -f Na;'* = P, 
or (215) 

which is therefore, the equation of the tangent plane. 

It appears, from equation (3), that, if a straight line (2) touch the 
surface the relation between the constants, a, b, must be such as to 
satisfy the equation 

Lax' + Mty + N^' = 0. 

The equations to the normal, or straight line drawn from the point 
of contact perpendicular to the tangent plane, are (191) 

If M = N, then the surface is of revolution about the axis of jr, and 
the last of these equations, which represents the projection of the normal 
on the plane of x[y, reduces to 

/y =y^, ory = ^^; 

hence this projection passes through the origin, and, consequently, the 
normal must cut the axis of x. 

In like manner it may be shown that if li = N, that is, if the surface 
Tevolve about the axis of Jlj^the normal must cut this axis, and the 
projection on the plane of Inf will in a similar way show that, when 
i = M, the normal will cut the axis of 2, about which the surface 
Tevolves. 



PROBLEM. 

To find the equation of the tangent plane when the sur&ce has not 
^ centre. 

By art. (219) the surfaces which have not a centre may be 
represented by the equation 

K 
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On Conjugate Diametral Planes. 

(221.) We have already defined (213) a system of conjugate dia- 
itral planes to be such that each bisects all the chords drawn parallel 
the intersection of the other two, and we have shewn that such a 
stem exists in every surface included in the general equation 

Lr* H- M3^» -h N-22 = P (1), 

ovided the coordinate axes are rectatigular. It will be hereafter 
own that there are an infinite number of oblique axes, to which every 
ch surface may be referred, without altering the form of its equation I 
d hence we may infer, by imitating the reasoning at (212), that 
ere are an infinite number of systems of oblique diametral planes in 
ntral surfaces of the second order, these diametral planes being no 
her than the oblique coordinate planes. 

If then we suppose the equation 

L'r» -f My -f- N'2« =;: P (2) 

' represent the same surface as equation (1), when the coordinates 
re transformed from rectangular to oblique, we may apply to this 
juation the same reasoning - that we have employed in the discussion' 
' equation (1), and the only difference in the results will be that what 
sfore were rectangular conjugate diameters, will here be oblique con- 
igates, both as regards the surface itself, and the several intersections.' 
rom the form of equation (1) it was shown (215, &c.) that a plane 
rawn through the extremity of a principal diameter (not imaginary), 
id parallel to the plane of the other two, was necessarily a tangent 
lane to the surface ; henoe, since (2) has the same form as (1), we 
ifer that a plane through the extremity of one conjugate diameter, and 
arallel to the plane of the other two, touches the surface. 

From these remarks and from what has been shown in (215), (216), 
;c. we may infer that, if A', B', C, represent any system of semi- 
Diijugates belonging to a central surface of the second order, the 
quation of that surface, referred to them as axes, will be 

x» v' z^ 

nd it will be an ellipsoid, if A'*, B'', C'*, are all positive, an hyper-- 
oloid of one sheet if only two of these are positive, and an hyperboloid 
f two sheets if but one is positive. 

n2 



SECTION III. 



OKAPTSBi X. 

ON THE ORTHOGONAL PROJECnONS OF PLANE SUEFACB. 

(223.) A plane figure is said to be orthogonally projected o 
plane when each siide of it is perpendicularly projected on the s 

pi.„,. 



(223.) The projection of a plane surface on & plane is equal to 
area of that suHace multiplied by the cosiue of its inclination to 
plane of projection. 

Since any plane figure may be divided into triangles, it will be 
sufficient to prove the truth of this theorem in the case of the trian^ 

Let, then, ABC be any plane triangle, 
and let abc be the orthogonal projection of 
it on any plane, lla. Produce the plane 
of ABC to meet the plane of projection in 
Gil and perpendicular to AC draw the 
two parallels, AG, CH; then, if through 
B the line KL be drawn pa^llet to AC, ' 
we shall have for the area of the triangle ABC the express] 

/iABC = JAC-CL; 
aha, if / be the projection of L, we shall have 
A "ftc = 1 AC ■ cl. 

Now, if <■ represent the inclination of the two planes, 
angle CHc, we shall have 

d =: CL COS. a, 
.■.Aabc=AABC-V)i.a. 
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THEOREM II. ' 



224.) The square of the area of any plane figure is equal to the 
n of the squares of its projections^ on three rectangular planes. * 
Let S represent any plane surface, and S', S", S'", its three projec- 
is on the planes of jry, xz, yz; then, putting «, a/, a", for the 
eral inclinations of the plane of S to the coordinate planes, we have, 
last theorem, 

S'« = S2 cos.» «, S"» = S» cos.« a', S*^* = S« cos.» «". 
w (193) 

COS.* ot + COS.* » + cos.' »" = 1 ; 
ice 

S* = S'« H- S"« H- S'"*. 
Cor, If the projections of the same surface on three other rectan- 
ar planes be S^', S", S'" then, as before, 

isequently 

S'* H- S"* H- S'"» = Si" -h Si"* + Si"'«, 
t is, the mm of the squares of the projections is the same for every 
tern of rectangular planes. 



THEOREM III. 

[225.) If a surface be projected on three rectangular planes, and 
n these projections be orthogonally projected on a given plane, the 
n of these last projections v^ill be equal to the orthogonal projection 
the surface on this given plane. 

Liet S represent the surface, and S', S", S'", its projections on the 
tangular planes. Let also sf be its projection on any other plane 
lined at any angle, V, to the plane of S, then s' = S cos. V, also 

S' = S cos. «, S" = S COS. a', S'" = S COS. a". 
Now, if we represent the inclinations of the plane of sf to the rec- 

I 1 1 I I I . I ■ III 

* By the square of an area is meant the square of its numerical value. 
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tangular planes, that is, to the planes of S', S", and S'", by j8, ^, f^ 
we shall have for cos. V the expression (193) 

COS. V = COS. a cos. ^ + COS. »' cos. B* + COS. a." cos. B" ; 
multiplying this by S, we have 

S COS. V = s* = S' cos. $ 4- S" COS. ^ + S'" cos. 0", 
which expresses the properly announced. 

Cor. Also, if S, T, U . . . . represent any number of surfeces 
situated in different planes, then we have, in a similar inanner, the 
equations 

S' = S' cos. -f- S" COS. fi' + S'" COS. fi'% 

t' =r COS. ^ + r' COS. ^' 4- T" COS. iS", 
7/ = U ' cos . /? 4- U" COS. ^ 4- U'" COS. ^', | 

where T, T\ T", and U', U", U'", are the projections of T and U oo 
the rectangular planes, while f, t/, are their projections on the plane 
of s'. If we represent the sum of the projections on the plane of jy 
by M', the sum of those on the plane of xz by M", and the sum of 
those on the plane yz by M'", while the sum of the projections on the 
fourth plane is represented by m', we have, by adding together the 
foregoing equations, 

m' = M' cos. 4- M" COS. 0' 4- M'" cos. /5". 
If we introduce a fiflh plane, whose inclinations to the rectangular 
planes are y, y', and y", and of which the sum of the projections of 
S, T, U . . . . thereon is /»", we have 

m" = M' COS. y + M" cos. y 4- M'" cos. y". 
In the same way, for a sixth plane, 

m'" = M' cos. ^ + M" COS. ^' + M'" cos. ^\ 
Thus the sum of the projections of any series of areas on a plane is 
equal to the sum of the projections formed on the same plane, by Jini 
projecting all the figures on a system of rectangular planes, and thm 
pnrjecting these projections on the proposed plane. 

Cor, 2. If the three planes containing the projections m', m'\ m'", 
are also perpendicular, we may consider these as the primitive planesj 
and we shall then have, conversely, 

M' = fn cos. -f m" cos. y 4- m'" cos. ^ 
M" = m' cos. 0' 4- nf cos. y' 4- m"' cos. ^ 
W"= m' cos. 0" + m" cos. y" 4- m'" cos. J". 
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THEOREM IV. 

(226.) The same notation being employed, it is required to prove 
that 

when both systems of planes are rectangular. 

By squaring each equation, in the above group, and adding together 
the results, we have 

M'HM"24-M'"2=m'» (cos.« ^ + cos.« ^' + cos.«/S") 

+m"« (cos.' y + COS.* y' + cos.* y") 
+m'"* (COS.* I + COS.* ^' + COS.* I") 
■^2m'm" (cos. & * cos. y-f-cos. ff ' cos. y'+cos. B"- cos. y") 
'\-2m'm"Xcos. ^ • cos. ^ -fcos. $' • cos. ^'+cos.iS" • cos. ^') 
+27»'W'(cos.y 'COS. ^^cos.y • cos. ^'+cos.y" • cos. ^") 
Now, by art. (193), the factors of m'*, wi"*, and i»"'*, are each equal 
to 1, and, by the same art. the factors of 2mW, 2m W", and 2m'W', 
are each equal to ; hence this equation is the same as 
M'* -f- M"* + M'"* = m'* + m"* + m'"=. 
This proves that, if any number of plant surfaces, however situated 
in space, he projected on different systems of rectangular planes, and 
the projections on each plane be collected into one sum, then the squares 
of tlte three sums thus furnished by each system always amount to tlie 
same quantity. 

Cor, The expression for the sum of the projections on any one of 
the planes, as the plane of m', is 

m' = VM'* + M"* + M'"* — m"* — m'"*, 
which sum will be the greatest possible, when m" = 0, and m'" = 0, 
for then it becomes 

w =i/M'* + M"*-f M'"*. 
Now there is nothing contradictory in supposing m" = 0, and 
m"' = 0, for, since the projection of a surface is equal to that surface 
multiplied by the cosine of its inclination to the plane of projection, 
the projection must be considered as positive or negative, according 
as the cosine is positive or negative, or according as the inclination is 
acute or obtuse ; hence the sum of the projections of any number of 
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surfaces on one of the coordinate planes may become 0^ on account of 
the negative projections equalling the positive, and when this is the 
case also with another coordinate plane, then, as we have just seen, 
the projections on the third plane amount to a greater sum than they 
would do under any other circumstances; this plane is, therefore, 
called the plane of greatest prelection, 

(227.) We may readily determine the direction of this plane, or its 
position in reference to the rectangular planes of M', M", M'", by 
means of the conditions m" = 0, m'" = which exist simultaneously 
with it, for, introducing these values in the group of equations originally 
employed, we have 

M' = m* cos. By M" = w! cos. ^, M'" = to' cos. ^"; 
whence 

o M' M' 

cos. P = — : 



-, M" M" 

cos p ^ ^^ -"-^^i^i^^i^r^i^^rr^i^^ 

COS. & = — - = 

in which equations j^, j3', ff', denote the inclinations of the plane of 
greatest projection to the arbitrary rectangular planes of M', M", M'", 
and thus the position of this plane in reference to any system of rectan- 
gular planes is determinable, when the sums M', M-', M'", of the 
projections on this system of planes are known. The situation of the 
plane of greatest projections is not fixed in space, for the projections 
on any plane being the same as on any parallel plane, it follows thai 
every plane having the requisite inclinations to the rectangular planes 
possesses the characteristic property of the principal plane or plane of 
greatest projection. 



THEOREM V. 

(228.) The sum of the projections on any plane equally inclined (o 
the principal plane is constant. 

Let T represent the sum of the projections of any number of 
surfaces inclined at an angle d to the principal plane, and let f, t', i '» 
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tepresent its inclinations to the three primitive planes, then (225) ' 

T = M' COS. I + M" COS. i' + M'" COS. •", 
but (227) 

M' = to' COS. ft M" = to' cos. ir, M'" = m' cos. f9" ; 
hence, by substitution, 

T = m' (cos. ^ cos. f -f- COS. fi' cos. / + cos. /5" cos. i"). 
Now the expression within the parentheses represents the cosine of 
the angle (193), therefore 

T = m' COS. 0, 
that is 

T = v^M'^-+-M"a+M'"« • COS. ; 
so that T is constant, if is, and if cos. d increases or diminish, T 
will increase or diminish proportionally. 

Car, On every plane perpendicular to the principal plane the sum 
of the projections is 0, for when = 90°, then T = 0. 



CBAPTBR ZZ. 

ON THE TRANSFORMATION OF COORDINATES IN SPACE. 

(229.) In order to transform the equation of a surface from one 
system of axes to another, we must first find expressions for the 
primitive coordinates in terms of the new, and these, substituted in 
the original equation, will lead to the transformation desired. The 
most simple of tliese transformations is that in which the new axes 
are parallel to the old, where the only change is in the position of the 
origin. In this case, if a, 6, c, denote the coordinates of the new 
origin, and (j*', 3/', z',) represent any point in the surface, in reference 
to the old axes, then the coordinates f, y, z, of the same point, in 
reference to the new, will obviously be 

which are, therefore, the formulas to be employed; when the origin 
merely is altered. 
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If the direction of the axes be altered, then the formulas for substi- 
tution are not so readily obtained. We may affirm, however, thattbe 
values of the new coordinates must be linear functions of the old, that 
is, these values must be of the form 

y = 6 -|- nx' + n'y -|- n"z* 

for these expressions must be such that, when they are substituted in 
tlie equation of the plane, the result may not surpass the first de^^ 
which it would, however, do, if either of the above equations sur- 
passed the first degree. Having thus ascertained the form of the 
rf quired expressions, it remains to determine the constant coefficients 
a, m, mf, m" &c. If we suppose j/ = 0, y s= 0, sf z=. Oy we shall 
have for the coordinates of the new origin 

X =^ Uf y = b, z = c ; 
these, therefore, are easily determined. The remaining constants must 
depend on the mutual inclinations of the two systems of axes ; and, 
as these relations will not be disturbed by supposing the two origins 
to coincide, we shall, for greater simplicity, consider a, 6, c, as absent 
from the foregoing expressions, then jt, y, z^ representing the primi- 
tive coordinates of any point in space, the new coordinates, j/, y, z*, 
of the same point will be related to the former, as in the equations 

X = mx' -f m'y' + w'V 

^ = nx^ -f wy -|- n'V 

z = pz' -f pi/' -f p"z» 

Suppose the point to be situated on the axis of x*, then y =0, 

z' = 0, and, consequently, 

X = mj:', y = nx*, z = px^, 

X y z 

.-. m =--.,71 = -•?;, p = -,. 
x' x' X 

(230.) 1. Let tlie primitive axes be rectangular and the new onu 
oblique. 

Then for any point in the axis of x'y x' will be the hypotenuse, and 
X the base, of a right-angled triangle, also or* and y will be the hypo- 
tenuse and base of a second right-angled triangle, and x\ z, will, in 
like manner, be the hypotenuse and base of a third ; hence, calling 
the angles which the axis of / makes with the axes of x, of y, and off) 
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X, Y> and Z, respectively, we have 

f» — — = COS. A, n = ^ = COS. Y, p = — = COS. Z. 

For a point situated on the axis ofy, we have 

X = my, y = ny, z zn^y'y 

...;„' = i = cos. X', n' = ?. = cos. Y', ?' = ?.= cos. Z', 

where X', Y', Z', denote tlie inclinations of the axis of y to the axes 
of J, y, and z, respectively. 

In like manner, for any point on the axis of sf we have 

X = w' V, y = n'V, z = jo'V, 

.-.»?" =z ?- = cos. X", n" = -^^ = cos. Y", p" = -, = cos. Z," 
z z z 

X", Y", Z", denoting the inclinations of the axis of z to the axes of 
^> Vt ^9 respectively. Hence the expressions for the primitive coordi- 
nates in terms of the new are 

X z=j/ cos. X -I- y cos. X' + / COS. X" ^ 

y =ycos.Y+ycos.Y' + /cos.Y"( (A); 

z zzx" cos. Z + y cos. Z' + / cos. Z" 3 
the nine angles which enter into these expressions being subject to the 
conditions (181) 

cos.^X -fcos.«Y -|-cos.*Z =1^ 

COS.' X' + COS.' Y' + COS.* Z' = 1 ( (1), 

cos.' X" 4- COS.' Y" + COS.' Z" = 1 3 
the values in other respects being arbitrary. But if the angles which 
the new axes form among themselves are given or fixed, then six of 
the foregoing angles become dependent on the other three, which are 
arbitrary, for, let 

V =1 the angle [x', y], 
U = the angle [y, 2'], 
W = the angle [z', x'], 
then (182) besides the preceding conditions we must also have 
cos. V = COS. X COS. X' -f COS. Y cos. Y' -|- cos. Z cos. Z' 
COS. U = cos. X COS. X" 4- COS. Y cos. Y" -h cos. Z cos. Z" i . , (2) ; 
cos. W = COS. X' COS. X" + COS. Y' cos. Y" H- cos. Z' cos. Z" i 
we have thus altogether six equations, which are insufficient to deter- 
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mine the nine angles involved in them, but, by giving any aibitnif 
values not inconsistent with the conditions (1) to three of these, the 
remaining six are all deducible from the given equations. Hence, 
that we may be able to fix the positions of the new axes in space, we 
must know the angles which 4hey make with each other, and three of 
the angles which they make with the primitive system. If we know 
only the angles which the new system of axes make with eadi odier, 
then this system may take any position whatever, in reference to the 
primitive system. 

(231.) 2. Let both systems be rectangular. 

In this case 

COS. V = 0, COS. U = 0, cos. W = ; 
hence the equations (2) become 

COS. X COS. X' -f- COS. Y COS. Y' 4- cos. Z cos. Z' = ^ 

€08. X COS. X" -\- COS. Y COS. Y" -f COS. Z COS. Z" = J . . . . (3), 

cos, X' COS. X" 4- COS. Y' COS. Y" -f cos. Z' cos. Z" = 5 
SO that three of the angles formed by the new system with the primitive 
being determined, the remaining six are given by the equations (1) 
and (3), and thus the constants in (A), the formula of transformatioo, 
become known. 

If one of the new axes, as the axis of /, coincide with the primitive 
axis of z, in case 1, and V be the angle formed by the other t^o, both 
of which we shall here suppose situated in the plane of xy, the formulas 
of transformation become very simple, for since, in this case^ 
cos. U = 0, cos. W = 0, COS. X" = 0, cos. Y" = 0, and cos. Z" = 1, 
equations (2) give 

COS. Z = 0, COS. Z' = ; 
hence equations (1) reduce to 

COS.* X + COS.* Y = 1 ^ e COS. Y = sin. X 
COS.* X' -f cos.2 Y' = U •'• ( COS. Y' = sin. X' 
and the formulas (A) are, in this case, 

X ■=.x' COS. X -f-y COS. X', y — x* sin. X + y sin. X' . , . . (A'), 
which are the same as those already given at (40), to pass from a 
system of rectangular axes to any other system situated in the same 
plane. 

(232.) To pass from rectangular to polar coordinates. 
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L^tP be any point (jr,y, z,) in space, and 
draw AP from the origin, then A may be 
considered as the pole, and AP = r the 
radius vector of the point P. Let AM 
be made equal to unity, or the radius 
of the tables ; then, denoting the inclina- 
tions of AP to the axes of jc, y, z, by 
»» ft y, we shall have (181) for the coor- 
dinates of M, the values cos. as, cos. j3, 
COS. y, consequently, for the coordinates of P, we have the values 

X = r, cos. x,'y=-r cos. ^y z -=r cos. y . . . . (B), 
which must exist in conjunction with the condition 

cos.* » + cos.'^ iS 4- COS.* y = 1 . 
Other formulas for transforming rectangular to polar coordinates may 
be obtained, in which only two angles enter, viz. the angle PAP', 
formed by the radius vector and its projection on the plane of xi/, and 
the angle P'AX, formed by this projection and the axis of x. Call the 
first of these angles 0, and the second ^, then, if r' represent the 
projection of r, the right-angled triangles PP'A, P'XA, give 

r* zz r cos. 9, j: = r' cos. f,yz=.r' sin. f,z=zr sin. ; 
hence 

X = r cos. cos. ^,y z=.r cos. sin. f, zzzr sin. . . . . (C). 

Note. When the new origin does not coincide with the primitive* 
then the coordinates, a, b, c, of the new origin must be added to the 
expressions for x, y, 2, in the preceding formulas. 

With regard to the signs of the trigonometrical quantities, which 
enter the formulas (C), we must observe that, by supposing (p to 
vary from to 360°, as in (111), and to vary from to 
i: 90, while the sign of r always remains positive, the formulas 
will in all cases correctly mark out the position of the point 
whose coordinates they express* Hence the radius vector ought 
always to be considered positive. In like manner the position of the 
point {x, y, z,) is correctly determined by the signs of the cosines 
which enter the formulas (B), r being considered positive. 

(233.) Of the preceding formulas of transformation, those which 
enable us to pass from one system of rectangular axes to another are 
the most important. To effect this transformation, the knowledge of 



278 



ANALYTICAL GEOMETRY. 



three angles only is requisite^ as we have already seen (230); but, 
as nine angles enter the formulas (A), the remaining six must be 
determined from the equations of conditions (1) and (2). To remedy 
this inconvenience, new formulas were given by Euler, and afterwards 
employed by Lagrange and Laplace, which dispensed with the equar 
tions of condition, and gave at once the expressions for the new coot- 
dinates, in terms of the old, combined with three given angles, yiz. 
the angle formed by the axis of x and the trace of the plane of i/ 
on the^lane of xi/, the angle formed by the same trace and the axbo( 
.1', and the angle at which the plane of x'y is inclined to the plane of 
i\i/. By means of these three angles, the values of all the nine angles 
which enter the formulas (A) may be expressed, and thus the equa- 
tions (1) and (2) be dispensed with. We shall proceed to investigate 
these formulas. 

Let AR be the trace of the 
plane of x'l/' on the plane of jy, 
and conceive a sphere, of which 
the centre is A, and radius AT = 
1, to be pierced by the lines AX, 
AX', AR ; then the great circles 
which pass through the points of 
intersection, Q, T, R, will form 
a spherical triangle TQR, in 
which we observe the following 
circumstances, viz. 

TR = angle formed by the axis of x' and ite trace, AR, on :ry, 
TQ = angle formed by the axis of x' and axis of x, 
RQ = angle formed by the trace and axis of Xy 
z. R = inclination of the plane of x'^' to the plane of xy. 
Hence, putting 

TR = n)/, TQ = X, RQ = (p, and z. H = 9, 
we have, by the principles of spherical trigonometry, (Gregortft 
Trig. p. 84;, 

COS. TQ = COS. X = COS. ^ cos. ^ + sin. -J/ sin. ^ cos. 0. 
Let now the great circle TS be drawn, then, in the spherical 
triangle TSR, we have 

ST = angle formed by the axis of*' and axis of y, 
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TR = >J/, SR = 90°—^, and z. R = IBO® — 6, 
.*. COS. ST = COS. Y = sin. ^ cos. ij/ — cos. ^ sin. -4^ cos. 0. 
From the point where AZ pierces the sphere draw a great circle 
through T, then ZTP = 90°, and z. P = 90°; hence the spherical 
triangle TPR gives 

TP = complement of the angle formed by the axes of x' and ;?, 
.'. sin. TP r= cos. Z = sin. 9 sin. ij/ ; 
we have thus obtained expressions for three of the cosines which enter 
the formulas (A). 

Again, let U be the point where the axis of y' pierces the sphere, 
and complete the spherical triangles URQ,* URS, in the first of 
which we have 

UQ = angle formed by the axis of y and axis of j:. 
LIR = 90O -j- 4., RQ = ^, and z. R = 0, 
.'. cos. UQ — cos. X' = COS. 6 cos. ij/ cos. (f — sin. ij/ cos. ^, 
and in the second triangle, URS, we have 

US = angle formed by the axis of y and axis oiy<, 

RS = 90<^ — (p, UR = 90^ 4- n)/, and z. R = 6, 

.'. cos. US = cos. Y' = — COS. ij/ COS. ^ cos. 9 — sin. ij/ sin. ^. 

Drawing, now, the quadrantal arc ZUL, the triangle URL, right 

angled at L, gives 

UL = complement of the angle formed by the axes of y and ?, 

UR = 90«> + 4/, and z. R = 6, 
.'. sin. UL = COS. Z' = cos. ij/ sin. 9, 
we have thus expressions for three more of the angles which enter (A), 
and there still remain three to determine. Let V be the point where 
the axis of z* pierces the sphere, and draw the arcs VQ and VSK, the 
former meeting TR in N, and the latter meeting the production of 
TR in K ; then AZ' being perpendicular to the plane of the circle 
TNRK, N and K will be right angles. The triangle NQR gives 
NQ = VQ — VN = — complement of the inclination of the axes 

of ^ and x, 
RQ = (p, z. R = 9, 
.*. sin. NQ = — COS. X" = sin. ^ sin. 9- 

* RT produced will pass through U, because AR, AX', AY', are in 
one plane. 
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The triangle KSR gives 

SK = VK — VS = — complement of the inclinations of the axes 

of x^ and y, 

SR = SQ — QR = complement of ^, z. R = 9, 

.'. sin. SK = COS. Y" = cos. ^ sin. 9. 

Moreover, since AZ, AZ', are respectively perpendicular to the planes 

of xy and of /y, the inclinations of these two lines measures that of 

the planes, that is 

Z" = .-. COS. Z" = COS. 9. 

(234.) Having now determined the expressions for all the cosines 

which enter the formulas (A,) we have, by substituting them therein, 

the following new formulas, for, transforming the equation of any 

surface from one rectangular system of coordinates to another, viz. 

X ■=- x' (cos. 9 sin. ^ sin. -J/ -|- cos. ^ cos. -jj/) 
-f- y (cos. 9 sin. ^ COS. ij/ — cos. ^ sin. -4^) 
— / sin. 9 sin. ^, 

y •=■ x' (sin. ^ cos. ij/ — cos. 9 cos. ^ sin. -jj/) 
— y' (cos. 9 cos. ^ cos. ij/ + sin. ^ sin. '^) 
4- z' sin. 9 COS. ^, 

z -rzx' sin. 9 sin. -J/ -f-y sin. 9 cos. \ •\' v cos. 9. 

» 
(235.) These formulas become much more simple, when4'=0> 

that is, when the axis of x^ coincides with the trace AR, for, since; 

in this case^ sin.>]/ = 0, and cos. -4/ = 1, the formulas become 
jr = j/ COS. 9 -h y sin. <f cos. 9 — 7f sin. 9 sin. <p 
y r=. x' sin. <p — y cos. ^ cos. 9 + z sin. 9 cos. ^ 
■ar =y sin. 9 -f- 3^ cos. ^. 



0^* Intersecting Planes. 

(236.) The equation of a surface being given, let it be required to 
determine the equation of the intersection made by a plane whose 
inclination to, and trace on the plane of xy is given. 

Call the inclination 9, and the angle formed by the trace and axis of 
jr, <f; then, calling the trace the axis of x\ and a perpendicular to it 
from the origin; and in the cutting plane, the axis of y^ any poipt ift 
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the curve of intersection referred to these axes will be represented by 
{s^y y> Oy) and the same point referred to the original axes of the 
surface is (jr, y, z) ; hence, by putting s/ = 0, in the formulas above, 
we have 

J? = or* COS. f + y sin. f cos. 0, 

y '=-x' sin. ^ — y' cos. ^ cos. 0, 

zz:iy' sin. ; 
and these expressions substituted in the equation of the surface will 
give the equation of the curve of intersection, when related to the axes 
of x* and y\ taken as directed in the cutting plane. 

The values of the angles 9 and f are immediately determinable, 
when the equation of the plane is given. For, if this equation be 

Aj? + By 4- C^ + D = 0, 
then (193) 

cos. = , 

and the equation of the trace on the plane of xy being (185) 

Ar + By + D = 0, 
we have 

tan.f = — — -. 

JSfote, In the preceding transformations, we have supposed the 
origin to remain fixed, if, however, this be not the case, then the coordi* 
nates a, 6, c, of the new origin must be introduced into those expressions. 

(237.) Since the foregoing expressions for x, y, j?, are linear functions 
of y, y, it follows that, when they are substituted in the equation of 
any surface of the second order, the result will be an equation also of 
the second order, between a/ and y ; hence every section of a surface 
of the second order is always a curve of the second order, and indeed, 
whatever be the order of the surface, no higher can be the order of the 
curve of intersection ; it follows, moreover, that a straight line cannot 
cut a surface of the nth order in more than n points. 

Let us suppose a conical surface : If a plane cut one sheet through, 
the section will obviously be a curve returning into itself, and as we 
know it must be of the second order, we immediately conclude that 
the section must be an ellipse. If the cutting plane be parallel to the 
generating line, in any position^ then the plane can obviously meet 
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only one sheet of the surhce, the section will therefoie 
but one branch ; hence it can be no other ccmre than tiM 
If the plane be parallel to the axis of the cone, then bodi 
be cut, and the section will consist of two branches, and 
become two intersecting straight lines, when the axis coi 
the cutting plane ; hence the section must be either an b] 
one of its varieties. On these accounts the lines of the 
are frequently called Conic Sections. But the cone is noti 
surfiice whose different sections furnish all the curves of tbe '• 
order^ as we shall presently see. 



m 



PROBLEM I. 



(238.) To determine the nature of the different sections of a < 
surface of the second order. 
In the general equation 

Lj3 + M/ -h N2« = P (1), 

which comprehends the ellipsoid and hyperboloid^ substitute fo^ 
Zy the values 

J = X COS. 9 + ^ COS. 9 sin. f -\- a, 
y :=z X sin. ^ — y cos. cos. ^ -f- 6, 
z — y sin. G -j- c, 
and it becomes of the form 

A3/2 + Btj/ -f Cj:2 -j- Dj/ -j- Rr + F = (2), 

the coefficients of this equation having the following values: 
A - L sin.2 G -h M cos.^ G cos.^ (p + N cos.* G sin.^ ^, 
B = 2 (N — M) cos. G sin. ^ cos. 9, 
C = Msin.2<p-fNcos.2^, 

D = 2 (Lc sin. G — M6 cos. G cos. ^ -|- Na cos. 9 sin. ^}, 
E zz 2 (M// sin. ^ -j- Na cos. ^), 
r - Lc2 + M62 + N^<2 _ p. 

Now we know (124) that tlie curve represented by the equation 
\s\\\ be an ellipse, an hyperbola, or a parabola, according as B' — -l- 
is negative, positive, or 0. The value of this expression is 
1^2 — 4AC = — MNcos.^G — LMsin.2Gsin.2(p--LNsin.2 9cos.*? 

Hence. " ' ^urkce is ^n dV\^so\^, \}waxva,\1 V, -^^ ^'^ are 
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positiye, B' — 4AC must be negative, consequently every section of 
an ellipsoid made by a plane is an ellipse, or else one of its varieties. 

If the surface is an hyperboloid of one sheet, then of the coefficients 
L, M, N, two are positive, and the third negative ; but, if the hyper- 
boloid have two sheets, then two of the coefficients are negative, and 
one positive, so that the expression for B* — 4AC must consist either 
€si two positive terms and one negative, or else of two negative terms 
and one positive. In either case, the aggregate of the terms may be 
either positive, negative, or 0. For, dividing each term by sin.* 0, and 
abstracting from the signs, they may be represented by 

Q cot.* 0, R sin.« f , S cos.* 9, 
and it is plain that an infinite variety of values may be given to ^, 
that will render possible either of the conditions 
Q cot.* 7 (Rsin.* (p + Scos.*?>),Q cot.* dii(R sin.*^ c» S cos.*?>) (4), 
t)r 
Q cot.* 9 = (R sin.* (p+S cos.* (p), Q cot.* 9 = R sin.*^ c» S cos.* (p (5). 

By the conditions (4) it appears that any term may be made to 
exceed numerically the sum of the other two, and, consequently, the 
aggregate of the three terms may take the sign of any one of them, that 
is, it may be either positive or negative. The conditions (5)' show 
that either term may become equal to the sum of the other two, so 
that, whichever two have the same sign, their aggregate may become 
equal to the third, when the aggregate of the whole will be 0. 

Hence th£ section of an hyperboloid by a plane may, like the cone 
which is a variety of it, he either an ellipse, an hyperbola, or a parabola, 

,Cor, As none of the constants a, b, c, enter into the expression (3), 
the curve of intersection must continue of the same kind, however 
these constants may be altered, provided only, that the angles 9, f , 
remain the same, that is, parallel sections always give the same kind of 
curve, 

PROBLEM II. 

(239.) To determine the nature of the sections in surfaces which 
liave not a centre. 

Substituting the formulas employed in last problem, in the general 

equation 
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L«« -f Mj^ = Qj: . , . . (1), 
we obtain a result of the form 

Ay + Biy -f- Cjr + &c. = 0, 
in which 

A = L sin.^ 4- M cos.* cos.* ^, 
B = 2M cos. d sin. ^ cos. f, 
C = M sin.* (p, 
.-. B* — 4AC = LM sin.* sin.* ^ . . . . (2). " 
If the surface is the elliptic paraboloid, then the coefficients L, M, 
being of the same sign, the expression for B* — 4AC must be negative, 
unless = 0, or ^ = 0, when the expression becomes = 0. Hence 
the intersections of an elliptic paraboloid must be either elh'pses or 
parabolas, or else varieties of these curves. 

If the paraboloid is hyperbolic, then L, M, having contrary signs, 
the expression (2) can never be positive, so that the intersections of 
the parabolic hyperboloid must be either hyperbolas or parabolas, or 
else varieties of these curves. 

Cor, It follows here, as in last problem, that because the expressioo 
(2) is independent of the values of the constants a, 6, c, parallel sectkm 
always give the same kind of curve, 

PROBLEM III. 

(240.) To determine the locus of the centres of any parallel sections. 

Let the surface be central, then, when the sections are central curvei) 
let us suppose the coordinates in each to originate at the centre, and 
let us represent by (x*, y, z',) the centre of any parallel section when 
referred to the axes to which the surface is referred, then y, y\ «*, 
mean the same thing here as a, b, c, in the preceding problems. Now, 
since the axes of the section are here supposed to originate at the 
centre, the terms Dy, Ejt, in equation (2), prob. 1, will be absent 
(126) showing that, in this case, we must have 

D = 2 (L^f* sin. 9 — My' cos. cos. f -|- Nj/ cos. 9 sin. ^) = 0, 
E = 2 (My sin. ^ -j- Nj/ cos. ^) = 0. 

These equations being linear, each separately represent!^ a plane ; 
but, as they exist together, they denote the straight line, which is their 
fntefsrection ; hence the \ocws oi (i*> y' , xf ^"^ ia ^ alcai^ht line. 
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If the surface have no centre, we should, in the same manner, find 
that, when the parallel sections have centres, these are all situated in 
the same straight line. 

Neither of the preceding equations having a constant term, it follows 
(185) that the planes which they represent both pass through the origin, 
this point then belongs to their intersection. Hence the centres of 
parallel sections gre all on the same diameter of tfte surface. 



CBAPTBlt XZX. 

DISCUSSION OF THE GENERAL EQUATION. 

(241.) We shall now proceed to examine the equation of the second 
degree of three variables, in its most general form, and show that it 
can never represent any surface not among those which we have already' 
examined. This general equation is 

Ajf* 4- By + Cj?2+ 0^:3/+ E^a: + Fj3^4-G-8: + Hy + K:r-f-L = (1), 
and we shall for simplicity suppose it to refer the surface which it 
represents to rectangular axes. This supposition will not in the least 
diminish the generality of our reasoning, since, if the axes were 
originally oblique, they might be transformed to rectangular, by the 
substitution of certain linear functions of the new coordinates in place 
of the old, so that the degree of the equation would remain the same 
and its generalili/ could not exceed that of equation (1). 

Let us now transform these rectangular axes to another system, also 
rectangular, by substituting, in equation (1), the values (275) 
X = j:' COS. X 4- y' cos. X' -{-z' cos. X" 
y = jr'cos.Y-f-ycos.Y'-f/cos.Y" ( (A), 

Z =ZX COS. Z 4- y COS. Z' + Z' COS. Z" i 

then the resulting equation must be of the form 
AV« -h By« 4- C'j'» + DVy + EV^r* 4- F'^'y' + G V 4- Hy 4. 

KV 4- L = (2), 
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in which the coefficients are functions of the nine angles which enter 
the formulas (A). 

Now it has been seen (330) that these nine angles are subject to only 
six conditions, and that, therefore, in order to fix their values, three 
more conditions must be introduced among them, and the only fimit 
to the choice of these conditions is that they must not be incoBiistent 
with the other six. 

Let us here suppose the three conditions 

D' = 0, E' = 0, F' = 0, 
then, if it can be shown that these may exist conjointly with the con- 
ditions (1) and (2), art. (230), we may immediately infer that the 
general equation (1) may always be reduced to the more simple form 

Ay» + By^ + c'x'^ + G'z' + Hy + k'j^ + l = o, 

by merely altering the directions of the rectangular axes. 

The expressions for the coefficients D', E', F', may be obtained 
without substituting the expressions (A) in every term of the equation 
(1), the last four terms obviously have no influence on these coefficients; 
and, instead of actually squaring the expressions (A) for the first three 
terms, we need only attend to the products two and two of the three 
terms, in each, these products being the only parts of the squares cen- 
cerned in the formation of the three coefficients under consideration' 
Also, in the three following terms of equation (1), which contain die 
products of the expressions (A), two and two, the partial products 
arising from multiplying any term by that in the same vertical row; 
are not concerned in these coefficients, and are, therefore, not to be 
attended to. Availing ourselves of these considerations, we find for 
the terms FVy, Ea:'^', D^z'j/*, the expressions 

:p'ar' + 2Acos.Z'cos.Y''iy 
-f 2Bco8.Y'cos.r 
4- 2C cos. X' cos. X* 
+ D cos. Z' COS. Y' I 
4- D COS. Y' COS. Z" 
■f E COS. Z' COS. X^i 
4- E COS. X' COS. Z"! 

4- F COS. Y» COS. X'; 

4- F COS. X' COS. Y'l 



2A COS. Z COS. Z' a-y 4- 2A cos. Z cos. Z" 

4- 2B COS. Y COS. Y" 
4- 2C COS. X COS. X" 
4- D COS. Z COS. Y" 
4- D COS. Y COS. Z" 
4- E COS. Z COS. X" 

rf E COS. X COS. Z 

4- Fcos. Ycos. X" 



2B cos. Y cos. Y'j 
2C COS. X cos. X' 
D COS. Z COS. Y' 
D COS. Y COS. Z' 
E COS. Z COS. X' 
E COS. X COS. Z 
F COS. Y COS. X' 
F COS. X COS. Y' 



4- F COS. X COS. Y" 
Hence the three equalioivs oi eoxvi\\.\Q\x ^le 
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2Acos.Z 
4- Dcos.Y 
+ E COS. X 

2Acos.Z 
-V Dcos.Y 
+ Ecos.X 
and 

2Acos. Z' 
4- Dcos.Y' 
4- Ecos.X' 



cos.Z' +2Bcos.Y 
+ D cos.Z 
+ F COS. X 

cos.Z" +2B COS. Y 
+ D COS.Z 
+ Fcos.X 



cos.Y'+2Ccos.X 

, + E cos.Z 

+ Fcos.Y 

cos.Y"4-2Ccos.X 
-r Ecos.Z 
+ FcDS.Y 
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cos. X' = 



cos. X" = 



cos.Y"+2Ccos.X' 
+ Ecos.X' 
+ Fcos.Y' 



cos. X" = 



.(B). 



cos.Z" + 2Bcos.Y' 
+ Dcos-Z' 
-f F cos.Z' 
or more briefly, 

M COS. Z' 4- N cos. Y' 4- P cos. X' = o -x 
M COS. Z" 4- N COS. Y" 4- P cos. X" = ? . . . 
M' COS. T + N' COS. Y" 4. P' cos. X" = i 
These, then, are the equations which must exist in conjunction with 
the following, if the transformation in view is possible, 
COS. X COS. X' 4- cos. Y COS. Y' 4- cos. Z cos. Z' = -^ 

COS. X cos. X" 4- COS. Y cos. Y'* + cos. Z cos. Z" = J (C) 

COS. X' COS. X" + COS. Y' COS. Y" + cos. Z' cos. Z" = 3 
cos.*X +C0S.2Y +C0S.2Z =l-v 

COS.2 X' 4. C0S.2 Y' 4- COS.* Z' = 1 V (D) 

COS. X" 4- COS. Y" 4- COS. Z" = 1 3 
£liminating N from the first two of equations (B), by multiplying the 
first by cos.'.Y^'j and the second by cos. Y', and then, subtracting the 
first result from the second, we get 

M (cos. Y' COS. Z" — COS. Z' cos. Y*) ^ __ .^ . 

4.T (cos. Y' COS. X" — cos. X' COS. YO i ^^ ' 

eliminating P from the same equations, we have 

M (cos. X' COS. Z" — COS. Z' cos. X") > _ q /p\ 

4- N (cos. X' COS. Y" — COS. Y' cos. X*) i " ^ ^* 

In like manner, by eliminating first cos. Y, and then cos. X, from the 
first two of equations (C) we have 

COS. X (cos. Y' cos. X" cos. X' cos. Y") > _ « t^^\ 

4- cos. Z (cos. Y' cos. Z" — cos. Z' cos. Y V ~ * * * ^ ^' 



and 



cos. Y (cos. X' COS. Y" — cos. Y' cos. X^ ^ _ 
4- cos. Z (cos. X' cos. Z" — cos. Z' cos. X") ^ 



= . . . (H). 
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Putting, for simplicity, ^ 

COS. Y' COS. Z" — COS. Z' COS. Y" = Q, 
COS. Y' COS. X" — COS. X' COS. Y' = R, 
COS. X' COS. Z" — COS. Z' COS. X" = S, 
the four preceding equations become 

MQ + PR = 0, MS — NR = 0, 
Q COS. Z + R cos. X = 0, S COS. Z — R cos. Y = 0, 
in which the quantities Q, R, S, are the only ones containing the 
accented cosines. These three quantities may be elinainated irom 
the four equations thus : The first and second give 

PR NR 

which values, substituted in the remaining two, give 

P cos. Z — M cos. X = 0, N COS. Z — M cos. Y = 0, 

or, replacing P, M, and N, by their values, these equations are 

(2C COS. X + E COS. Z + F COS. Y) COS. Z ) _^^ .jv 

-— (2Acos. Z + D COS. Y + Ecos.X) cos.X » • • • • V -^ 

2 (2B COS. Y + D COS. Z 4- F COS. X) COS. Z ^ _,^ .„. 

— (2Acos. Z + D COS. Y 4- E cos. X) cos. Y > ^ *' 

Now these two equations, together with 

cos.^ X + COS.* Y + cos.'' Z = 1 

are sufficient to determine tlie three angles, cos. X^ cos. Y, cos. Z. 

For, put 

cos.X - cos,Y - 1 

m = and n = .*. cos. Z = . 

COS. Z cos. Z l/ 1 ^ I7|3 j^ ||S 

then, dividing the first and second equations by cos.* Z, they become 
2 (C — A)wi + E (1 — jw*) — Dm» 4- Fn = 0, 
2(B — A) n +D(1— n«) — EOTn + Fm = 0. 
From this last we get 

2(B — A )n-t- D(l—n«) _^ 
E^^F " *"' 

which value of wi, substituted in the preceding equation, gives, after 
reduction, a cubic equation ; for, although the second term of the 
equation will furnish a term containing the fourth power of n, vii. 
D* En*, yet, when the whole result is multiplied by (En — F)*, to 
clear it of fractions, this term will obviously be also given with con- 
trary sign in the value of DthtI) «xvi '\& ^tsa d^&tco^ed. This being a 
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« 

cubic equation, there necessarily exists at least one real value for n, 
and, consequently, the value of m is real ; and hence also the values 
of cos. Z, and of cos. X = m cos. Z, and cos. Y = n cos. Z. We have 
thus proved the reality of the three cosines cos. X, cos. Y, cos. Z. 

If now we go back to the equations (B,) and (C), and proceed with 
the first and third of each group, exactly as we have done with the 
first and second, taking care, however, to put the first of (B) under 
the form 

M' COS. Z + N' COS. Y 4- P' cos. X = 0, 
to which it is obviously identical, we shall, in the same way, establish 
the reality of cos. X', cos. Y', cos. Z'; and lastly, employing the second 
and third equations of each group, we demonstrate the reality of cos. 
X^^ cos. Y'', cos. Z'\ 

Hence we may infer that it is always possible to reduce the general 
.equation (1) to the form 

A*z^ + By + C V -h G'j? + H'y + K'^ + L = (!'), 

by altering the position of the rectangular axes to which the surface 
represented by it is referred. 

(242.) We shall now show that the equation in this form may be 
finally reduced to the more simple form 

A'z^ + By + CV + P = (AO. 

For, let the origin be removed, by substituting in (1') the values 

then, putting P for the last term, it becomes 



A'Z'" + Wy + C'X" + 2A'c 


z' + 2B^b 


y + 2C'« 


a/ + P = 0, 


+ G' 


+• H' 


+ K/ 




in which the coeflScients of j?', ofy, and of y, vanish when we have 


the conditions 


G' , H' K' 


^= 2A-' 


= 2B"' 


'= 2C'' 


-^ 



which are always possible when the coefficients A', B', C, are neither 
of them 0. But, if one of these coefficients be 0, then it will not be 
possible to remove the variable, whose square is absent ; thus, if 
A/ = 0, then, that the coefficient of z^ may be 0, there must be c = — 

Z-j that is, the new origin must be infinitely distant from the old, in 



the direction of the axis of z ; this origin, therefore, is nol ^<^\fisa2D^ 
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nable. Nothing, however, hinders us from removing the other t\ 
variables^ and thus reducing this equation to the form 

By+C'jr»+P = (BO, 

and, as the quantity c enters P, and is still arbitrary, we may detenni 
it from the condition P = 0, which will finally reduce the equation 

By + C'x«-f G'jf = (C). 

But, if not only A' = 0, but also G' = 0, in equation (1*), that i 
if one of the variables z be entirely absent from the equation, the 
(C) is simply 

By + Cfx^ + P = 0, 

in which case the surface is obviously (200) a cylinder,' whose base- 

directrix on the plane of xy is either an ellipse or hyperbola, accordii 

as the* signs of B' and C are like or unlike. 

If two of the coefficients A', B', C are 0, as A' == 0, B' = 0, the 

the removal of th^ terms containing the first powers of' the v^ble 

whose squares are absent, is impossible, but the conditions a = - 

K' 
-— , and P = 0, may still exist, and will reduce the.equatioo to 

Car' + G'-ar + K'y = 0. 
When all three of the squares are absent from.(l), the equatioi 
represents a plane. 

(243.) From the preceding discussion it follows that any sur&oe a 
the second order may be represented by one or other of the followlDg 
equations, viz. . 

hx* + My + N2« + P = 
Lr» + My -f Q^: = 
Lr»+My+ P =0 
L^a 4- Gar + Hy = 0. 
All the surfaces represented by the first two of these equations hare 
been fully considered in Chapter iii. They were found to comprehfid 
ellipsoids, hyperboloids of one and of two sheets, paraboloids, elliptic 
and hyperbolic, and, as varieties of these, the sphere and the cone. 

With regard to the remaining two equations, the first we have se* 
characterizes cylindrical surfaces, whose directrices on the plane ofifi 
are either ellipses or hyperbolas. The other equation is also that (dl 
cylindrical surface, but of this the directrix is a parabola, for, suppo*] 
it to be cut by a series of planes parallel to the plane of zy, thati^l 
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by planes of which the equations are 

X -zzk, X zzk'y X ■=. V, &c. 
then for the sections we have the equations 

Gz H- Hy = — IJc^ Gj: + Hy = — U'«, G;r + % = — U!'^, &c. 
and these all representing parallel straight lines, it follows that we may 
conceive the surface to be generated by a straight line moving parallel 
to itself. This surface must^ therefore, be a cylinder. For the 
directrix or trace on the plane of xy put 2: =: 0, in its equation, and 
.we have 

Lr» + Hy = 0, 
which represents a parabola, or one of its varieties. 
' «i (244.) We may obviously infer from this discussion that the only 
conical sur£au:e of the second order is the elliptic cone, of which the 
_ circular is a variety, in other words, this conical surface is always such 
2 that a system of coordinate planes may be found that will render the 
trace on the plane of xy an ellipse or a circle. But we may assume* 
^^ WDlJ curve of the second order on the plane of xy, and thus, agreeably 
;s. .to art. (201), generate a conical sur£Eu:e which will also be of the second 
Older. It follows, therefore, that, by giving different inclinations to 
A» plane of xy, the elliptic cone will furnish for traces on that plane 
~ fU the curves of the second order, as was also shown from other con- 
^^erations at art. (237). 

4 (245.) We shall now briefly discuss the general equation (1), in 
" order to ascertain criteria by which we may know, without the trouble 
of transforming it, the nature of the surface, which it represents. 
Solving the equation fof z, we have, by putting Q for the quantity 
'f'teder the radical, 

Dy + ^x-fG 1 



*- 




' = ^2A— ^tj^V^Q. 

, solving for y, we have 

D^ + For-f H , 1 

^ = 2B =^28^^' 

, in like manner, for x, 

Ejj + Fv -f K 1 
T. — ^ -y ~ -1. _L 4/0" 

resenting the rational parts of these expressions by Z, Y, and X^ 

vely, we have the three equations, 

^ ft 
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^ = 2A ' 

D* + Fj- -f H 



Y = — 



2B 



y _ ^ Eg 4- Fy + K 
2C ' 

which represent three planes which, from the foregoing general 
expressions for z, y, and x, are obviously such that they bisect the 
chords drawn parallel to the axes of z, y, x ; each of these planes> 
therefore, passes through the centre, that is, it is diametral; so that the 
centre of the surface, supposing it to have one, must be at the inter- 
section of these planes. Calling this intersection (x^, y», /,) the 
preceding equations give 

2Ag' +I)y' + Rr'-fG = 0,"j 

2By + Dar* + Fx* + H = 0, ? iX)y 

2Cy + T.z' + Fy + K = 0,^ 
from which we get, *by elimination, the three expressions for x', y', 
and 2^. The common denominator of these expressions we find to be 

AF« + BE« + CD« — DEF — 4ABC ; 
hence, if this be finite, the surface will have a centre, but if it be = 0, 
then the surface will not have a centre, that is, if the surface htve a 
centre, 

AF^ + BE« + CD« — DEF— 4ABC J O (2). 

If the surface have not a centre, 

AF= + BE^ + CD=» — DEF — 4ABC = O (3). 

If G = 0, H = 0, and K = 0, then (Algebra p. 69) the numerators 
of the expressions for x'y y, y, each become ; hence, if in this case 
the condition (3) do not exist, the coordinates of the centre each 
become 0, that is, the centre of the surface must coincide with tfaa 
origin, as is also at once manifest from the equations (1) themselves, 
which represent planes passing through the origin when the constants 
G, H, K, are absent, therefore, whatever be the inclinations of the 
axes, provided they originate at the centre of the surface, the most 
general form of the equation is 

Aj?« -h By -I- Cx* + Dgy 4- Ejj: + Fay -f. L = 0. 

If, however, the cond\\ioTv (3") exists at the same time that we hare 
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G = 0, H = 0, K = 0, then the expressions for {x'^y^ sf^ become each 

= — , intimating that there are an indefinite number of centres, or 

points, in which the three planes (1) meet ; hence they must inter- 
sect in one common straight line, passing through the origin, and 
which is the locus of all the centres of the sur&ce. This surface having 
innumerable centres in the same straight line can be no other than an 
elliptic or hyperbolic cylinder. 

(246.) Having given criteria (2) and (3) for discovering when 
the equation represents a central surface, and when it does not, let us 
now inquire by what means we may know when a surface is ascertained 
to be central, whether it is limited or unlimited, that is, whether it 
f)elongs to the class of ellipsoids or hyperboloids. 

If the surface be limited in every direction, then to whatever 
point in the surface a line from the origin be drawn, this line will 
always have a finite length ; but, should the surface be unlimited in 
any direction, then, as some of its points will be infinitely distant from 
the origin, lines drawn to them from the origin will not be finite, and 
it is hence obvious that while, in the former case, every section of th^ 
surface is a limited curve, every section, in the latter case, which passes 
through either of the infinite lines which we have supposed to be 
drawn, wi^ necessarily be an unlimited curve. This being the case 
with every such section, we need consider only those made by planes 
perpendicular to one of the coordinate planes, when, if it is found that 
no one of these can possibly give an unlimited curve, we may conclude 
that the surface is itself limited in every direction. 

Now the equation of any plane drawn perpendicularly to the plane 
of xz, and passing through the origin, is 

Combining this with the equation of the surface (241), we have for 

the intersection the equation ^ 

(A -f C«« -f E«) 2« + (D + F«) ^ + %« 4- (G -f K«) -sr + Hy + 

L = 0, 
and, in order that this may represent always a limited curve, we must 
have (124) 

(D -h F«)« — 4(A -f C«» + E«) B z. (4.) 

whatever be the value of a^ that b. 
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(P— 4BC) «» + a (DF — 2BE) • + D' — 4AB i 0, 
or, dinding by F* — 4BC, and iben, dividiag the expraais 
(actore, (a — B), (a —B'), (ut art. 135^ «e have 

(P — 4BC) (» - ^) (« — ff^ :£. 0. 
Now iha expreiiion cannot preserve the came sign fat eveij' 
a, unleu (» — 'j (' — B*) does, and that the sign oi this mij 
TemuD the same, that sign musl be positive, and the Talucitl 
and £' imaginary (Alg. p. 1T0_); hence, that the coo^tiDsi 
exist, we must have, in the first place, F* — 4BC z, 0. "A 
lecond place, the looti B, B', of the equation 

a' J. a(DF — 3BE) D' — 4AB 
■ + r< — 4BC ' P — 4BC~ 
muit be imaginary, that i) to say, Uie quantity under tbc 
irttich enters into the eipressions for these roots, nhidi qua 

(DF — aBE)' — (F' — 4DC) (D' — 4AB), 
muil be negative. 

Hence we may conclude that, when the geneTal equatioDre 
ft surface limited in every diccction, there most exist the relaCi 
F'~4BC iO 
(DF — SBE)" — (F« — 4BC) (D" — 4AB) i 0. 



(347.) To prove that in a cenbal sui&ce of the secmd on 
IS an iniinite number of systems of conjugate diameters. 

Taking the general equation of these sur&ces ^hen lef 
their rectangular conjugates, vii. 

Aj* + By' + Ca' = D (1,) 

"^d subiutating therein for «, y, i, the values in the fonn' 



rv 
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at p. 275, we have for the same surface, when, related to oblique 
axes, the equation 

AV + By + C'-J* + 2 (A COS. X COS. X' + B co^. Y cos-Y'-f Ccos. 

Z COS. Z )xy 
+ 2 (A COS. X COS. X/' +. B cos. X cos.Y^-f. C cos. 

Z cos.Z*)j:^ 
+ 2 (A cos. X' cos. X" + B CQ®. Y' cos. Y*4. C cos, 
Z'cos.Z'')j/2 = D, 
in which equation A', B', C',.are put, for brevity, to represent certain 
functions of the cosines. Now the nine cosines which enter, into this 
equation are subject to the three conditions (1), p. 27.5, and, in 
order that the three last terms of the equation may vanish, they 
must fulfil the additional conditions 

A cos. X cos. X' + B cos. Y cos. Y' + C cos. Z cos. Z' = 0, 

Axos. X cos. X' + B COS. Y cos. Y" + C cos. Z cos. Z" = 0, 

A cos. X' COS. X" + B cos. Y' cos. Y* + C cos. Z' cos. Z" = 0. 

Henc^, if these six conditions have place, th^ cosines ai;e such as to 

render the transformed e<lu?ition of the form 

A'r» + By + C'^« = D (2). 

But to fix the values of these cosines three more conditipns are 
requisite, they being nine in number, which conditions, being igrbitrary, 
may be infinitely varied ; hence the position of the axes of reference 
may be infinitely varied, without altering the form of the equation 
(1,) so that (221) the systems of conjugate diameters are infinite in 
number. 



PROPOSITION II. 

(248.) In any central surfelce of the second order the longest of the 
principal diameters exceeds any other, and the shortest principal 
diameter is shorter than any other diameter. 

Let A, B, C, be the principal semi>diameters of the surface, and of 
which A is either the longest or the shortest, then the equation of the 
surface is (221) / 

A^^B^^C^- ' 
and the equation of a concentric sphere passing through the extremity 
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of the s6ini-<]iameter, A, is ^ 

^ -hy* + 2^ = A« .-. x^ = A« — y«-— 2«, 
If this sphere have any other points in common with the surface, the 
y^ z, of those points will be given by substituting this value of x* in 
the s^ve equation. This substitution gives 

which equation is impossible, except in the single case ^ = 0, e = 0, 
since, by hypothesis, the two terms in the first member of this equa- 
tion are either both negative or both positive, and therefore can never 
destroy eadi other. 




PEOI»0SITION III. 

(249.) To express the area of a triangle in space, by means of the 
coordinates of its vertices. 

Since (224) the square of the area of any plane figure is equal to 
the sum of the squares of its projections on three rectangular planes, 
we shall be able to express the area of the triangle, provided we can 
express the areas of its projections in terms of the given coordinates. 

Let BCD be the triangle in space, and draw lines 
from the origin. A, to its vertices B, C, D, of which 
the coordinates are x, y', z*; x", y, /'; j/", y, 0"'. 
Now the projection of the triangle BCD on either of 
the coordinate planes is equal to the projection of 
ABC minus the projections of ABD, ACD, that is, 
for the projection of BCD, on the plane of xy, we 
have (21) 

2 2 2 

or 

In like manner, for the projections on the planes of zx, yz, we have 
the expressions 

i {z'a^ — /;!» + ^/" — z^jf" + *'«'" — ^'Oj 
and 
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Hence, calling this last expression ^ A, the preceding, ^ 6, and the first, 
^ C, and putting a for the area of the proposed triangle, we have 

t/A« + B« + C« 
« = 2 

for the expression sought. 

(250.) Corollary. If we determine the values A, B, C, in the 
equation 

Ajt -h By 4- C;? = D 
of the plane, passing through the three points (x', y', z*\ (jf", y'\ z"), 
and (/", y, /"), by means of the three equations of condition 

Aa' -f By + Cg' = D, 

Ar" + By' +'C2" = D, 

Ay"+By"4-C/"=D, 

we find for them precisely the expressions above, and for D we have 

D = {/f — y y) «"' + (yV — /y) af" -h (jarV — cf7f')y'". 

It appears, therefore, that the coefficients, A, B, C^ of the variables^ 

in the equation of a plane passing through three points, denote the 

doubles of the projections of the triangle, whose vertices are these 

points, upon the planes of yj?, zx^ and xy. 



PROPOSITION IV. 

(251.) To express the equation of a plane by means of the perpen- 
dicular, let fell upon it from the origin and the inclinations of this 
perpendicular to the axes. 

Representing the plane by the equation 

Ajr + By+C;8: = D, 
ive have for the portions of the axes of x, y, j?, intercepted between it 

and the origin, the respective values -^, --, ^, Now, if p be the 

ABC 

perpendicular from the origin upon the plane, and », 0, y, be the res- 
pective angles it makes with the axes of x, y^ z, then 

D D ^ D 

p = —- cos. » = =r cos. B = FT^^* 79 

^ A B C 

...A = D'-2!lff,B = D?2!l?,C = D?2!i?. 

p f ^ 
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Hence, sabstituting these values, in the eq^^tion of the plane, and 
multiplying by f, we have 

X COS. » 4- y COS. fi-^ St cos, y = p . . . . (1) 
for the equation sought. 

When the plane passes through the origin, f = 0, and the equa- 
tion is 

jrcos. a 4-y cos.jS + a: cos. y = . . . . (2). 



PROPOSITION V. 

(252.) If the vertex of a pyramid be at the origin of three rectan- 
gular planes, and its base be projected upon them, then if any point 
be'assumed in the plane of the base, the three pyramids whose bases 
are the projections, and vertices the assumed point, will together be 
equivalent to the original pyramid. 

Let a represent the base of the proposed pyramid and p a perpen- 
dicular upon it from the origin, then, if '#, B, y, be the incdiuations of 
this perpendicular to the axes of j?»^,. t, we shaU have 

a COS. a = the projection of a on the plane oiyz, 
a COS. B xZj 

acos. y ary. 

Now, by multiplying the equation of the plane (i), last proposition, by 
a, there results 

xa cos. »-^yn cos. /3 -f ^a cos. y = ap . . . . (1), 
.',\xacos,» ■\- \ ya cos, B-\-^zaco^,y/zz\ Of . ... . (3). 
The first member of this equation denotes three pyramidsyt whose 
bases are the projections above, and whose common vertex is any 
point {x, y, z,) in the plane (1), last proposition, and whose perpen- 
dicular altitudes are respectively x, y, and z; the second member 
represents the proposed pyramid ; bence the truth of the theorem. 

(253«) CoroUary 1. Comparing equation (t), above^ with. A^ ^ By 
+ Cz = D, since (prop. 3 cor.) when a is a triangle, we have 

A = 2a cos. «, B = 2a cos. 0,C=^2a cos. y .*. D = 2ap, 
that is, the expression 

W — yO »'" + {y'z" — z'y") /" -f {z'x" — y O y (3) 

represents six times the f o\\ime of the triangular {pyramid, whose 
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vertex is at the origin, aud of which the comers of the base are the 
points (x'y y'y z'), {sf^, y", /'), and (/", y'", ^"), or, which is the same 
thing, the expression represents a parallelopiped of which three con- 
tiguous edges meet at the origin and terminate in the points {af^ y, z% 

(x",y",y'),('"',y'VO- 
(254.) Cor. 2. But those parts of the foregoing expression which 

are within the parentheses are obviously the projections of one of the 
faces of this paralleh)piped, viz. that face whose contiguous sides termi- 
nate in the points (y, y, /), {x",y", /'), upon the three coordinate 
planes ; aud these projections are severally multiplied by the perpen- 
diculars z!", x"\y"\ let fall upon them from the point (x"',y"', z'"). 
Hence the expression (3) represents the sum of the volumes of three 
parallelepipeds, having these projections for bases, and x"% y", 2"', for 
altitudes. 

(255.) Cor. 3. It follows, therefore, that, if the vertex of a triangular 
pyramid be at the origin of three rectangular planes, 'and either of its 
faces be projected on them, then the three pyramids constituted on these 
bases, and having a common vertex in that comer of the original 
pyramid^ base, which is opposite to the prelected face, shall together be 
equal to the original pyramid. 



PROPOSITION VI. 



(256.) To determine the position of a plane, so that, if a given tri- 
angle be projected orthogonally upon it, the projection may be similar 
to a given triangle. 

Let the plane of projection pass through a vertex of the given tri- 
angle, and let the perpendiculars, dropped from the other two^vertices 
upon that plane, be z*, z"; let also the sides of the given triangle be 
A, B, C, and those of the triangle to which the projection is to be 
similar a, b, c ; then, on account, of this similarity, the sides of the 
projected triangle will be 



a a 

Both the two latter projections are also 

^^^z"^, v^C» — (?' — ^7, 
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therefore ^(A»--/«) = B^-^z'^ and?^(A»— /») = C» — (z'— ^0'- 

Hence we have these two equations to find sf and /'. 

Substituting, in the second, the value of z"^, furnished by the first, 
we have, after transposing, 

or a' a* tr 

Squaring each side, and putting in the result single letters for the 
known coefficients, we have 

p^ + pqz^ -I- q^j!f* = rs^ -f- s/*. 

This quadratic determines ^, and thence we get ^', as also the three 
sides of the projected triangle, and thus the position of the required 
plane becomes known. 



PROPOSITION VII. 

(257.) If the equations 






of a" + 6'6" + cV = -J 

o'a"' + t'6'" +(^c"' = > (1) 



exist, so also do the equations 



j's _|- 5"a + 6'«8 — 1 



'/.^ 



ac 



Vc -f 6 V H- 6'V" = 



a'V"=0 ? 



+ aV H-a'V"= J" (2). 



= 6'f + 6"tt + ^"'t; J (3). 



c'8 4. c'« H- c"« = 1 
For, assume 

y 

z 

Then squaring each equation, and adding the results, we have in virtue 
of the proposed conditions 

*" + 5^ + ^* = *' + «*' + w* (4). 

Let us now determine fi;om (3) the values of ty u, v in terms of Xf 
y, z. In order to this, multiply the equations (3) respectively by 0', 
&*, d, add the results, and we aViiVV otk\aiw t. Similarly, multiply by 
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a", h"y c", and we shall get m, &c. thus 

^ = a' j: -f 6' y + c' «2r, "1 

u = fl"a: + 6"y-f c";?, ( (5). 

Substitute these values in equation (4), and we shall have, by comparing 
the coefficients of the like terms^ the equations announced. 



PROPOSITION VIII. 

(258.) If the conditions (1), in last proposition, exist, then also the 
following equations have place, viz. 

{(jgy — VdJ + {d'h'" ■— V'd'J + {d"h' — yV)» = 1, 

(c'fl" — fl'c'7 + (cV — o'V")' + (c'V — fl"V)» = 1, 
(fl'6'' — ftV) c'" + (tV' — dh") d" + (c'fl" — a'c") h'" = 1 . 
Put, for brevity, the first member of this last equation, = /, then if we 
determine the values of t^ u, v, in equation (3), last proposition, not 
by the process there directed, but by the usual algebraical method 
(see Algebra p. 68, where the operation is given at length,) we shall 
obtain these results, viz. 

. __ { h"d" — c"h"') X + (y V — d"\/) y 4- {Vd' — dh") z 

_ {d'd" -^ d'd") X H- {d"d •— d"d)y + {dd' — aVQ z 

_ ( a%"' ^ l/'d") X -f {d"V — h"'d)y + {dh" — Vd' ) z 

Now these values must be identical vrith. those marked (5), in the pre- 
ceding investigation, provided the conditions there announced have 
place here. 

Hence, comparing the coefficients of the like terms, we have 

6' V" — d'd" = Id, V"d — d"\/ = W, Vd' — ch" = y'\ 

c"d" — d'd" = Wy d"d - d"d = lb", dd' — dd' = IV", 

a"h'" — h'd" = h\ d"h'--h"'d = h", db" — b'd' = Id", 

Adding together the squares of the three equations in each horizontal 

row, in the last for example, we have, in virtue of the given cpnditions, 

^a"y" — b"a"J ■+• {d^b — 6' V)« + {db" — h'dj = P . 
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It is easy to see that this equation may be put under the form 
(fl'« H- a"» + a "») (6'* + 6"* + b"'*) — (fl'6' + a'b" -f o'"6"')' = /*. 
Buty by the conditions (2), the first member of this equation is 1, 
therefore / = 1 . Hence the truth of the first and fourth of the equa- 
tions announced ; and, by proceeding in like manner with the other 
two horizontal rows of equations above, we establish the truth of the 
two remaining equations announced. 



PROPOSITION IX. 



(259.) In a central surface of the second order the sum of the squares 
of any system of conjugate diameters is equivalent to the sum of the 
squares of the principal diameters. 

Let A, B, C, represent the principal semi-diameters, and (x', y, 2!), 
{x", y, e"), (/", y", zf"), the extremities of any system of semi-con- 
jugates A', B', C. Then the equation of a tangent plane througbthe 
extremity of A', is (p. 265) , 

' x' y z' 

and this plane is parallel to both B' and C (p. 215). Now the equations 
of B' are 

and that this line may be parallel to the plane, we must have the con- 
dition (187) 



A* ^ B^ ^ C* .: 



Hence we have 

From the efuat'wn of the surface. 



r.'a 



5^ 



>ir 



in. + •?_ 4. _ = 1 

A» B» C« 



i*^ 



in 



f? J- ^' 4- ^ - 1 
AS "^ Pia •" ra ' 



A» 

V"3 



B* 



A« ^ B« ^ 



C' 



= 1 



From the equation of the tangent 
planes. 

A» 7 B» "^ .CV."" 

*^v,y'y^£v^^ 



A» 



B? 



a?'V"^yy:'_^ 



A» - 



w 






-0 



ANALYTICAL'lGEOMETRY. 303 



'I 
Consequently, (prop. 7), '^ 



Adding these equations, A'* + B'* + C'^ = A« + B» + C^. 



PROPOSITION X, 

(2G0.) In a central surface of the second order the sum of the squares 
of the [faces of the parallelepiped whose edges are any system of 
semi-conjugate diameters, is equal to the sum of the squares of the 
faces of the rectangular parallelepiped whose edges are the semi- 
principal diameters ; also the volume of the former is equal to the 
volume of the latter. 

Since the conditions furnished by the equations of the surface and 
by the equations of the tangent planes at the extremities of the conju- 
gate diameters, as exhibited in last proposition, agree with the conditions 

x* 1/ z' 
in prop. 7, o', 6', cf, being here replaced by —, ^, — , &c. we may 

A j3 C 

derive from these conditions the equation^ announced in prop. 8, which,. 

in the present case, are 

(x'j/'-^y'xy + {xy — y v'7 + (/y — y vy = a» b» 

(yz'* -_ 2f7/y -h (V'^" — ^yy + (y"'^ — js"y)' =. b« c« 

{z's/' — x'x'y + (^V" — Z'O" + (jer^V — j'"«')* = A» C" 
(/y ' — yx") 2^" 4- (y'z^ — zY) x'" + (^V — j//') y" = ABC 
Now tiie first vertical^ow of terms in the three first equations exhibits 
the sum of the squares of the projections of the parallelogram whose 
contiguous sides aire A', B'; the second vertical row is the^um of the 
squares of the projections of the parallelogram wh6se sides are B', C, 
and the third row is the sum of die squares when llie sideii are A% C 
Hence, by adding the three equations together, it follows (224) that 
the sum of the squares of the sides of the pandlelopiped whose edges 
are A', B', C, is equal to the sum of the squares of the sides of the 
parallelepiped whose edges are A, B, C. Again, the first member of 
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the fourth equation expresses the volume of the parallelopiped whose 
edges are A', B/, C (prop. 5, cor. 1) ; hence this parallelopiped is 
equal to that whose edges are A, B, C. 

Cor. From this theorem we may immediately infer that there can be 
but one system of rectangular conjugates except the surface be of 
revolution. For, if A', B', C, could be mutually at right angles, as 
well as A, B, C, then from these theorems, and the composition of 
equations, the equations 

(x + A«) (x + B») (x + C«) = and (x + A'«) (x + B'«) (x -f C«) = 
are identical ; hence their roots are the same ; therefore A, B, C, are 
respectively equal to A', B', C, which (248) is impossible, when the 
surface is not of revolution. 



PROPOSITION XI. 

(261.) In a central surface of the second order the squares of the 
reciprocals of any system of rectangular diameters are together equal 
to the squares of the reciprocals of the principal diameters. 

Let A, 6, C, be the principal semi-diameters of the surface, and A,, 
B, , C, , any other semi-^ameters mutually at right angles. Then the 
equation of the sur^ce is 

x« V* z^ . 
A» ^ B» ^ C» 
To transform this equation, so as to refer the sur&ce to another 
system of axes, we must substitute for x, ^, z, the values (A), p. (275), 
which gives 
cos.*X , cos.«Y . cos.»Z\ , . fcos.^X' , cos.*Y' . cos.^Z^ . . 

,cos.«X" . cos.»Y" , cos.«Z\ , , -, , ^ . -, 

where P, Q, R, are put to represent certain functions of the inclina- 
tions of the new axes to the old. 

Now, to determine the lengths of the semi-diameters vehich coin- 
cide with these new axes, put successively, in this equation, ;? = 0, 
y = 0; ^ = 0, x = 0; x = 0, y = 0; and there results • 
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1 1 COS.»X COS.' Y COS.'Z 

"T na "T 



J_ _ jT _ cos.'X^ cos.'Y^ cos.«Z' 
yg?"" A« "*" B» "*" C« 

J_ _ ^ _ COS.» X^^ COS.» y^ C08.» Z'^ 



Add.ng, -+-+g^,= A' + ^ + Ci 

because, by hypothesis, the two systems of axes are rectaujgular, and 
(181) the sum of the squares of th^ cosines of the inclinations of any 
straight line to three rectangular axes is always unity. 



PROPOSITION XII. 

(262.) Three rectangular planes constantly touch a central surface 
of the second order; required the locus of their point of intersection. 

Let the equations of the surface and of a tangent plane at the point 
(Of', y, z',) be 

^a ^ ga ^ C' 

^4.?^4.!!f -1. 
y^a "T ga ^ C8 * ' 

then, putting successively ^ = 0, ^ = 0; x=0, « = 0; j=rO,y = 0; 
we have for the parts of the axes included between this plane and the 
origin, the values 

A» B» C« 

x" y ^' 

Hence, if p be the perpendicular from the origin upon the plane, and 
», /S, y, denote the angles it makes with these three lines, we have 

_ COS. • A' _ COS. ^ B' _ cos. y C* 

^"" ? ■" y " ? 

.-. COS. » = ^. COS. ^ = ^ COS. y = ^ 
.•.A«cos.««+B«co8.«^H-C«cos.»y = p»(~+^+^g)=^«. 
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In a similar manner, if p', ^\ be perpendiculars from the origio 
upon two tangent planes at the points (*", y, «",) and(j:'", y"'y z"'\ 
and if the first make angles a% iB', y, with the axes and second a", 
/3", y'', we have 

A«cos.»«' 4-B*oo8.»/r -f C»cos.»y' =p? 
A» cos.» »" + B* cos.« 91' + C» cos »/' = p"». 
Now if the three tangent planes be mutually rectangular/ p, f Sf "^ *^^^^ 
be mutually rectangular; so that the sunr of the squares of the cosines 
which they make with the axis of j:^ with the axis of y, and with the 
axis of ^, ii^in either case equal to unity (181), Hence> by addition, 

A« + B« + C» = p» + p'* + p'« 
If R represent the distance of the intersection (j:, y, z^ of the tangent 
planes from the origin, then R' = p' + p'' + p"* ; but R' = j* 4-^ + 
«*; hence 

^ + 3,2 + jja = A« + B« + C« 
is the equation of the locus of (x, y^ Zy) which is a sphere concentric 
with the proposed surface, and of which Uie. radius is 

R = t/A» + B« + C«. 



PROPOSITIOK XIII. 

(263.) Chords are drawn to a surface of the second order so as all 
to pass through a fixed point; what is the locus of their middle points? 

Assume the fixed point for the origin, let the axis of x pass through 
the centre of the surface, and let the other two be parallel to the two 
diameters conjugate to this, then the equation of the surface will be 

hz^-\-Bf + Cjr» + Far = G, 
and the equations of any chord through the origin are j: = mz, y=.nz 
substituting these values in the equation of the surface, we have at the 
points common to both 

(A + Bw* + Cm*);?' -f. "Emz = G, 
and half the sum of the two values of z given by this equation must 
be the z of the middle of the chord, that id, by the theory of equations, 
this ;? is 

^■'"" A -V Bn« -fTrn^ ' 
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or, substituting for m and n the values — , -^, as given by the equa- 

z z 

tions of the chord, we have, after reduction, 

A^a 4. By» + Cdr« + i Fj: = p 
for the equation of the locus, which is, therefore, a sur£aice of the 
second order, similar to the proposed. If, in this equation, we make 
any two of the variables 0, we have for one value of the third ; thus 
showing that the sur&ce, if completed, would pass through the origin. 
The coordinates of the centre of the proposed surface are (242) 

and these same coordinates satisfy the equation of the locus ; hence 
the locus passes through the centre of the proposed sur&ce, if it have 
a centre. 

If we subtract the equation of the locus from that of the proposed 
surface, there results 

*FiP = G.-.ar=?2; 
' F 

this therefore is the value of the abscissa x belonging to every point 

common to both surfaces ; consequently the two sur£su!es intersect in 

2G 

a plane parallel to the plane of yZy and at the distance -^ from the 

fixed point. If this point be upon the proposed surface, then G = 0; 
hence, in that case, the two surfaces merely touch at that point. 



PROPOSITION XIV. 

(264.) Planes passing through a fixed point cut a surface of the 
second order ; what is the locus of the centres of all the sections ? 

It is not difficult to perceive that the locus will be in this case the 
same as in last proposition, but we shall give an independent inves- 
tigation. 

Assuming the same axes as before, we have, for the equations of the 
surface, and of any plane through the origin, 

Aj8«-|- By ■+. Cr» + F^ = G (1) 

jar =: wm: -|- ny"* • • . (2). 
Substituting this value of ^, in the first equation,^^^^^^^^'^'^^ *>'^'» 
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of the intersection the equation 

(A»i» 4- C) jr» + 2Amnxy + By» + Fx = G (3) 

Let the x, y^ of the centre of this section be x'y y', then, if the origin 
be removed to this centre, jr, y, must be changed into ^ + ^9 ^ + /i 
which changes (3) into 

Aii^ + C) (* H- x) + 2Amn (jr -I- j/) (y + y') + B (5^ + y7 -f F 

(*H-x') = G. 
Now the origin being by hypothesis at the centre, the coefficients of 
X and y must vanish from this equation. These coefficients, without 
developing all the terms, are readily seen to be 

2Am (»?ix' + wy') + 2Cjr' + F = 
2Afi (/W4f' + wyO + 2By' = 0, 
that is, from equation (2), 

2Am2:' + 2Cjr' + F = 0> C " A;?* 

2Awa' + 2By = 0) •*•> -_%* 

"""""Ai' 
These values of m and n, substituted in the value of /, (2), give 

AV « + By'« + Cx^ + iFy = 
for the equation of the locus, which is the same as that deduced in last 
prop., and to which, therefore, the same remarks apply.* 

PROPOSITION XV. 

(265.) Three straight lines mutually at right angles meet in a point 
and constantly touch a surface of the second order ; what is the locus 
of the point ? 

Let the equation of the surface be 

Aj?« -i- By + C?' = D, 
and let af, y, sf^ be the coordinates of a point in the locus, then, if the 

* A very simple geometrical solution of this problem is given in the 
GentlemaQ's Diary for 1830, by Mr. T, S, DavieSf of Bath, the able and 
ingenious proposer of the problem. We take this opportunity of recommend, 
ing to the student's attention the very instructive researches on Geometry 
of three Dimensions^ which this gentleman has published in Leybouro's 
Repository, Nos. 20 and 21. 
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origin be removed to this point, and the touching lines be taken for 
axeS; the eqiiation of the surface will (230) be transformed into 



A COS.* X 
B cos«. Y 
C C0S.2 Z 



x'+Acos.^X' 
B cos.» Y' 
C cos." Z' 



3/« + A cos.'.X'' 
B COS.* Y'' 
C cos.« Z" 



2' + A cos. Xx'] x^ ^ Acos. XV 



B COS. Yy 
C COS. Zz' 



B COS. Yy 
C COS. ZV 



2y 



4- A COS. X''x' 2z 4- Pj3/ + Qxz + R^z = D — A^^ — By« — C^'* 
B COS. Y'V 
C COS. Z'V 

where P, Q, R, are put for brevity to represent certain functions of 
the cosines. Now, in order to determine the parts of the axes inter- 
cepted between the origin and the surface, we must put successively 
in this equation y = 0, ar = 0; jr = 0, z =-0; x = 0, y = 0; and 
there results 
(A C0S.2 X H- B COS.* Y -I- C cos.* Z) ^ + 2 (A cos. X j-' + B cos. 

Yy + C cos. Zj/) J -f D' = 
(A COS.* X' + B COS.* Y' + C cos.* Z')f -f 2 (A cos. XV + B cos. 

Yy + C COS. ZV)5^ H- D' = 
(A COS.* X" + B COS.* Y" + C cos.* Z'') j?* H- 2 (A cos. XV + B cos. 

Y'y 4- C COS. Z V) J? + D' = 0, 
where D' is put for Ay* + By * + C/* — D. These equations furnish 
two values for each of the quantities x, y, j?, corresponding to the two 
points in which each axis cuts the surface ; but, if we introduce the 
conditions that each axis merely touches the surface, the two points 
coincide ; and, therefore, in this case, the two roots of each equation 
become equal. Hence, by the theory of equations, 
D' (A COS.* X 4- B COS.* Y H- C cos.* Z ) = (A cos. X ^r* 4- B cos. 

Y y + C cos. Z z^ 
D' (A COS.* X' 4- B COS.* Y' 4- C cos.* Z' ) = (A cos. X' j/ 4- B cos. 

Y'y4.Ccos.Z'20* 
D' (A cos.* X" 4- B COS.* Y" 4- C cos.* Z") = (A'cos. X"j/ 4- B cos. 

Y"y 4- C cos. Zf'z'f 
Addin&r these equations together, we have, in virtue of the conditions 
(1) and (3), p. 275, 6, 

D' (A + B + C) = A*ar'* + B*3^'*.4- C/*, 
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that is, 

(A/« + By« + C2i« — D) (A+ B + C) = A»y« + B*y^ + C«2« 
whence 

A(B + C)y« + B(A + C)5^'» + C(A + B)«^=D(A + B + C) 
the equation of the locus, which is a surface of the second order coo- 
centric with the proposed. 

PROPOSITION XVI. 

(267.) If N represent the normal at any point of the earth's surface, 
supposed to he an oblate spheroid, and if X denote the latitude or angle 
under the normal, and equatorial diameter 2A, prove that 

yi — c*8in.*X 

PROPOSITION XVII. 

If N be produced to meet the polar diameter, show that the whole 
length, R, is 

A 



R = 



y/1 — e* sin.' X 



PROPOSITION XVIII. 



If P represent the perpendicular from the centre of an ellipsoid on 
a tangent plane, prove that 

pa "" A* B* C*' 



PROPOSITION XIX^ 

If a conical surface envelope a surface of the second order, prove 
that the curve of contact is of the second order. 

PROPOSITION XX. I 

Parallel planes cut a surface of the second order; required the locus 
of the foci of the sections. 

6 
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PROPOSITION XXI. 



Given the position of two lights of known intensities (wi, n,) to 
determine the surface of which every point shall be equally illuminated 
by both lights, the law of intensity varying inversely as the square of 
the distance. 



Before closing the'present volume, we shall very briefly advert to a 
class of curves denominated curves of double curvatitre, a name by 
which all lines are designated which cannot be traced upon a plane 
but only upon a curve surface. The simplest analytical representation 
of such a line is anal6gous to that already employed for the straight 
line in space, viz. by the combination of the two equations denoting 
the two surfaces which project the proposed line on two coordinate 
planes. In the case of the straight line, these projecting surfaces are 
planes ; in lines of double curvature they are obviously cylindrical 
surfaces. The equations to a curve of double curvature are, therefore^ 
those two combined which, taken separately, represent the two traces 
of the projecting cylinders. A line of double curvature generally 
presents itself, in mathematical inquiries^ as the intersection of two 
curve surfaces, and for these surfaces we are, for simplicity, to substitute 
the two intersecting cylinders of which we have just spoken. Tliis is 
effected thus : Let one of the variables, as z, be eliminated from the 
equations of the two intersecting surfaces^ and there will result a 
function of x and ^ as F : (x, ^) = 0, and this represents the cylinder 
projecting the intersection on the plane of ay. In like manner, 
eliminate another variable as y, and we have /: (j7, jsr) = for the 
representative of the cylinder, projecting the same curve on the plane 
of xz ; so that the equations sought are 

F;(j',y)=0,/:(jr,;z)z=0. 

Suppose, for example, it were required to express the equations of 
the curve of double curvature formed by the intersection of a sphere, 
which is pierced by a right cylinder, supposing the radius of the base 
to be equal to that of the sphere, and that their surfaces are in contact. 
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Taking the centre of the sphere for the origin, the line coinciding with 
the cylindrical surface for the axis of z, and the perpendicular to this 
touching the same surface, for the axis of y, we have, since the given 
cylinder projects the curve of intersection on the plane of xy into a 
semicircle, this equation to the projection, viz. 

^ = r j: — j:* . • . . (1), 
which also expresses the relation between the x, y, of every point in 
the cylinder, and consequently between the x^y^ of every point on 
the sphere belonging to 'the intersection. The equation of this sphere is 

hence the relation between the Xy z, of the intersection is (1), 

;z« = r*— -rj?. . ..(2), 
which, therefore, is the equation of the projection on the plane of xz, 
consequently the proposed curve of double curvature is expressed 
analytically by the equations (1) and (2) comlyned, viz. 

y'^-=.rx — j:* 1 

a' = r* — rx\ 
If we had to determine the tangent line at any point in a curve of 
double curvature, we should first determine the two tangents through 
the projections of that point, then perpendicular planes through these 
tangents would obviously be in contact with the two projecting cylin- 
ders throughout the lengths of these cylinders, and would each pass 
through the proposed point in their intersection, and through uo 
other; hence the intersection of these planes would be the linear 
tangent sought, and would, therefore, be analytically represented hy 
the two equations, which, separately, represent the tangents to the 
projections. We cannot enter into further particulars respecting these 
curves here, since their full discussion requires the aid of the transcen- 
dental analysis ; but the preceding remarks may serve to convey a 
notion of this class of lines and of the manner of representing them by 
equations. 



THE END. 



J- AAd C. Adlard, Printers, Bartholomew Close, 
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